An extension of the Masur domain

Cyril LECUIRE

Abstract The Masur domain is a subset of the space of projective measured geodesic laminations on the boundary of a 3-manifold M. This domain plays an important role in the study of the hyperbolic structures on the interior of M. In this paper, we define an extension of the Masur domain and explain that it shares a lot of properties with the Masur domain.

1 Introduction

A compression body is the connected sum along the boundary of a ball of I-bundles over closed surfaces and solid tori. Among the compression bodies are the handlebodies which are the connected sums along the boundary of solid tori D^2 × S^1. If M is a compression body and if ∂M has negative Euler characteristic then, by Thurston hyperbolization theorem, its interior admits a hyperbolic structure. Namely there are discrete faithful representations ρ : π_1(M) → Isom(H^3) such that H^3/ρ(π_1(M)) is homeomorphic to the interior of M. If such a representation ρ is geometrically finite, it is said to uniformize M.

In [Ma], H. Masur studied the space of projective measured foliations on the boundary of a handlebody. He described the limit set of the action of the modular group on this space and defined a subset of the space of projective measured foliations on which this action is properly discontinuous. In [Ot1], J.-P. Otal defined a similar subset O of the space of projective measured geodesic laminations on the boundaries of compression bodies. This set O ⊂ PML(∂M) is called the Masur domain and J.-P. Otal showed that the action of the modular group on O is properly discontinuous. He also proved the following : if int(M) is endowed with a convex cocompact hyperbolic metric, then any projective class of measured geodesic laminations lying in O is realized by a pleated surface. He also showed that the injectivity theorem of [Th2] applies for such pleated surfaces.

Later it was shown that the projective classes of measured laminations in O are an analogous of what Thurston called binding laminations on I-bundles over closed surfaces. Namely if we have a sequence of geometrically finite representations ρ_n : π_1(M) → Isom(H^3) uniformizing a compression body and a measured geodesic lamination λ ∈ O such that l_{ρn} (λ) is bounded, then the sequence (ρ_n) contains an algebraically converging subsequence. This property has been obtained for various cases in [Th3], [Ot2], [Ca], [Oh2] and the general statement comes from [KlS1] and [KlS2].

In this paper, we allow M to be any orientable 3-manifold with boundary satisfying the following : the Euler characteristic of ∂M is negative and the interior of M admits a complete hyperbolic metric. We will consider the following set :

D(M) = {λ ∈ ML(∂M)| ∃η > 0 such that i(λ, ∂E) > η for any essential annulus or disc E ⊂ M}.

First we will link this set D(M) with the result of [Le1] and deduce from this that the support of a geodesic measured lamination lying in D(M) is also the support of a (in fact many) bending measured geodesic lamination of a representation uniformizing M. Using the continuity of the bending measure proved in [KeS] and [Bo2], we will show that D(M) is connected. It follows from the ideas of [Ot1] that the projection of D(M) on PML(∂M) contains O and we will use this to show that the Masur domain is connected.

After that, we will prove that the set D(M) has the following properties :

If int(M) is endowed with a convex cocompact hyperbolic metric, any measured geodesic lamination lying in D(M) is realized by a pleated surface and such a pleated surface satisfies the injectivity theorem of [Th2].

If ρ_n is a sequence of geometrically finite metrics uniformizing M and λ ∈ D(M) is a measured geodesic lamination such that l_{ρn} (λ) is bounded, then the sequence (ρ_n) contains an algebraically converging subsequence.

We will also discuss the action of the modular group on D(M).

I would like to thank F. Bonahon, I. Kim, K. Ohshika and J.-P. Otal for fruitful discussions and J. Souto who gave me the ideas of Proposition 4.2.

2 Definitions

2.1 Geodesic Laminations

Let S be a closed surface endowed with a complete hyperbolic metric; a geodesic lamination on S is a compact subset that is the disjoint union of complete embedded geodesics. Using the fact that two complete hyperbolic metrics on S are quasi-isometric, this definition can be made independent of the chosen metric on S (see [Ot2] for example). A geodesic lamination whose leaves are all closed is called a multi-curve. If each half-leaf of a geodesic lamination L is dense in L, then L is minimal. Such a minimal geodesic lamination is either a simple closed curve or an irrational lamination. A leaf l of a geodesic lamination L is recurrent if it lies in a minimal geodesic lamination. Any geodesic lamination is the disjoint union of finitely many minimal laminations and non-recurrent leaves. A leaf is said to be an isolated leaf if it is either a non-recurrent leaf or a compact leaf without any leaf spiraling toward it.

Let L be a connected geodesic lamination which is not a simple closed curve and let us denote by S̄(L) the smallest surface with geodesic boundary containing L. Inside S̄(L) there are finitely many closed geodesics (including the components of ∂S̄(L)) disjoint from L and these closed geodesics do not intersect each other (cf. [Le1]); let us denote by ∂^′S̄(L) ⊃ ∂S̄(L) the union of these geodesics. Let us remove from S̄(L) a small tubular neighbourhood of ∂^′S̄(L) and let S(L) be the resulting surface. We will call S(L) the surface embraced by the geodesic lamination L and ∂^′S̄(L) the effective boundary of S(L). If L is a simple closed curve, let us define S(L) to be an annular neighbourhood of L and ∂^′S̄(L) = L. If L is not connected, S(L) is the disjoint union of the surfaces embraced by the connected components of L and ∂^′S̄(L) = ⋃ {L^i is a component of L} ∂

′S̄(Li).

A measured geodesic lamination λ is a transverse measure for some geodesic lamination |λ|: any arc k ≈ [0, 1] embedded in S transversely to |λ|, such that

∂k ⊂ S − λ, is endowed with an additive measure dλ such that :

- the support of dλ_{|k} is |λ| ∩ k;

- if an arc k can be homotoped into k^′ by a homotopy respecting |λ| then ∫ kdλ = ∫ k^′ dλ.

We will denote by ML(S) the space of measured geodesic lamination topologised with the topology of weak^∗ convergence. We will denote by |λ| the support of a measured geodesic lamination λ.

Let γ be a weighted simple closed geodesic with support |γ| and weight w and let λ be a measured geodesic lamination, the intersection number between γ and λ is defined by i(γ, λ) = w ∫ |γ| dλ. The weighted simple closed curves are dense in ML(S) and this intersection number extends continuously to a function i : ML(S) × ML(S) → R (cf. [Bo1]). A measured geodesic lamination λ is arational if for any simple closed curve i(c, λ) = ∫ c dλ > 0.

2.2 Real trees

An R-tree T is a metric space such any two points x, y can be joined by a unique simple arc. Let G be a group acting by isometries on an R-tree T ; the action is minimal if there is no proper invariant subtree and small if the stabilizer of any non-degenerate arc is virtually abelian.

A G-equivariant map ϕ between two R-trees T and T^′ is a morphism if and only if every point p ∈ T lies in a non-degenerate segment [a, b] (but p may be a vertex of [a, b]) such that the restriction ϕ_{|[a,b]} is an isometry. The point p is a branching point if there is no segment [a, b] such that ϕ_{|[a,b]} is an isometry and that p ∈]a, b[.

Let S be a connected hyperbolic surface and let q : H^2 → S be the covering projection. Let L ⊂ S be a geodesic lamination and let π_1(S) ↷ T be a minimal action of π_1(S) on an R-tree T ; L is realized in T if there is a continuous equivariant map H^2 → T whose restriction to any lift of a leaf of L is injective.

Let λ ∈ ML(S) be a measured geodesic lamination; following [MoO], we will define the dual tree of λ. Consider the following metric space preT_λ : the points of preT_λ are the complementary regions of q^{−1}(λ) in H^2, where q : H^2 → S is the covering projection and the distance d : T_λ × T_λ → R is defined as follows. Let R_0 and R_1 be two complementary regions and choose a geodesic segment k ⊂ H^2 whose vertices lie in R_0 and R_1; we set d(R_0, R_1) to be the q^{−1}(λ)-measure of k. Then, there is a unique (up to isometry) R-tree T_λ and an isometric embedding e : preT_λ → T_λ such that any point of T_λ lies in a segment with endpoints in e(preT_λ) (cf. [GiS]). The covering transformations yield an isometric action of π_1(M) on T_λ; if δ_λ(c) is the distance of translation of an isometry of T_λ corresponding to a simple closed curve c, we have δ_λ(c) = i(c, λ). This construction yields a natural projection H^2 − q^{−1}(λ) → T_λ. If λ does not have closed leaves, this projection extends continuously to a map π_λ : H^2 → T_λ. Otherwise, replacing closed leaves of λ by foliated annuli endowed with uniform transverse measures, we get also a continuous map π_λ : H^2 → T_λ (cf. [Ot2]).

2.3 Train tracks

A train track τ in S is the union of finitely many ”rectangles” b_i called the branches and satisfying:

- any branch b_i is an imbedded rectangle [0, 1] × [0, 1] such that the preimage of the double points is a segment of {0} × [0, 1] and a segment of {1} × [0, 1];

- the intersection of two different branches is either empty or a non-degenerate segment lying in the vertical sides {0} × [0, 1] and {1} × [0, 1];

- any connected component of the union of the vertical sides is a simple arc embedded in ∂_{χ<0}M.

A connected component of the union of the vertical sides is a switch. In each branch the segments {p} × [0, 1] are the ties and the segments [0, 1] × {p} are the rails.

A geodesic lamination L is carried by a train track τ when:

- L lies in τ;

- for each branch b_i of τ, L ∩ b_i is not empty, lies in the image of [0, 1]×]0, 1[ and each leaf of L is transverse to the ties.

Notice that, in some papers, a geodesic lamination satisfying the above is said to be “minimally carried” by τ.

A measured geodesic lamination λ is carried by a train track τ if its support |λ| is carried by τ.

Let S be a hyperbolic surface, let τ ⊂ S be a train track and let π_1(M) ↷ T be a minimal action of π_1(M) on an R-tree T . Let q^{−1}(τ) ⊂ H^2 be the preimage of τ under the covering projection; a weak realization of τ in T , is a π_1(M)-equivariant continuous map π : q^{−1}(τ) → T such that π is constant on the ties of q^{−1}(τ), monotone and not constant on the rails and that the images of two adjacents branches lying on opposite sides of the same switch have disjoint interiors.

2.4 3-manifolds

Let M be a 3-manifold, M is irreducible if any sphere embedded in M bounds a ball. We will say that M is a hyperbolic manifold if its interior can be endowed with a complete hyperbolic metric. Let Σ be a subsurface of ∂M; an essential disc in (M, Σ) is a disc D properly embedded in (M, Σ) that can not be mapped to ∂M by a homotopy fixing ∂D. The simple closed curve ∂D is a meridian curve. The manifold M is boundary irreducible if there is no essential disc in (M, ∂M). An essential annulus in (M, Σ) is an incompressible annulus A properly embedded in (M, Σ) which can not be mapped to ∂M by a homotopy fixing ∂A. Let A be an essential annulus in M; if one component of ∂A lies in a toric component of ∂M we will call the other component of ∂A a parabolic curve.

Let m ⊂ ∂M be a simple closed curve; a simple arc k such that k ∩ m = ∂k is an m-wave if there is an arc k^′ ⊂ m such that k^′ ∪ k bounds an essential disc. A leaf l̃ of a geodesic lamination L̃ ⊂ ∂M̃ is homoclinic if it contains two sequences of points (x_n) and (y_n) such that the distance between the points x_n and y_n measured on l̃ goes to ∞ whereas their distance measured in M̃ is bounded. A leaf l of a geodesic lamination L ⊂ ∂M is homoclinic if a (any) lift of l to ∂M̃ is a homoclinic leaf. Notice that, with this definition, a meridian or a leaf spiralling around a meridian is homoclinic.

Let ρ : π_1(M) → Isom(H^3) be a faithful discrete representation such that H^3/ρ(π_1(M)) is homeomorphic to the interior of M. Let L_ρ ⊂ S^2 = ∂H^3 be the limit set of ρ(π_1(M)), let C(ρ) ⊂ H^3 be the convex hull of L_ρ and let C(ρ)^{ep} be the intersection of C(ρ) with the preimage of the thick part of H^3/ρ(π_1(M)). The quotient N(ρ) of C(ρ) by ρ(π_1(M)) is the convex core of ρ and ρ is said to be geometrically finite if N(ρ) has finite volume. A geometrically finite representation ρ : π_1(M) → Isom(H^3) such that H^3/ρ(π_1(M)) is homeomorphic to the interior of M is said to uniformize M. If ρ uniformize M, there is a natural homeomorphism (defined up to homotopy) h : M̃ → C(ρ)^{ep} coming from the retraction map S^2 − L_ρ → C(ρ)^{ep}. Let us choose a geometrically finite representation ρ with only rank 2 maximal parabolic subgroups (namely the maximal subgroups of ρ(π_1(M)) containing only parabolic isometries have rank 2). We will define the compactification M̃ of M̃ as the closure of h(M̃ ) = C(ρ)^{ep} in the usual unit ball compactification of H^3. This compactification does not depend on the choice of the representation ρ (see [Le1, section 2.1]). We will call this compactification the Floyd-Gromov compactification of M̃.

Let l̃_+ ⊂ ∂M̃ be a half-geodesic and let ¯l̃_+ be its closure in M̃; we will say that l̃_+ has a well defined endpoint if ¯l̃_+ − l̃_+ contains one point. We will say that a geodesic l̃ ⊂ ∂M̃ has two well defined endpoints if l̃ contains two disjoints half geodesics each having a well defined endpoint. Two distincts leaves l̃_1 and l̃_2 of a geodesic lamination L̃ ⊂ ∂M̃ will be said to be biasymptotic if they both have two well defined endpoints in M̃ and if the endpoints of l̃_1 are the same as the endpoints of l̃_2. A geodesic lamination A ⊂ ∂M is annular if the preimage of A in ∂M̃ contains a pair of biasymptotic leaves.

2.5 Pleated surfaces

Let ρ : π_1(M) → Isom(H^3) be a discrete faithful representation and let N = H^3/ρ(π_1(M). A pleated surface in N is a map f : S → N from a surface S to N with the following properties : - the path metric obtained by pulling back the hyperbolic metric of N by f is a hyperbolic metric s on S;

- every point in S liess in the interior of some s-geodesic arc that is mapped to a geodesic arc in N;

The pleating locus of a pleated surface is the set of points of S where the map fails to be a local isometry. The pleating locus of a pleated map is a geodesic lamination (cf. [Th1]).

Let ρ : π_1(M) → Isom(H^3) be a discrete faithful representation such that there is a homeomorphism h : int(M) → N = H^3/ρ(π_1(M)) and let S ⊂ M be a properly embedded surface homeomorphic and homotopic to ∂M. A measured geodesic lamination λ ∈ ML(∂M) is realized by a pleated surface in N if there is a pleated surface f : S → N homotopic to h_{|S} such that the restriction of f to the support of λ is an isometry.

2.6 Masur domain

Let M be a compression body; its boundary has a unique compressible component, the exterior boundary that we will denote by ∂_eM. Let PML(∂_eM) be the space of projective measured geodesic laminations on ∂_eM and let M^′ be the closure in PML(∂_eM) of the set of projective classes of weighted meridians. The compression body M is said to be a small compression body if it is the connected sum along the boundary of two I-bundles over closed surfaces or of a solid torus and of an I-bundle over a closed surface and is said to be a large compression body otherwise. When M is a large compression body, the Masur domain is defined as follows :

O = {λ ∈ PML(∂_eM)|i(λ, μ) > 0 for any μ ∈ M^′}.

When M is a small compression body, the definition is the following one

O = {λ ∈ PML(∂_eM)| i(λ, ν) > 0 for any ν ∈ PML(∂_eBC) such that there is μ ∈ M^′ with i(μ, ν) = 0}.

We will denote by Ô ⊂ ML(∂M) the set of measured geodesic laminations whose projective class lies in O.

Let M be an orientable hyperbolic 3-manifold such that ∂M has negative Euler characteristic. We will say that a measured geodesic lamination λ ∈ ML(∂M) is doubly incompressible if and only if :

- ∃η > 0 such that i(λ, ∂E) ≥ η for any essential annulus or disc E.

We will denote by D(M) ⊂ ML(∂M) the set of doubly incompressible measured geodesic laminations.

Doubly incompressible multi-curve were first introduced by W. Thurston in [Th4] and we have the following equivalence : (∂M, |γ|, ⊂) is doubly incompressible (in the sense of [Th4]) if and only if there is a weighted multi-curve γ ⊂ ML(∂M) with support |γ| satisfying the condition above except in the following situation (in which γ lies in D(M) but (∂M, |γ|, ⊂) is not doubly incompressible in Thurston’s sense):

- (−) there is a homeomorphism between M and an I-bundle over a pair of pants P such that |γ| is mapped to a section of the bundle over ∂P .

The set D(M) of doubly incompressible measured geodesic laminations is the extension of Masur domain we will study in this paper.

3 Relations between O(M), D(M) and P(M)

When a statement deals with the Masur domain, it means that we have assumed that M is a compression body.

Lemma 3.1. The set Ô is a subset of D(M).

Proof. Let λ ∉ D(M) be a measured geodesic lamination. We will show, using the following lemma of [Ot1], that λ ∉ Ô.

Lemma 3.2 ([Ot1]). Let E be an essential annulus in a large compression body M; then there is a projective measured geodesic lamination μ ∈ M^′ with support lying in ∂E.

Proof. Since [Ot1] is not published, we will write the details of the proof. The boundary of ∂M has only one compressible component ∂_eM called the exterior boundary. Let us choose a complete hyperbolic metric on ∂_eM.

Claim 3.3. Let c ⊂ ∂_eM be a simple closed curve that is disjoint from one non separating meridian or from two separating meridians; then there is a projective measured geodesic lamination μ ∈ M^′ whose support is c.

Proof. Let us first consider that there is a non separating meridian m disjoint from c. Let D be an essential disc bounded by c. Since c does not separate ∂M, there is a sequence of simple closed curves (c_i) that approximates c and intersect m in one point, namely the sequence (c_i) converges to c in PML(∂M). Consider a small neighbourhood V_i of D ∪ c_i in M. The closure of ∂V_i − ∂M is an essential disc D_i and the sequence (∂D_i) converges to c in PML(∂M).

Let us now assume that there are two disjoint separating meridians m_1 and m_2 which do not intersect c. Let D_1 and D_2 be two essential discs bounded by m_1 and m_2 respectively. Let N be the closure of the connected component of M −(D_1 ∪D_2) whose boundary contains c. If N intersects D_1 and D_2, we can approximate c by a sequence of arcs k_i joining m_1 to m_2. Let V_i be a small neighbourhood of D_1 ∪ k ∪ D_2. The closure of ∂V_i − ∂M is an essential disc Δ_i and the sequence (∂Δ_i) converges to c in PML(∂M).

If N intersects only one disc D_1 or D_2, by considering an arc in ∂M − N joining D_1 and D_2, we can construct an essential disc D_3 such that one component of M − (D_1 ∪ D_3) or of M − (D_2 ∪ D_3) contains c and intersects D_1 and D_3 or D_2 and D_3. Thus we are in the previous case and can conclude as above.

To prove Lemma 3.2, it remains to consider the case where there is at most one meridian disjoint from E and this meridian separates M.

Let us assume that the two components of ∂E are not homotopic in ∂M. Since M is a large compression body, E intersects a meridian c. Let us choose an orientation for E and let ψ : M → M be the Dehn twist along E. The curve ψ^n(c) is a meridian. The restriction of ψ_n to ∂M is a Dehn twist along ∂E. It follows that the sequence (ψ^n(c)) tends to a projective measured geodesic lamination μ ∈ M^′ with |μ| ⊂ ∂E.

Consider now that there is an annulus E^′∂M with ∂E^′ = ∂E. By cutting M along an essential disc disjoint from E (if there is one, we can assume that E intersects any essential disc in M. Since M is atoroidal and E ∪ E^′ bounds a solid torus T ⊂ M. Furthermore each component of ∂E^′ represent an element in π_1(M) which is divisible. It follows that when M is described as the connected sum along the boundary of tori and I-bundle over closed surfaces, T does not go through an I-bundle over a closed surface. Since T intersects any essential disc, we get that M is a solid torus. Recalling that we may have cut M along an essential disc, we conclude that M was originally the connected sum along the boundary of a solid torus and an I-bundle over a closed surface. This contradicts our asumption that M is a large compression body.

Remark. If E is an essential annulus in a small compression body, either ∂E intersects a meridian and from the above a measured geodesic sublamination of ∂E lies in M^′, or ∂E is disjoint from the meridian. ⋄

Let λ be a measured geodesic lamination such that λ ∉ D(M). Then there is a sequence of essential discs or annuli E_n ⊂ M such that i(λ, ∂E_n) −→ 0. We will show that λ ∉ Ô.

We will first assume that M is a large compression body. By Lemma 3.2, there is a sequence of multi-curves (e_n) such that e_n ⊂ ∂E_n and that e_n ∈ M^′. Let ε > 0 and let εe_n be the weighted multi-curve obtained by endowing each leaf of e_n with a Dirac mass with weight ε. Up to extracting a subsequence, there is a sequence (ε_n) converging to 0 such that the sequence (ε_ne_n) converges to some measured geodesic lamination α. Since ε_ne_n ∈ M^′ for any n, then α ∈ M^′. Since ε_n −→ 0, we have i(λ, α) = 0 hence λ ∉ Ô.

Let us now assume that M is a small compression body. By the proof of Lemma 3.2, for each n, either E_n is disjoint from an essential meridian or a connected component of ∂E_n is the support of an element of M^′. Especially, for any n, there is μ_n ∈ M^′ with i(μ_n, e_n) = 0. Furthermore, we can choose the μ_n such that a subsequence of (μ_n) converges in ML(∂M) to a measured geodesic lamination μ ∈ M^′. We get then i(α, μ) = 0 and i(α, λ) = 0 hence λ ∉ Ô. Thus we have shown that if λ ∉ D(M), then λ ∉ Ô.

The opposite is not true but we have the following :

Lemma 3.4. Let λ ∈ D(M) be an arational measured geodesic lamination; then λ lies in Ô.

Proof. Let us assume the contrary; if M is a large compression body, there is μ ∈ M^′ such that i(μ, λ) = 0. It follows from the assumption that λ is arational that λ and μ share the same support |μ|. Since μ ∈ M^′, there is a sequence of meridians c_n ⊂ ∂M and a sequence ε_n −→ 0 such that ε_nc_n converges to μ in the topology of ML(∂M). Up to extracting a subsequence, (c_n) converges in the Hausdorff topology to a geodesic lamination L and we have |μ| ⊂ L. By Casson’s criterion (cf. [Ot1], [Le1, Theorem B.1] or [Le2]), L contains a homoclinic leaf l. Since |μ| ⊂ L is the support of λ, l does not intersect λ transversely. This contradicts Lemma 3.6 below.

If M is a small compression body, ∂M contains a unique meridian c. Let us assume that λ ∉ Ô; then there is μ ∈ ML(∂_eM) such that i(c, μ) = 0 and i(λ, μ) = 0. Since λ is arational and i(λ, μ) = 0, μ is also arational. This contradicts the fact that i(c, μ) = 0.

In [Le1] (see also [Le2]), one studied the subset P(M) of ML(∂M) defined as follows. Let λ ∈ ML(∂M) be a measured geodesic lamination; then λ ∈ P(M) if and only if :

- a) no closed leaf of λ has a weight greater than π;

- b) ∃η > 0 such that, for any essential annulus E, i(∂E, λ) ≥ η;

- c) i(λ, ∂D) > 2π for any essential disc D.

Let ρ : π_1(M) → Isom(H^3) be a geometrically finite representation uniformizing M and let h be an isotopy class of homeomorphisms M → N(ρ)^{ep} homotopic to the identity; we will denote by GF(M) the set of such pairs (ρ, h). There is a well defined map b : GF(M) → ML(∂M) which to a pair (ρ, h) associates the preimage under h of the bending measured geodesic lamination of N(ρ), let us call this map the bending map. It is shown in [BoO] and [Le1] that P(M) is the image of b.

In [Le1], it was proved that a measured geodesic lamination lying in P(M) intersects transversely all the homoclinic leaves and all the annular laminations. In order to get the same property for the laminations lying in D(M), we will discuss the relationships between P(M) and D(M).

We clearly have P(∂M) ⊂ D(M), conversely, we have :

Lemma 3.5. Let λ ∈ D(M) be a measured geodesic lamination not satisfying the condition (−), then there is a measured geodesic lamination α ∈ P(M) with the same support as λ.

Proof. Since λ ∈ D(M), ∃η > 0 such that i(∂E, λ) > η for any essential annulus or disc E. Let^{2π}_η λ be the measured geodesic lamination obtained by multiplying the measure λ by^{2π}_η ; then^{2π}_η λ satisfies the properties b) and c) above. Let λ^{(p)} be the union of the leaves of^{2π}_η λ with a weight greater than π and let α be the measured geodesic lamination obtained from 2π η λ by decreasing the weight of the leaves of λ^{(p)} to π. This measured geodesic lamination α satisfies a) and b), let us show that it satisfies also c).

Let D ⊂ M be an essential disc; then i(^{2π}_η λ, ∂D) > 2π. If ∂D does not intersect λ^{(p)} transversely, then i(α, ∂D) = i(^{2π}_η λ, ∂D) > 2π.

If ∂D intersects λ^{(p)} in one point x, let c be the leaf of λ^{(p)} containing x. Let V be a small neighbourhood of c∪D; V is a solid torus. Let D^′ be the closure of ∂V −∂M, D^′ is a disc properly embedded in M which does not intersect λ^{(p)}. Hence we have i(∂D^′, α) = i(∂D^′,^{2π}_η λ). If D^′ is not an essential disc, then ∂D^′ bounds a disc D^{′′} ⊂ ∂M. Since M is irreducible, D^′ ∪ D^{′′} bounds a ball B ⊂ M and M = B ∪ V is a solid torus. By assumption, M is not a solid torus hence D^′ is an essential disc and i(∂D^′,^{2π}_η λ) > 2π. Since i(∂D^′, α) ≤ 2(i(∂D, α) − π), we have

i(∂D, α) ≥^{i(∂D′,α)}_2 + π =^{i(∂D′,} 2π η λ)

2 + π > 2π.

If ∂D intersects λ^{(p)} in two points x and y, we have i(α, ∂D) = 2π + i(^{2π}_η λ − λ^{(p)}, ∂D). Hence we just have to show that i(λ − λ^{(p)}, ∂D) > 0. Assuming the contrary, we have λ ∩ ∂D = {x, y}. If x and y lie in two distincts leaves c ⊂ |λ| and d ⊂ |λ|, let V be a small neighbourhood of c ∪ d ∪ D; V is an I-bundle over a pair of pants. The closure of ∂V − ∂M is an annulus with boundary not intersecting |λ|. By condition b), this annulus is not essential. It follows that M is an I-bundle over a pair of pants P and that |λ| lies in a section of the bundle over ∂P . This contradicts our assumptions hence x and y lie in the same leaf c of λ^{(p)}.

Let V be a small neighbourhood of c ∪ D; it is again an I-bundle over a pair of pants. If the tangents vectors^{dc}_{dt |x} and^{dc}_{dt |y} do not point to the same side of ∂D, the closure of ∂V − ∂M is the union of two annuli with boundaries not intersecting λ. This yields the same contradiction as above.

Next let us consider the case where^{dc}_{dt |x} and^{dc}_{dt |y} point to the same side of ∂D. Let k be a connected component of c − {x, y} and let V^′ be a small neighbourhood of k ∪ D; the closure of ∂V^′ − ∂M is an essential disc D^′. Replacing D by D^′, we are in the situation of the previous paragraph and get the same contradiction.

If ∂D and λ^{(p)} intersect each other in more than 2 points, i(λ^′, ∂D) ≥ 3π.

Combining Lemma 3.5 and results of [Le1] (see also [Le2]) we get the following : Lemma 3.6. A measured geodesic lamination λ ∈ D(M) not satisfying the condition (−) has the following property :

- λ intersects transversely any annular lamination and any geodesic lamination containing a homoclinic leaf.

Remark. Let us add a few comments about the case where λ satisfies the condition (−). Any homoclinic leaf l intersects λ at least once. If an annular geodesic lamination A does not intersect λ transversely, then A contains two disjoint half-leaves both spiraling in the same direction toward the same leaf of λ. This can not happen for a Hausdorff limit of multi-curves. Therefore λ has the property above if we consider only annular laminations that are Hausdorff limits of multi-curves. ⋄

4 Topological properties of D(M)

Lemma 4.1. The set D(M) is an open set.

Proof. Let us assume the contrary. Then there are λ ∈ D(M) and a sequence of measured geodesic laminations λ_n ∉ D(M) converging to λ. Therefore there is a sequence of essential discs or annuli E_n such that i(λ_n, ∂E_n) −→ 0. Let us extract a subsequence such that ∂E_n converge in the Hausdorff topology to a geodesic lamination A. Then A does not intersect λ transversely. By [Le1] (see also [Le2]) either A contains a homoclinic leaf ([Le1, Theorem B1]) or A is annular ([Le1, Lemma C2]), both contradicting Lemma 3.6.

A train track τ carrying a measured geodesic lamination is complete if it is not a subtrack of a train track carrying a measured geodesic lamination (cf. [Pe]).

Any measured geodesic lamination λ is carried by some (maybe many) complete train track τ. The weight system on a complete train track gives rise to a coordinate system for a simplex of the piecewise linear manifold ML(∂M). The rational depth of a measured geodesic lamination λ is the dimension of the rational vector space of linear functions with rational coefficients (from the simplex previously defined to R) vanishing on the coordinates of λ. Let us denote by I(∂M) the set of measured geodesic laminations with rational depth equal to 0 or 1. If a measured geodesic lamination λ lies in I, either λ is arational or there is a closed leaf c of λ such that λ is arational in ∂M − c (cf. [Th1, Proposition 9.5.12]). By Lemma 3.5 and [Le3, Lemma 2.5], the proof of Lemma 3.4 holds also in the second case, namely if λ ∈ D(M) and if there is closed leaf c of λ such that λ is arational in ∂M − c, then λ ∈ Ô. The set I is a dense open subset of ML(∂M) (cf. [Th1, chap 9]).

Proposition 4.2. The sets D(M) and Ô are pathwise connected.

Proof. Let λ_1, λ_2 ∈ Ô. By [Ma1], the arational measured geodesic laminations are dense in ML(∂M). Since Ô is open, there are two arational measured geodesic laminations α_1 and α_2 ∈ Ô such that λ_j is connected to α_j by a path k_j ⊂ Ô.

Since α_j ∈ Ô ⊂ D(M) there is η > 0 such that i(α_j , ∂E) > η for any essential disc or annulus E ⊂ M. Since α_i is arational, it has no closed leaf and, by the proof of Lemma 3.5, we have^{2π}_η α_j ∈ P(M). Let CC(M) ⊂ GF(M) be the set of hyperbolic metrics uniformizing M and having only rank 2 cusps. By results of Ahlfors-Bers ([Ber]), CC(M) is homeomorphic to the cartesian product of the Teichmüller spaces of the connected components of ∂_{χ<0}M, indeed CC(M) is pathwise connected. Let P_{nc}(M) be the set of measured geodesic laminations lying in P(M) and having no closed leaves with weight π. By [Le1] (see also [Le2]) P_{nc}(M) is the image of CC(M) by the bending map. By [KeS] and [Bo2], the bending map is continuous on CC(M) hence P_{nc}(M) is pathwise connected. Since^{2π}_η α_j has no closed leaf, 2π η α_j ∈ P_{nc}(M), therefore there is a path α : [0, 1] → P(M) such that α(0) =^{2π}_η α_1 and that α(1) =^{2π}_η α_2. Since D(M) is open, we can change α so that we have α(t) ∈ I ∩ D(M) for any t ∈ [0, 1] (cf. [Th1]). Thus α(t) is an arational lamination (up to cutting ∂M along a closed leave of α(t) if there is one) lying in D(M). From Lemma 3.4 we get α(t) ∈ Ô for any t ∈ [0, 1].

Let κ_j : [0, 1] → Ô be the path κ_j (t) = (1 − t + t^{2π}_η )α_j . The union of the paths k_j , κ_j for j = 1, 2 and of the path α([0, 1]) is a path lying in Ô joining λ_1 to λ_2.

We have proved that Ô is pathwise connected. Taking λ_1, λ_2 ∈ D(M) at the beginning of this proof, we get that D(M) is also pathwise connected.

5 Pleated surfaces

Theorem 5.1. Let M be an orientable 3-manifold, let ρ : π_1(M) → Isom(H^3) be a geometrically finite representation uniformizing N and having only rank 2 maximal parabolic subgroups and let h : N = H^3/ρ(π_1(M)) → int(M) be a homeomorphism; then any measured geodesic lamination λ ∈ D(M) is realized by a pleated surface in N.

Proof. If M is a compression body and λ is arational, then λ lies in the Masur domain and the theorem has been proved by Otal ([Ot1]). If M is boundary irreducible, then any geodesic lamination is realized in N (see [CEG, chap. 5]). In order to prove our general statement, we will follow the main lines of Otal’s proof.

Lemma 5.2. Let λ ∈ D(M) be a weighted multi-curve, then λ is realized by a pleated surface in N.

Proof. Let us extend |λ| to a geodesic lamination L (namely |λ| ⊂ L) such that all the components of ∂M − L are triangles and that L has finitely many leaves. Since λ ∈ D(M) and since ρ has only rank 2 cusps, any closed leaf of L is homotopic to a closed geodesic in N. Let S ⊂ M be a properly embedded surface homeomorphic and homotopic to ∂M and let us change the restriction of h to S by a homotopy in order to get a map f : S → N mapping the closed leaves of L into closed geodesics. For each connected component of S, let us lift this to a map f̂ : H^2 → H^3; this map f̂ defines a map from the endpoints of the lifts of the leaves of L to L_ρ. Furthermore, if l̂ ∈ H^2 is a lift of a leaf of L, by Lemma 3.6, the images of its two endpoints are distincts. Following [CEG, Theorem 5.3.6], this allows us to construct a pleated surface realizing L.

Now let us consider the general case. Let λ ∈ D(M) be a measured geodesic lamination; let λ_n be a sequence of weighted multi-curves such that λ_n −→ λ in ML(∂M) and that |λ_n| → |λ| in the Hausdorff topology. Since D(M) is open, λ_n ∈ D(M) for large n. Let γ be a weighted multi-curve with a maximal number of leaves such that i(λ, γ) = 0; since λ_n ∈ D(M) for large n, λ_n ∪ γ is also a measured geodesic lamination lying in D(M). By the previous lemma, λ_n ∪ γ is realized by a pleated surface f_n : S → N. We will show that a subsequence of (f_n) converges to a pleated surfaces realizing λ.

Let us denote by s_n the metric on S induced by the map f_n : S → N and let us show that (s_n) contains a converging subsequence. First we will prove that the sequence of metrics (s_n) is bounded in the modular space. By Mumford’s Lemma, it is sufficient to prove that the injectivity radius of s_n is bounded from below.

Claim 5.3. Let (c_n) be a sequence of curves such that l_{sn} (c_n) −→ 0 and let us extract a subsequence (c_n) which converges in the Hausdorff topology to a geodesic lamination C; then C does not intersects λ transversely.

Proof. Let assume the contrary and let c be a leaf of C intersecting λ transversely. Since λ is recurrent, we can consider a segment k = k([0, 1]) of |λ| such that k ∩ C = ∂k and that dk dt (0) is close (for some reference metric on S) to −^{dk}_{dt} (1) and a short segment κ of c joining the ends of k so that we get a closed curve d = k ∪ κ. Since λ_n −→ λ and c_n −→ C, there exists arcs k_n ⊂ λ_n and κ_n ⊂ c_n near k and κ such that d_n = k_n ∪ κ_n is homotopic on S to d. Since l_{sn} (c_n) −→ 0, c_n is the core of a very deep Margulis tube and l_{sn} (k_n) −→ ∞. Since l_{sn} (κ_n) ≤ l_{sn} (c_n) −→ 0 and f_n(k_n) ⊂ f_n(λ_n) is a geodesic arc, f_n(d_n) = f_n(k_n ∪ κ_n) is a quasi-geodesic and is very close to the geodesic d^∗_n of N in its homotopy class. This implies that l_ρ(d^∗_n) −→ ∞ but d_n is homotopic to d so d^∗_n = d^∗ giving the expected contradiction.

Let (c_n) be a sequence of curves such that l_{sn} (c_n) −→ 0. If we can extract a converging (in the Hausdorff topology) subsequence such that all the c_n are meridians then, by Casson’s criterion (cf. [Ot1], [Le1, Theorem B.1]), the limit contains a homoclinic leaf. By Lemma 3.6 such a homoclinic leaf intersects λ transversely contradicting Claim 5.3. This implies that for large n, the c_n are not meridians. If we can extract a converging subsequence such that all the c_n are parabolic curves, then i(c_n, λ) > η for any n, leading to the same contradiction.

It follows that, for large n, each f_n(c_n) is homotopic to a closed geodesic c^∗_n of N. But this would mean that l_ρ(c^∗_n) −→ 0 and since N is geometrically finite, there is a uniform lower bound for the length of a closed geodesic. We get then from Mumford’s Lemma ([CEG, Proposition 3.2.13]) :

Claim 5.4. The sequence (s_n) is bounded in the moduli space.

Let us now show that (s_n) is bounded in the Teichmüller space. By the previous claim, there exists a sequence (φ_n) of diffeomorphisms such that, up to extracting a subsequence, (φ^∗_ns_n) converges in the Teichmüller space to a metric s^′_∞. By construction l_φ∗_{nsn} (φ^{−1}_n (γ)) = l_{sn} (γ) = l_ρ(γ), therefore the s^′_∞-length of the multi-curve φ^{−1}_n (γ) is bounded. This implies that we can choose some n_0 and a subsequence such that any diffeomorphism (φ^{−1}_n ∘ φ_{n0} ) preserves this multi-curve, component by component.

For large n, λ_n intersects transversely all the parabolic curves. Therefore λ_n lies in the thick part of N which is compact. It follows that all the f_n(S) intersect the same compact subset of N. Using Ascoli’s theorem we can choose a subsequence of (φ_n) such that the sequence of pleated surfaces (f_n ∘ φ_n) converges. This implies that the maps f_n ∘ φ_n are homotopic for n sufficiently large. Thus, up to changing n_0, the diffeomorphisms ψ_n = φ^{−1}_n ∘ φ_{n0} are homotopic in M to the identity. Let R be a complementary region of γ. If the map i^∗ : π_1(R) → π_1(M) induced by the inclusion is injective, then by [Wa], ψ_{n|R} is isotopic to the identity in S. If the map i^∗ : π_1(R) → π_1(M) is not injective, R contains a meridian. Since λ ∈ D(M), R must contain a component λ^i of λ and since γ has a maximal number of components, λ^i must be arational in R. Let us call r_n the restriction of s_n to R and suppose that the sequence (r_n) is not bounded in Teichmüller space. Since the length of ∂R is bounded, we can use Thurston’s compactification and assume that (r_n) tends to a measured geodesic lamination ν. Since l_{rn} (λ_n ∩ R) = l_ρ(λ_n ∩ R) ≤ l_{rn0} (λ_n ∩ R) → l_{rn0} (λ^i), i(ν, λ^i) = 0 and ν and λ^i share the same support.

Let m ⊂ R be a meridian. Then m_n = ψ_n(m) is homotopic to m and therefore (m_n) is a sequence of meridians. We can assume that (m_n) converges in PML to a projective measured lamination represented by μ. Since (ψ^∗_ns_n) converges, then l_{sn} (m_n) = l_ψ∗_{nsn} (ψ^{−1}_n (m_n)) = l_ψ∗_{nsn} (m) converges and therefore i(μ, ν) = 0. Since ν and λ^i have the same support and since λ^i is arational in R, this implies that μ and λ^i have the same support. But the Casson’s criterion (c.f. [Ot1], [Le1, Theorem B.1]) says that there exists a simple geodesic l ⊂ R which is homoclinic and does not intersect μ transversely. This contradicts Lemma 3.6 and proves that the sequence (r_n) is bounded.

This applies to each component of ∂M −γ. It follows that we can choose the ψ_n such that each one is the composition of Dehn twists along the leaves of γ. We have seen above that the ψ_n are homotopic to the identity; by [Wa], each ψ_n can be extended to a homeomorphism of the whole manifold M. Let V ⊂ S be a small neighbourhood of γ; since λ ⊂ D(M), V does not contain the boundary of any essential annulus. It follows then from [Joh, Proposition 27.1] that, up to isotopy, each ψ_n has finite order. Since the ψ_n are compositions of Dehn twists along disjoint curves, they can not have finite order except when they are isotopic to the identity. We get from [CEG] that a subsequence of (f_n) converges to a pleated surface realizing λ.

Let f : S → N be a pleated surface realizing a geodesic lamination L. Let P(N) be the tangent line bundle of N. We define a map Pf from L to P(N) by mapping a point x ∈ L to the direction of the unit vector tangent to f(L) at f(x).

The following injectivity theorem has been proved by Thurston ([Th2]) when M is boundary irreducible and by Otal ([Ot1]) when M is a compression body and λ ∈ Ô.

Theorem 5.5. Let λ ∈ D(M) be a measured geodesic lamination not satisfying the condition (−), let L be a geodesic lamination containing the support of λ and let f : ∂M → N be a pleated surface realizing L. Then the map from Pf : L → P(N) is a homeomorphism into its image.

Proof. Since the map f reduces the length, it is easy to see that Pf is a continuous map and since L is compact, we need only to show that Pf is injective.

Let us assume the contrary, there are two points u and v ⊂ L such that Pf(u) = Pf(v); let f̂ : H^2 → H^3 be a lift of f and let û and v̂ be lifts of u and v such that Pf̂(û) = Pf̂(v̂). Since f̂ is an isometry on the preimage of L, it is injective on each leaf of the preimage of L. Therefore û and v̂ lie in two different leaves l̂_1 and l̂_2 of the preimage of L. Since Pf̂(û) = Pf̂(v̂), then f̂(l̂_1) = f̂(l̂_2). It follows that L is an annular lamination and since L does not intersect λ ∈ D(M) transversely, this contradicts Lemma 3.6.

Remark. If λ satisfies the condition (−), the same is true for λ but not for any geodesic lamination containing λ. ⋄

6 Action on R-trees

We will prove the following :

Proposition 6.1. Let T be a real tree, let π_1(M) × T → T be a small minimal action and let λ ∈ D(M) be a measured geodesic geodesic lamination. Then at least one connected component of λ is realized in T .

Proof. Let us first notice that this result has been proved by G. Kleineidam and J. Souto ([KlS1] and [KlS2]) when M is a compression body and λ lies in the Masur domain. The general case need just a reorganization of the proof of [Le1, Proposition 6]. Here we will sketch the proof which consists essentially in putting together ideas of [BoO] and of [KlS1].

If λ satisfies the condition (−) then the elements of π_1(M) corresponding to the leaves of λ form a generating subset of π_1(M). In this case Proposition 6.1 is a straightforward consequence of [MoS1].

Let us assume that λ does not satisfies the condition (−). For c ∈ π_1(M) let us denote by δ_T (c) the distance of translation of c on T . Let S be a connected component of ∂M with χ(S) < 0; the inclusion i_∗ : π_1(S) → π_1(M) provides us with an action of π_1(S) on T . By [MoO], there exists a measured geodesic lamination β ∈ ML(S) and a morphism ϕ : T_β → T_S from the dual tree of β to the minimal subtree of T that is invariant by the action of π_1(S). Since the action of π_1(S) is not a priori small, ϕ is not, a priori, an isomorphism and there might be many laminations β with this property. We will consider such a lamination β which is adapted to our problem.

Let (λ_n) be a sequence of weighted multi-curves converging to λ in ML(∂M) such that (|λ_n|) converges to |λ| in the Hausdorff topology. For each irrational sublamination λ^i of λ let us denote by S(λ^i) the surface embraced by |λ^i|. For n large enough such that |λ_n| does not intersect ∂^′S̄(λ) transversely, let us add simple closed curves to ∂^′S̄(λ) ∪ |λ_n| in order to obtain a multi-curve L_n whose complementary regions are pairs of pants. By [MoO], there are measured geodesic laminations β_n ∈ ML(∂M) and equivariant morphisms ϕ_n : T_{βn} → T such that for any leaf l_n of L_n, either δ_T (l_n) > 0 and the restriction of ϕ_n to the axis of l_n is an isometry or δ_T (l_n) = 0 and i(l_n, β_n) = 0, see [Le1, §4.1] for more details.

Extract a subsequence such that (|β_n|) converges to a geodesic lamination B in the Hausdorff topology. The first step of the proof is to show that B intersects |λ| transversely, this will allow us to follow [KlS1] by using a realization of a train track carrying λ to prove the proposition.

Lemma 6.2. The geodesic lamination B intersects |λ| transversely.

Proof. The proof is done by contradiction; let us assume that |λ| does not intersect B transversely.

If B is a multi-curve, then for large n, |β_n| = B and β_n does not intersect λ transversely. By the definition of D(M), a small neighbourhood of B does not contain any essential disk, annulus or Moebius band. By [MoS1, Corollary IV 1.3], this implies that the action of π_1(M) fixes a point of T . This would contradict the assumption that this action is minimal.

Let us now consider the case where B is not a multi-curve. The first step in this case is to prove that S(B) is incompressible for any connected component B^i of B. This will implies that a subsequence of (|β_n|) is constant.

Claim 6.3. If B does not intersects |λ| transversely, then for any connected component B^i of B, the surface S(B^i) is incompressible.

Proof. Since we have assumed that B does not intersect |λ| transversely, if B^i is a closed curve, the claim follows from the definition of D(M).

Let B^i be a component of B which is not a closed curve and let us assume that S(B^i) contains a meridian. It follows from the ideas of [KlS1], that S(B^i) contains a homoclinic leaf h which does not intersect B^i transversely (see [Le1, Lemma 4.3] for details). Since we have assumed that B does not intersect λ transversely, then |λ| ∩ S(B^i) ⊂ B^i. Especially, h does not intersect λ transversely, contradicting Lemma 3.6.

Let us explain how Claim 6.3 implies that for large n the support of β_n does not depend on n. Let B^i be a connected component of B; if B^i is a closed leaf then for large n, B^i ⊂ |β_n|. Let us next assume that B^i is not a closed leaf; by claim 6.3, S(B^i) is incompressible, hence the action of i_∗(π_1(S(B^i)) on its minimal subtree T_{S(B}i_) ⊂ T is small. Since B does not intersect ∂^′S̄(B^i), for large n, β_n does not intersect ∂^′S̄(B^i). It follows that for each component d of ∂^′S̄(B^i), the action of i_∗(d) has a fixed point in T_{S(B}i_). This allows us to apply Skora’s theorem [Sk] which says that β^i_n = β_n ∩ S(B^i) is dual to the action of i_∗(π_1(S(B^i)) on T_{S(B}i_). Doing this for each component of B, we obtain that, for large n, |β_n| does not depend on n. Let us endow B with the measure of one of the β_n and let us call β the measured geodesic lamination thus obtained.

The last step in the proof of Lemma 6.2 is to show that |β| = B is annular. Since we have assumed that B does not intersect |λ| transversely, this will contradict the fact that λ ∈ D(M) (Lemma 3.6).

Claim 6.4. The measured geodesic lamination β is annular

Proof. By hypothesis β does not intersect λ transversely hence S(β) ∩ |λ| ⊂ |β|.

Since S(β) is incompressible, we might consider a characteristic submanifold W of (M, S(β)) (cf. [Joh] and [JaS]). Such a characteristic submanifold is a union of essential I-bundles and

Seifert fibered manifolds such that any essential annulus in (M, S(β)) can be homotoped in W . For each component Σ of ∂M − S(B), i_∗(Σ) fixes a point in T , hence by [Th4] (see also [MoS2, theorem IV 1.2]) W can be isotoped in such a way that we have β ⊂ W ∩ ∂M.

We are considering the case where β is not a multi-curve, therefore it contains an irrational sublamination β^1. Since the Seifert fibered manifolds composing W intersect ∂M in annuli, |β^1| lies in a component W^1 of W which is an essential I-bundle over a compact surface F : W^1 = F × I. Let us denote by p : F × ∂I → F the projection along the fibers. By Skora’s theorem [Sk], for any component Σ of W^1 ∩ ∂M, Σ ∩ β is dual to the action of i_∗(π_1(S)) on T_Σ. Since this action factorizes through the action of π_1(W^1) = π_1(F ), there is a measured geodesic lamination β^′ ∈ ML(F ) such that β ∩ ∂W^1 ⊃ p^{−1}(β^′). Since the lamination p^{−1}(β^′) is annular, β is annular (compare with [BoO, Lemma 14]).

This claim concludes the proof of Lemma 6.2.

Let us now complete the proof of Proposition 6.1. Let λ^i be a connected component of λ that intersects B transversely. Let us denote by π_{βn} : H^2 → T_{βn} the projection associated to the dual tree of β_n (as defined in §2.2). Since B intersects λ^i transversely, the construction in [Ot1, chap 3] yields a train track τ^i such that for large n, π_{βn} is a weak realization of τ^i in T_{βn} .

Let l_n be a component of L_n ∩ S(λ^i). Up to extracting a subsequence, l_n converge in the Hausdorff topology to a geodesic lamination L^′ ⊂ S(λ^i) that does not intersect λ^i transversely (by the choice of L_n). Therefore |λ^i| ⊂ L^′. If up to extracting a subsequence, i_∗(l_n) has a fixed point in T ; then i(β_n, l_n) = 0. Letting n tends to ∞, we would get that B does not intersect |λ^i| transversely, contradicting our choice of λ^i.

It follows from the previous paragraph that the restriction of ϕ_n to l_n is an isometry. For large n, each branch of τ̂ intersects transversely a lift of l_n. The fact that the restriction of ϕ_n to the axis of l_n is an isometry implies that ϕ_n ∘ π_{βn} is a weak realization of τ^i in T (compare with [KlS1, Lemma 11]). By [Ot1] this map ϕ_n ∘ π_{βn} is homotopic to a realization of λ^i in T .

Let ρ_n : π_1(M) → Isom(H^3) be a sequence of representations containing no converging subsequence; in [MoS1], J. Morgan and P. Shalen described a way to associate a small minimal action of π_1(M) on an R-tree to some subsequence of (ρ_n). This can be stated in the following way : the sequence (ρ_n) tends to the action π_1(M) ↷ T in the sense of Morgan and Shalen if there is a sequence ε_n −→ 0 such that for any a ∈ π_1(M), ε_nδ_{ρn} (a) −→ δ_τ (a). In [Ot2], J.-P. Otal described, in the special case of handlebodies, the behavior of the length of measured geodesic laminations which are realized in T . A careful look at the proof yields the following statement.

Theorem 6.5 (Continuity Theorem [Ot2]). Let (ρ_n) be a sequence of discrete and faithful representations of π_1(M) tending in the sense of Morgan and Shalen to a small minimal action of π_1(M) on an R-tree T . Let ε_n −→ 0 be such that ∀g ∈ π_1(M), ε_nδ_{ρn} (g) −→ δ_T (g) and let L ⊂ ∂M be a geodesic lamination which is realized in T . Then there exists a neighbourhood V(L) of L, and constants K, n_0 such that for any simple closed curve c ⊂ V(L) and for any n ≥ n_0, ε_nl_{ρn} (c^∗) ≥ Kl_{s0} (c).

In the preceding statement s_0 is a fixed complete hyperbolic metric on ∂_{χ<0}M. Using this and Proposition 6.1, we get the following

Theorem 6.6. Let ρ_n be a sequence of faithful representations of π_1(M) such that H^3/ρ_n(π_1(M)) is homeomorphic to int(M), let λ ∈ D(M) and let λ_n be a sequence of measured geodesic laminations such that :

- the sequence λ_n converges to λ in ML(∂M);

- the sequence |λ_n| converges to |λ| in the Hausdorff topology;

- the sequence l_{ρn} (λ_n) is bounded.

Then (ρ_n) contains a converging subsequence.

Proof. Approximating each λ_n by weighted multi-curves, we produce a sequence of multicurves also satisfying the hypothesis of the theorem. Let us assume that (ρ_n) does not contain an algebraically converging subsequence, then by [MoS1], a subsequence of (ρ_n) tends to a small minimal action of π_1(M) on an R-tree T . By Proposition 6.1, λ is realized in T and it follows from Theorem 6.5 that l_{ρn} (γ_n) −→ ∞ giving us the desired contradiction.

Remark. When M is an I-bundle over a closed surface, the proof of this theorem can be found in [Th2]; this result has been extended to manifolds with incompressible boundary in [Oh1]. When M is a compression body and λ ∈ Ô, this result has been proved in [KlS1] and [KlS2]. ⋄

7 Conclusion

To complete this paper, we should also mention the action of Mod(M) on D(M). The following result is proved in [Le2] using some properness properties of the bending map. The proof of these properties is long and is subject of [Le3]. Here we will only give an outline of the proof, the reader interested in a complete proof should refer to [Le2] or to [Le3].

Proposition 7.1. If M is not a genus 2 handlebody, the action of Mod(M) on D(M) is properly discontinuous.

Outline of the proof. Here Mod(M) is the group of isotopy classes of diffeomorphisms M → M.

Let us assume that Proposition 7.1 is not true. There are measured geodesic laminations λ ∈ D(M), (λ_n) ∈ D(M) and diffeomorphisms (ϕ_n) ∈ Mod(M) such that (λ_n) and (ϕ_n(λ_n)) converge to λ in ML(∂M) and that for any n ≠ m, ϕ_n is not isotopic to ϕ_m. Since λ ∈ D(M), ∃η > 0 such that i(λ, ∂D) > η for any essential disc D. Let^{2π}_η λ be the measured geodesic lamination obtained by rescaling the measure of λ by^{2π}_η . Let λ^i be a compact leaf of^{2π}_η λ with a weight greater than or equal to π; if, up to extracting a subsequence, λ^i is a compact leaf of all the measured geodesic laminations λ_n, let us replace, in^{2π}_η λ and in all^{2π}_η λ_n, λ^i by a the same leaf with weight π. Let λ^′_∞ and λ^′_n be the measured geodesic laminations obtained by doing the same for all the leaves of^{2π}_η λ with a weight greater than π; let us remark that λ^′_∞ may have some leaves with a weight greater than π but that for n large enough, the compact leaves of λ^′_n have a weight less than or equal to π. Let us also remark that (λ^′_n) and (ϕ_n(λ^′_n)) converge to λ^′_∞ in ML(∂M). By Lemma 3.5, λ^′_∞ and λ^′_n satisfy the conditions b), c). For n large enough, the λ^′_n also satisfy the condition a) hence, by [Le1] (see also [Le2]), there is a geometrically finite metric ρ_n on the interior of M whose bending measured lamination is (λ^′_n); here a geometrically finite metric is a geometrically finite representation ρ : π_1(M) → Isom(H^3) together with an isotopy class of homeomorphisms M → N^{ep}. The bending measured geodesic lamination of ϕ_{n∗}(ρ_n) is ϕ_n(λ^′_n) and by construction ϕ_n(λ^′_n) −→ λ^′_∞. It is at this point that we need the properness property of the bending map mentioned before the statement of Proposition 7.1 : it follows from [Le1] that there is a subsequence such that (ρ_n) and (ϕ_{n∗}(ρ_n)) converge to some geometrically finite metrics.

The conclusion comes from the fact that the action of Mod(M) on the space of isotopy classes of geometrically finite metrics (see [Le3] for a definition) on the interior of M is properly discontinuous. This fact can be shown by using the arguments of the proof of the properness properties mentioned above (cf. [Le3]). □

As has been mentioned throughout this paper, almost all the above results have been already proved when λ ∈ Ô. In an attempt to convince the reader of the interest of this paper we will give some examples of laminations lying in D but not in Ô.

Let M be an I-bundle over a compact surface S with boundary; this manifold M is a handlebody. Let (γ, α) ∈ ML(S) be a pair of binding measured geodesic laminations, namely for any measured geodesic lamination β ∈ ML(S), i(β, γ) + i(β, α) > 0. Such a pair of binding measured geodesic laminations has the following property : ∃η > 0 such that i(c, γ) + i(c, α) ≥ η for any closed curve c ⊂ S. Let us defined a measured geodesic lamination λ ∈ ML(∂M) as follows : on one component {0} × S of ∂I × S, λ ∩ ({0} × S) is γ, on the other component, λ ∩ ({1} × S) is α and on the remaining part I × ∂S of the boundary, λ ∩ (I × ∂S) is {p} × ∂S for some p ∈]0, 1[ endowed with a Dirac mass η.

For any essential disc D ⊂ M, ∂D intersects {p} × ∂S, hence i(∂D, λ) ≥ η. If A is an essential annulus, either ∂A intersects {p} × ∂S and i(∂A, λ) ≥ η, or A can be homotoped to a vertical annulus c × I ⊂ I × S with c being a simple closed curve. In the second case, we have i(∂A, λ) = i(c, γ) + i(c, α) ≥ η. We have thus proved that λ ∈ D(M). By [KlS1] the measured geodesic laminations λ ∩ {0} × S and λ ∩ {1} × S have the same supports as some measured laminations lying in M^′ hence λ ∉ Ô.

References

[Ber] L. Bers (1960), Simultaneous uniformization, Bull. Am. Math. Soc. 66, 94-97.

[Bo1] F. Bonahon (1986), Bouts des varits hyperboliques de dimension 3, Ann. of Math. (2) 124, 71-158.

[Bo2] F. Bonahon (1998), Variations of the boundary of 3-dimensionnal hyperbolic convex cores, J. Diff. Geom. 50, 1-24.

[BoO] F. Bonahon, J.-P. Otal, Laminations mesures de plissage des varits hyperboliques de dimension 3, Prpublication de l’UMPA n^∘285 (2001).

[Ca] R.D. Canary (1993), Algebraic convergence of Schottky groups, Trans. Amer. Math.

Soc. 337, 235-258.

[CEG] R.D. Canary, D.B.A. Epstein, P. Green (1987), Notes on notes of Thurston, Analytical and Geometrical Aspects of hyperbolic Space, 3-92.

[GiS] H. Gillet, P. Shalen (1990), Dendrology of groups in low Q-rank, J. Diff. Geom. 32, 605-712.

[JaS] W. Jaco, P.B. Shalen (1979), Seifert fibered spaces in 3-manifolds, Memoirs Amer.

Math. Soc. 220.

[Joh] K. Johannson (1979), Homotopy equivalence of 3-manifolds with boundary, Lectures Notes in Mathematics 761.

[KeS] L. Keen, C. Series (1988), Continuity of convex hull boundaries, Pac. J. Math. 127, 457-519.

[KlS1] G. Kleineidam, J. Souto (2002), Algebraic convergence of function groups, Comment.

Math. Helv. 77, 244-269.

[KlS2] G. Kleineidam, J. Souto (2001), Ending laminations in the Masur domain, Proceedings of “Kleinian Groups and Hyperbolic 3-Manifolds”, Warwick conference 2001.

[Le1] C. Lecuire (2002), Plissage des variété hyperboliques de dimension 3, Prpublication de l’UMPA n^∘301.

[Le2] C. Lecuire (2004), Structures hyperboliques convexes sur les variétés de dimension 3, thèse de doctorat de l’ENS Lyon.

[Le3] C. Lecuire (2004), Bending map and strong convergence, preprint.

[Ma1] H. Masur (1982), Interval exchange transformations and measured foliations, Ann. of Math. (2) 115, 169-200.

[Ma] H. Masur (1986), Measured foliations and handlebodies, Ergodic Theory Dynam. Systems 6, 99-116.

[MoO] J.W. Morgan, J.-P. Otal (1993), Relative growth rates of closed geodesics on surfaces under varying hyperbolic structures, Comment. Math. Helv. 68, 171-208.

[MoS1] J.W. Morgan, P.B. Shalen (1984), Degenerations of Hyperbolic structures I: Valuations, trees and surfaces, Ann. of Math. 120, 401-476.

[MoS2] J.W. Morgan, P.B. Shalen (1988), Degenerations of Hyperbolic structures III: actions of 3-manifolds groups on trees and Thurston’s compactness theorem, Ann. of Math. 127, 457-519.

[Ot1] J.-P. Otal (1988), Courants godsiques et produits libres, Thse d’Etat, Universit Paris- Sud, Orsay.

[Ot2] J.-P. Otal (1994), Sur la dgnrescence des groupes de Schottky, Duke Math. J. 74, 777-792.

[Oh1] K. Ohshika (1989), On limits of quasi-conformal deformations of Kleinian groups, Math. Z. 201, 167-176.

[Oh2] K. Ohshika (1997), A convergence theorem for Kleinian groups which are free products, Math. Ann. 309, 53-70.

[Pe] J.L. Harer, R.C. Penner (1992), Combinatorics of train tracks, Annals of Mathematics Studies 125.

[Sk] R.K. Skora (1990), Splitting of surfaces, Bull. Amer. Math. Soc. 23, 85-90. [Th1] W.P. Thurston (1976-79), The topology and geometry of 3-manifolds, Lectures notes, Princeton University.

[Th2] W.P. Thurston (1998), Hyperbolic structures on 3-manifolds, I: Deformation of acylindrical manifolds, peprint arXiv:math.GT/9801019.

[Th3] W.P. Thurston (1998), Hyperbolic structures on 3-manifolds, II: Surface groups and 3-manifolds which fiber over the circle, preprint arXiv:math.GT/9801045.

[Th4] W.P. Thurston (1998), Hyperbolic structures on 3-manifolds, III: Deformations of 3-manifolds with incompressible boundary, preprint arXiv:math.GT/9801058.

[Wa] F. Waldhausen (1968), On irreductible 3-manifolds which are sufficiently large, Ann.

Math. 87, 56-88.