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Í Õ�P{F���JsPN�}=@HICEDOÒq;@JI=@C�b>C���=�DAR@DA;�P{?}JLDG?�R@DÔÎGJsP>�E�ED���R0ñ HL�E<>CE<>;@HLD��
R@D^��~GC}?}HL�q=�D��Ô| � ;�DG?}B!<>JIHL��=�D��AÎ�<>�Y;@JLøGCED���Ò�F�<>=��ÔÎ�<>F��EHLR@øG?EDG?E<>F�����=�D�JLD��A��~GC}?}HL�q=�D����E<>FqC.R@~���F@HLD��.÷�HL�E<{Â
CE<>;@HLDó;@?Eø�� Íca <>=��Ô�^=@F@HI?E<>F��.J´ñûDGF��EDG�óB@JLD H(M) R@D��Ô��~GC}?}HL�q=�D���| � ;!DG?}B�<>JIHL��=�D��.Î�<>�Y;@JLøGCED��Y�÷�HL�Q<>CE<>;@HLD;@?Eø�� � �E=@?©J´ñ HIFqCE~G?}HLDG=@?ÔR@D M R@D.JsPÆCE<>;!<>JL<>MOHLDN�}=@HI�OP{FqCEDYde�@Ú@<>F��©=@F`;!<>HIFqC x ∈M Ò@=@F�D.��~GC}?}HL��=�D σ2

D��}C
Î�<>F�CEDGFq=�DYR�P{F��.=@F (k, r) Â´� <>HL�}HIF�P{M D�R@DóJsP���~GC}?}HL��=�D σ1

�iñ HIJ:DõÚ³HL�}CEDó=@FWR³H`
0~�<>��<>?};@|@HL�}��D g : M → M

H



HL�E<>CE<>;!D�÷NJ´ñ HLR@DGF�C}HICE~�CEDGJ0�q=�DÔJsPó?ED��}C}?}HLÎGC}HL<>F`R@D g ÷NJsPóB!<>=@JLD B(x, r) ⊂ (int(M), σ1)
D��EC�=@FþR³H`
0~�<>��<>?ÀÂ

;@|@HL�}��D k Â´B@HIJIHI;��EÎQ|@HICFf5�}=@?��E<>FWHI��P{M DY�ó=@F@HLD�R@D�JsP5��~GC}?}HL�q=�D σ2
Í ïÔF <>B@C}HLDGFqC^=@F�D�B�P>�ED�R@D�� <>HL�}HIF�P{M D

R@D σ1
DGF2ÿ�P{HL�QP{F�CKCEDGF�R³?ED k � DG?E� 1 DGC r � DG?E� +∞ Í � DGC}CED�CE<>;�<>JL<>MOHLDNF�DNR@~G;�DGF�R`;�P>�KR³=-ÎE|�<>H Ú`R@D x Íù�H ∂M Î�<>F�C}HLDGFqCYR@D��ó�E;@|�øG?ED��ÆP{JL<>?E� M D��}CN=@F�D�B!<>=@JLD Í Õ.P{F��óÎ�D�Î�P>� int(M) ;!<O�E�Eø�R@D�=@F�D5�EDG=@JLD��~GC}?}HL��=�D/÷ HL�E<>CE<>;@HLD`;@?Eø��g,�<>F F�<>CEDG?QP H3 JsP[B!<>=@JLD-<>=@� DG?}CED-�^=@F@HLD¦R0ñ =@F�D`��~GC}?}HL��=�D-| � ;!DG?}B�<>JIHL��=�D

Î�<>�Y;@JLøGCED Í ù�H ∂M D��}C.Î�<>F��}C}HIC}=�~�=@F@HL�q=�DG��DGF�CNR@DÆCE<>?ED���Ò�CE<>=@CED���~GC}?}HL�q=�DÆ| � ;!DG?}B�<>JIHL��=�D�Î�<>�Y;@JLøGCEDY�}=@?
int(M) R@<>F@F�D�=@Fô� <>JI=@��D[��F@H0÷ int(M)

Í ïÔF2;!DG=@C©P{JL<>?E�©P{;@;@JIHL��=�DG?©JLDAC}|�~�<>?EøG��D�R@D�?}HIMOHLR³HICE~�R@D z <O�ÀÂ
CE<ihj%Îõÿ Í W z <�XoÒgWk��P2X � Ò�HIJ���ñûDGF`�}=@HICA��=�D H(M) D��}C���F@H Ía <>CE<>F�� ∂χ<0M

JsPY?E~G=@F@HL<>F[R@D���Î�<>�Y;�<O�QP{F�CED��.R@D ∂M R@<>FqC�JsP�Î�P{?QP>ÎGCE~G?}HL�}C}HL��=�D�R0ñûÙ�=@JLDG?�D��}CÔ�EC}?}HLÎõÂ
CEDG��DGF�C©F�~GMqP{C}HI� D Í Ã�<>=@?AP�� <>HI?©=@FôD��};�P>Î�D H(M) HIF���F@H´Ò³HIJ�F�<>=���ÿ´P{=@C©�}=@;@;!<O�EDG?���=�D ∂χ<0M 6= ∅ Í Õ.P{F��Î�D�Î�P>��Ò�J´ñ HIFqCE~G?}HLDG=@?ÔR@D H(M) D��EC©=@F�D�B�<>=@JLD^<>=@� DG?}CEDNR@DNR³HI��DGF��}HL<>F −3χ(∂χ<0M) Ü� <>HI?�W � P z Ò@ÎQ|�P{; Íl X�;!<>=@?K=@F�DNR³HL�EÎG=��Q�}HL<>F`R@D�Î�D�?E~��}=@JICQP{C � Íü ñ =@FyR@D��NHIF��>P{?}HsP{F�CE�ÆP>�E�Q<�ÎGHL~��^÷ô=@F�D���~GC}?}HL�q=�DY| � ;!DG?}B!<>JIHL�q=�D�Î�<>�Y;@JLøGCED�� σ �}=@?�J´ñ HIF�CE~G?}HLDG=@?ÆR@D MD��}C�M9ETOmUDnoKe3�U�E4O	/�AFp]A N(σ) d�ÎOñûD��}C.JLDÆ;@JI=��.;�DGC}HIC�ÿ�DG?}��~óF�<>FW��HLR@DóR@D int(M) Î�<>Fq� DõÚ@D�;�<>=@?.JsP5��~õÂC}?}HL��=�D σ DGC�|�<>��<>CE<>;@HL��=�DG��DGFqC�~��q=@HI�OP{JLDGFqC�÷ M ÍOü P���~GC}?}HL��=�D σ D��}C�R³HICEDqU�E4O	/�A�p>A�U�EDU�ETr\?B1sUN8:A��}H N(σ)D��}C©Î�<>�Y;�P>ÎGC Í�ü <>?E�E��=�D int(M) P>R³��DGCA=@F�D.��~GC}?}HL�q=�D�Î�<>F�� DõÚ³DNÎ�<�Î�<>�Y;�P>ÎGCEDOÒ�J´ñ HIF�CE~G?}HLDG=@?AR@D H(M) D��}Cÿ�<>?}��~�R@D����~GC}?}HL�q=�D��AÎ�<>Fq� DõÚ@D��KÎ�<�Î�<>�Y;�P>ÎGCED�� Í�ü PÆ��~GC}?}HL��=�D σ D��ECR³HICED�t�KBU�;sM@57A�O	OuA�}H int(N(σ)) = ∅ ÒÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED��}H N(σ) D��EC�=@F�D��OP{?}HL~GCE~�R@D�R³HI��DGF��}HL<>F 2 %~G� DGFqC}=�DGJIJLDG��DGF�C�÷©B!<>?ER � Í�a <>=���F�<>CEDG?E<>F�� CC(M)J´ñûDGF��EDG�óB@JLDÔR@D�����~GC}?}HL��=�D���Î�<>F�� DõÚ³D��Î�<�Î�<>�Y;�P>ÎGCED���F�<>F�ÿÜ=�ÎQ|��}HLDGF@F�D����}=@? int(M)

Í Õ�P{F���Î�DKCEDõÚ³CEDOÒ F�<>=��
P{JIJL<>F���F�<>=���HIF�CE~G?ED��E�EDG?ô÷[=@F�DGF��EDG�^B@JLD/=@F ;!DG= ;@JI=���MO?QP{F�R&�q=�D CC(M) d�JsP ��~GC}?}HL�q=�D σ D��}C�R³HICED
v>6�E4r�698J3@5wI9K	A�r�A�OP8BxyO	5wA��}H N(σ) P.=@F5� <>JI=@��Dz��F@H Í]a <>=���F�<>CEDG?E<>F�� GF(M) J´ñûDGF��QDG�^B@JLD�R@D�����~GC}?}HL��=�D��M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD��ÔF�<>F-ÿ%=�ÎE|��EHLDGF@F�D����E=@?AJ´ñ HIFqCE~G?}HLDG=@?�R@D M DGC F(M) J´ñûDGF��EDG�^B@JLD�R@D��Ô��~GC}?}HL�q=�D��ÿ%=�ÎE|��}HLDGF@F�D��Ô�}=@? int(M) %��=@H��E<>FqCKCE<>=@CED��AM ~�<>��~GC}?}HL�q=�DG��DGF�C\��F@HLD�� � Íü D�B�<>?ERþR@D N(σ) P�~GCE~NR@~�ÎG?}HICK;�P{?\{ Í �|�=@?E�}CE<>Fm|W��|��9X � Ò@HIJ�PYJLD��©;@?E<>;@?}HL~GCE~��A�}=@HI�OP{FqCED���d} JsP�R³HL�}CQP{F�Î�D�HIF�R³=@HICED^�E=@? ∂N(σ) ;�P{?AJLD��©JL<>F@MO=�DG=@?E�AR@D��AP{?EÎ��A?ED�ÎGC}H`��P{B@JLD��AD��}C©| � ;!DG?}B!<>JIHL�q=�D-,} J´ñ HIF�ÎGJI=��}HL<>F ∂N(σ)int(M) D��}C�CE<>CQP{JLDG��DGF�C:M ~�<�R@~��}HL��=�D��E=@?�JLD�Î�<>�Y;@JL~G��DGF�CQP{HI?EDKR0ñ =@F�D�G`14r~5QO�1T8J5wE4Ov>6FEDS>6�M@5wI9KBA[ÜH Í D Í =@F5Î�<>�Y;�P>ÎGC���=@H�D��}C�?E~G=@F@HL<>F5R³HL�%ð}<>HIFqCEDAR@D©M ~�<�R@~��EHL�q=�D����EHI�Y;@JLD�� � P{;@;!DGJL~�D©JLD�GH5wA�KS>A�?�G�5�M�MN1Dv>AR@D σ ,} J´ñ HIFqCEDGF��}HICE~óR³=þ;@JIHL�E�QP{M DND��}CKR@~�ÎG?}HICEDN;�P{?K=@F�D���D��}=@?ED.C}?QP{F��}� DG?E�QD^P{=`JIHLDG=-R@D.;@JIHL�E� P{M D Ía <>CE<>F�� M ε J´ñûDGF��EDG�óB@JLD�R@D��.;!<>HIFqCE�^DGF[JLD��Q�q=�DGJL�.JLD�?QP � <>FyR0ñ HIF>ðÀD�ÎGC}HI��HICE~Y;!<>=@? σ D��}C.HIF³ÿ%~G?}HLDG=@?ó÷ ε Íü <>?E�Q�q=�D ε D��EC�;@JI=��ô;�DGC}HICô�q=�ñ =@F�D/Î�<>F��}CQP{FqCED M(3) P{;@;�DGJL~�D�U�E4O	M�8714OP8:A�S>A��0143JvTK]GH5�MGÒ�JLD-JLDG�Y��D/R@Dz P{?}MO=@JIHL�Kÿ�<>=@?}F@HICA=@F�DóR@D��EÎG?}HI;@C}HL<>FWR@D M ε ,�ÎQ|�P>�q=�DóÎ�<>�Y;�<O� P{FqCEDÆÎ�<>F@F�DõÚ³DÆR@D M ε P{;@;�P{?}C}HLDGF�CN÷YJ´ñ =@F�D
R@D��ÿ´P{�YHIJIJLD��A�E=@HI�>P{F�CED��qd

} JLD��©C}=@B�D��AR@D z P{?}MO=@JIHL�A|�<>��~�<>��<>?};@|�D��ÔR@D��©CE<>?ED��Ô�E<>JIHLR@D�� S1 ×D2 ,
} JLD��©;�<>HIF�CED��AR@D.?QP{F@M 1 Ò@|�<>��~�<>��<>?};@|�D��.÷ S1×]−∞,+∞[×]0,+∞[ ,} JLD��©;�<>HIF�CED��AR@D.?QP{F@M 2 Ò@|�<>��~�<>��<>?};@|�D��.÷ S1 × S1×]0,+∞[

Í
ü D��.C}=@B!D��.R@D z P{?}MO=@JIHL�.R@~G;!DGF�R@DGFqC^R³=WÎE|�<>H Ú[R@D ε Ò!P{=[Î�<>F�C}?QP{HI?ED�R@D���;�<>HIF�CED���R@D M ε ��=@H:�Q<>FqC�HIF�R@~õÂ
;!DGF�R�P{FqCED��NR³= ÎQ|�<>H ÚWR@D ε < M(3) P{=[�EDGF���<4�[;!<>=@? ε, ε′ < M(3) Ò!JsPô?E~G=@F@HL<>F R@D���;!<>HIFqCED��NR@D M ε′

D��}C�HL�E<>CE<>;!D�÷^JsPó?E~G=@F@HL<>F`R@D��;!<>HIFqCED��©R@D M ε Í Ù�F�b>CQP{FqCKR@D int(M) JLD��;�<>HIF�CED��©R@D M ε Ò³<>Fþ<>B@C}HLDGFqC©JsP
?�1T3�8J57A~6:?�145�M�MDA~S>A (int(M), σ) ,�<>F-F�<>CEDG?QP N(σ)ep J´ñ HIFqCEDG?E�ED�ÎGC}HL<>F[R@D N(σ) P�� D�ÎNJsPY;�P{?}C}HLD^~G;�P{HL�E�ED^R@D
(int(M), σ)

Í
) J�DõÚ³HL�}CED©=@F5|�<>��~�<>��<>?};@|@HL�}��D�F�P{C}=@?EDGJ f DGFqC}?ED ∂N(σ) DGC�=@F�DA�E<>=��ÀÂo�E=@?Àÿ�P>Î�D�%~G� DGFqC}=�DGJIJLDG��DGFqC©F�<>FÎ�<>�Y;�P>ÎGCED � R@D ∂χ<0M

Í ü <>?E�E��=�D σ D��}C�M ~�<>��~GC}?}HL�q=�DG��DGF�Cy��F@HLDOÒ�Î�DGC}CEDA�E<>=��ÀÂo�E=@?Àÿ�P>Î�D©D��}C�<>B@CEDGFq=�D�DGF�DGF³ÂJLDG�OP{FqCAR@D ∂χ<0M
=@F�D��ó=@JIC}H ÂoÎ�<>=@?}B�D λ(p) Í�ü D��ÿ�DG=@HIJIJLD��KR@D λ �Q<>FqCA<>B@CEDGF�=�D��AR@D�JsPÆ��P{F@HLøG?EDN�E=@HI�>P{F�CEDYdJ´ñ HIF�CEDG?E�ED�ÎGC}HL<>F-R@D ∂N(σ) P�� D�Î�ÎE|�P>��=�D.;!<>HIFqCEDNR@D�?QP{F@M 1 D��}CKÎ�<>�Y;!<O�E~�D.R@D�R@DG=³Ú2P{F@F�D�P{=³Ú2CE<>CQP{JLDG��DGFqCM ~�<�R@~��}HL��=�D��q%Îõÿ Í W z <TX � Ò�J´ñ HI��P{M D.;�P{? f R@D�Î�D��©R@DG=³ÚþP{F@F�D�P{=³ÚôD��}C©�E~G;�P{?E~�D�;�P{?©=@F�DÔÿ�DG=@HIJIJLD�R@D λ(p) Í Ù�F

;@?E<�Î�~�R�P{FqCAP{HIF��}H!;!<>=@?�ÎQ|�P>�q=�D.;!<>HIFqCED.R@D�?QP{F@M 1 Ò�<>F2<>B@C}HLDGFqC©JsPó�ó=@JIC}H ÂoÎ�<>=@?}B�D λ(p) Í ïÔF5�ó=@F@HICKÎE|�P>��=�D
ÿ�DG=@HIJIJLDYR@D λ(p) R0ñ =@F�DY��D��}=@?EDYR@D�Õ�HI?QP>ÎYR@D�;!<>HLR@� π DGC�<>FyP¼ð}<>=@CED�PôJsP5�^=@JIC}H ÂoÎ�<>=@?}B!D�;!<>F�R@~G?E~�D�P{HL�}F@Hÿ�<>?}��~�D©J´ñ HI��P{M DÔ;�P{? f R³=�JIHLDG=�R@DA;@JIHL�E�QP{M D©�ó=@F@H�R@DA� P���D��}=@?EDKC}?QP{F��}� DG?E�QDK;!<>=@?�<>B@CEDGF@HI?�JsPNJsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�D.��D��}=@?E~�DNR@D�;@JIHL�E� P{M D�R@D�JsPÆ��~GC}?}HL�q=�D σ Í

HIH



ïÔF5;�DG=@C���P{HIFqCEDGF�P{F�CKR@~���F@HI?�=@F�DÔP{;@;@JIHLÎ�P{C}HL<>F b : GF(M) →ML(∂M) ��=@H�÷N=@F�DK��~GC}?}HL��=�DAM ~�<{Â��~GC}?}HL��=�DG��DGFqC���F@HLDÔP>�E�Q<�ÎGHLD©�QP�JsP{�YHIF�P{C}HL<>F5M ~�<�R@~��}HL��=�D©��D��}=@?E~�DAR@DK;@JIHL�E�QP{M DOÒ�P{;@;!DGJL<>F���JsP^P{;@;@JIHLÎ�P{C}HL<>F
R@D�;@JIHL�E� P{M DYR@D M Í �ÔF�DÆÎ�<>F>ð}D�ÎGC}=@?ED�R@D~{ Í �|q=@?E�}CE<>F7R³HICN�q=�D�JsP5?ED��}C}?}HLÎGC}HL<>FyR@DYÎ�DGC}CED5P{;@;@JIHLÎ�P{C}HL<>F7÷
CC(M) D��EC�=@F[|�<>��~�<>��<>?};@|@HL�}��D��}=@?N�E<>FWHI��P{M D Í�ü Pô?E~��E<>JI=@C}HL<>FyR@D�Î�DGC}CED�Î�<>F>ð}D�ÎGC}=@?EDÆÿ%<>=@?}F@HI?QP{HICN=@F� � �}CEøG��D�R@DÔÎ�<�<>?ER@<>F@F�~�D��;!<>=@? CC(M) ��=@H��EDG?QP{HIC;@=@?EDG��DGF�C©CE<>;�<>JL<>MOHL��=�D Í � D�ÎGH�ÿ�<>=@?}F@HI?QP{HIC©~GMqP{JLDG��DGFqCR@D��.Î�<�<>?ER@<>F@F�~�D���;�<>=@? GF(M) Ò���< � DGF@F�P{F�C^�q=�DGJL��=�D��.��<�R³H`��Î�P{C}HL<>F���CED�ÎE|@F@HL��=�D���;!<>=@?�Î�<>F��EDG?}� DG?�JsPÎ�<>F�C}HIFq=@HICE~LÜ� <>HI?AC}|�~�<>?EøG��D � � Í ïÔFþ;�DG=@CKÎ�<>�Y;�P{?EDG?ÔÎ�D�ÎGH�P�� D�Î�JLD��©Î�<�<>?ER@<>F@F�~�D��©ÿ�<>=@?}F@HIC©;�P{?©JsPÆC}|�~�<>?}HLDR0ñ Ý |@J ÿ%<>?E�}Âoú�DG?E��|WûúDG?FX � Ò�R@DYF�P{C}=@?EDôP{F�P{J � C}HL��=�DOÒ���=@H�;�P{?QP{��øGC}?EDGFqC CC(M) DGCNJLD��^R³H`
0~G?EDGFqCED��ÆÎ�<>�Y;�<{Â�QP{F�CED��AR@D GF(M)− CC(M) ;�P{?AR@D��©;@?E<�R³=@HICE�AR0ñûD��};�P>Î�D��AR@Dq��DGHLÎQ|@���@JIJLDG? Í� DGC}CED�Î�<>F>ðÀD�ÎGC}=@?ED�D��ECN=@F�D���<>C}HI�>P{C}HL<>F7HI�Y;�<>?}CQP{F�CED�;!<>=@?�J´ñû~GC}=�R@D�R@DYJ´ñòP{;@;@JIHLÎ�P{C}HL<>FUR@DY;@JIHL�E�QP{M D b ÍÕ�P{F��YÎ�D2CEDõÚ³CEDOÒ�F�<>=��5P{JIJL<>F��YR@~�ÎG?}HI?ED2JLD���JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL�q=�D�����D��E=@?E~�D���R@Dô;@JIHL�E�QP{M DþDGCY~GCQP{B@JIHI?
��=�DGJL�q=�D��K;@?E<>;@?}HL~GCE~��AR@D bGF Í� <>�Y��DGF	��<>F���;�P{?�~GF�<>F�Î�DG?�Î�D©��=@H³D��EC�R@~ ð}÷.Î�<>F@F�= Í ü P.Î�<>FqC}HIF�=@HICE~ADGC�JsP.R³H`
0~G?EDGFqC}HsP{B@HIJIHICE~ÔR@D bCC <>F�C~GCE~�R@~G��<>F�C}?E~�D��AR�P{F��qW���Diù]X�DGCqWûú<s'�X Í Ù�F`Î�D���=@H�Î�<>F�Î�DG?}F�D�J´ñ HIF>ð}D�ÎGC}HI��HICE~�R@D bGF Ò �Í ú<>F�P{|�<>F-DGCK� Í ÂoÃ ÍïÔCQP{J0<>FqC©��<>F�C}?E~�R�P{F���Wûú<qï\X0��=�ñ =@F�D���~GC}?}HL�q=�D�R@<>F�C©JsPNJsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL��=�D���D��}=@?E~�D.R@D�;@JIHL�E�QP{M D
D��}C.=@F�D��ó=@JIC}H ÂoÎ�<>=@?}B�DY;!<>F�R@~G?E~�DYD��}C.=@F@HL��=�DG��DGFqC^R@~GCEDG?}�YHIF�~�DY;�P{?��QP5��D��}=@?EDYR@DÆ;@JIHL�E� P{M D Í ù�H M D��}C
=@F���B@?E~�DGF HIFqCEDG?}�OP{JIJLD��^�}=@?^=@F�DY�}=@?Àÿ�P>Î�DOÒ ��Í ú�<>F�P{|�<>F�|Wûú�<s�4X � Pþ~GMqP{JLDG��DGFqCÆ��<>FqC}?E~�J´ñ HIF>ðÀD�ÎGC}HI��HICE~�R@D
bGF

R�P{F��K=@F`� <>HL�}HIF�P{M DNR@D��©��~GC}?}HL��=�D��©ÿ%=�ÎE|��EHLDGF@F�D�� Í� <>F�Î�DG?}F�P{F�CKJ´ñ HI��P{M DNR@D bGF Ò³<>F`PóJLD��?E~��}=@JICQP{CE�©�}=@HI�OP{FqCE� Í@ü <>?E�Q�q=�D�JLD.B!<>?ERôR@D M D��EC�HIF�Î�<>�Y;@?ED��}Â
�}HIB@JLDOÒ\Wûú�<qï\XAÿ%<>=@?}F@HIC�=@F�D-Î�P{?QP>ÎGCE~G?}HL�QP{C}HL<>F&R@D���JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��Y��D��}=@?E~�D�����=@HKÎ�<>F��}C}HIC}=�DGF�C
b(GF(M))

Í Õ�P{F��©JLD�Î�P>�K<4�`JLD.B!<>?ERþR@D M D��}CKÎ�<>�Y;@?ED��Q�}HIB@JLDOÒ*Wûú<qï\X0ÿ�<>=@?}F@HICA�EDG=@JLDG��DGFqCA=@F�DNÎ�P{?QP>ÎGCE~õÂ
?}HL�QP{C}HL<>FþR@D��JsP{�YHIF�P{C}HL<>F��©M ~�<�R@~��}HL��=�D����D��}=@?E~�D��©R@D b(GF(M)) R@<>F�C©JLD��E=@;@;�<>?}C;!<O�E�Eø�R@D�=@F2F�<>�^B@?ED��F@H!R@DÔÿ%DG=@HIJIJLD�� Íea <>=��P{JIJL<>F��~GCEDGF�R³?ED.Î�D.R@DG?}F@HLDG??E~��}=@JICQP{C�R@D~Wûú<qï\X!;�<>=@?©<>B@CEDGF@HI?=@F�DÔÎ�P{?QP>ÎGCE~G?}HL� P{C}HL<>F
R@D b(GF (M)) d

���*�]�P���]�!������� E45wA9OP8 M KeOcA�/2143�57698:6+;>=@?BA�3DCFE4GH5wI9KBA�U�ETr\?B1sUN8:A@��E43�5wA9OP871>C�GVA�S>A�S45�r�A�O	M@5wE4O¡ 
A98 λ ∈ ML(∂M) K]OcA^G`14r~5QO�1T8J5wE4O!v>6FEiS>6@M@5wI9K	A�rYA�M@Ke3F6�A�M@Ke3LM9E4O¢CFET3|S>£�¤@G�AFp45�M�8:A�M�K]3�G�¥ 5QOP8:6�3�5wA9K]3�S>A
M KeOcA�rY6N8J3@5wI9K	A�;>=@?BA�3DCFE4GH5JINKBA�v>6FETrY6N8J3@5wI9K	A�r�A�OP8gxyO	5wA�OcE4O�t@KBU�;sM�5wA9O	OcA σ SsETOP8 λ A@M98�G`1^GR14r~5QO�1T8J5wE4O
v>6�EDS>6@M�5JI9K	A~r�A@M�K]3�6�A~S>A�?�GH5�M�M91iv>AqM@5�A98yMNA�KeGVA�r�A�OP8yM@5-GVA@M�U�E4O�ST5Q8J5wE4OBM�M@Ke5Q/214OP8:A@M�MNE4OP8&MN1T8J5�M�tN145Q8:A�M�¦

§ 1�¨Y87E4K�8:A©tDA�Ke5�GQGVA©tDA�3�r�6�A�S>A λ 1YKeOY?BE45JS4Mq5�ODtD6�3�5wA9K]3�E4K06wvs14G&ª π «§ C¬¨ ∃η > 0 8:A�GINKBA@�g?�E4Ke3�87E4K�8o14OPOcAF14K�A�M�MNA9OP8J5wA9G E � i(∂E, λ) ≥ η «§ U�¨ i(λ, ∂D) > 2π ?�E4Ke3�87E4K�8�S45�MNI9K	A�A�M�MNA9OP8J5wA9G D £
ü P Î�<>F�R³HIC}HL<>F®U|¨2��HLDGFqC5R@D`JsP¦ÿ�<>?}�^=@JLD/R@D���P{=��E�}Âoú�<>F@F�DGC2P{;@;@JIHL�q=�~�D¦÷W=@F�R³HL�E��=�D`D��E�QDGFqC}HLDGJ�%Îõÿ Í

Wûú<qï\X � ÍÐü <>?E�E��=�D λ D��ECóJsP-JsP{�YHIF�P{C}HL<>F¸M ~�<�R@~��EHL�q=�D5��D��}=@?E~�D2R@D�;@JIHL�Q�QP{M D5R0ñ =@F�Dô��~GC}?}HL��=�DôM ~�<>��~GC}?}H Â��=�DG��DGFqC���F@HLDþF�<>F¸ÿ%=�ÎE|��}HLDGF@F�DOÒ�JLD���Î�<>�Y;!<O�QP{FqCED��5R@D ∂M̃ − p−1(λ) �E<>FqC�R@D��5�}=@?Àÿ´P>Î�D��YCE<>CQP{JLDG��DGFqCM ~�<�R@~��}HL��=�D��5R³HL�%ð}<>HIFqCED�� Í�ü P7Î�<>F�R³HIC}HL<>F b) ��HLDGF�C5R³=&ÿ�P{HICô�q=�D/R@DG=³Ú CEDGJIJLD��5�}=@?Àÿ´P>Î�D��5F�D`;!DG=@� DGFqCô;�P>�Î�<>F�CEDGF@HI?^R@D��.M ~�<�R@~��EHL�q=�D���;@?E<>;@?EDG��DGF�CN|�<>��<>CE<>;!D�� Í ,�Î�D�ÎGH�P{;@;�P{?QP2¯LC�;@JI=��NÎGJsP{HI?EDG��DGF�C^�}H�<>F[?EDG�Y;@JsP>Î�D
Î�DGC}CEDNÎ�<>F�R³HIC}HL<>F/;�P{?©J´ñ =@F�DNR@D��AÎ�<>F�R³HIC}HL<>F��Ô�}=@HI�OP{FqCED���d

Â b1) GR1�GR14r~5�O�1s8J5JE4O�v]6FEDS>6@M�5JINKBA λ A@M98\14O�14OPO	K]GR145Q3FA�d�ÎOñûD��ECÀÂ®÷¼ÂoR³HI?EDY�q=�D λ HIF�CEDG?E�ED�ÎGCED�C}?QP{F��}� DG?E�QP{JLDõÂ��DGF�CNCE<>=@CED�Î�<>=@?}B!DY�}HI�Y;@JLD�ÿ�DG?}��~�D���=@H�;�DG=@C^öGC}?ED�|�<>��<>CE<>;�~�D�R�P{F��^=@F CE<>?ED�R@D ∂M DGC�CE<>=@CED�;�P{HI?ED
(l1, l2)

R@DYM ~�<�R@~��}HL�q=�D��^�}HI�Y;@JLD���%~G� DGFqC}=�DGJIJLDG��DGF�CYÎ�<>F³ÿ%<>F�R³=�D�� � R@D ∂M R@<>FqCÆR@D���?EDGJLDG� ~��^R³HL�}C}HIF�ÎGCE�ó÷
∂M̃ <>F�CAJLD��KR@DG=³Ú2��öG��D��KB!<>=@CE�KR�P{F�� M̃ Í

Â b2) GF¥ 5�O�8:A�3�MDAFUN8J5wE4O+S>A�M�1sS4;�6�3�A�O�U�A@M�S>14OBM M̃ S>A�S>A�KTp�U�E4r�?�E4M914OP8:A�MqU�E4O	OcAFp]A@M�S4K^U�E4r�?�GR69rYA9OP87145Q3FA
S>A p−1(λ) Ss14OBM ∂M̃ A@M�8©M9E45J8-/D5wS>A@�-MNE45Q8©GF¥ 1sS�;�693FA�OcU�A~S*¥ K]OcA-tNA9K]5QG�GVA l̃ ⊂ p−1(λ) SsE4OP8-GR1�?�3|EF°NAFUD8J5JE4O+M@Ke3
∂M A@M�8yK]OuA©tDA�Ke5�GQGVA©tDA�3�r�6�A l £Õ�P{F���Î�DGC�~GF�<>F�Î�~OÒ M̃ R@~��}HIMOF�DAJLDA?EDG� öGCEDG��DGFqC=@F@HI� DG?E�EDGJ!R@D M̃ DGC p : M̃ →M JsP�;@?E<{ð}D�ÎGC}HL<>FôR³=5?EDõÂ
� öGCEDG��DGF�C Í ïÔF�Î�<>�Y;�P>ÎGC}H`��D M̃ R@DKJsP.��P{F@HLøG?EDÔ�}=@HI�>P{F�CED�dO�ó=@F@HL�E�E<>F�� M R0ñ =@F�DK��~GC}?}HL��=�DK| � ;!DG?}B�<>JIHL��=�D
M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD σ R@<>FqCYCE<>=@CED���JLD���;!<>HIFqCED��Y�E<>F�CYR@D���;�<>HIF�CED��YR@D5?QP{F@M ��ÜJ´ñûDõÚ³HL�}CEDGF�Î�D2R0ñ =@F�D
CEDGJIJLDó��~GC}?}HL�q=�DÆD��}C�P>�E�}=@?E~�D^;�P{?ÔJLDóC}|�~�<>?EøG��D�R0ñ | � ;�DG?}B!<>JIHL�QP{C}HL<>FWR@D��|�=@?E�}CE<>F[DGCÔ;�P{?�JLDNC}|�~�<>?EøG��D�R@D

HIHIH



ÎQ|@HI?}=@?}MOHLDÔR@DÔÕ�DG|@F5| � ;�DG?}B!<>JIHL��=�DOÒqÎõÿ Í W��|��9X � Í � |�<>HL�}HL�Q�E<>F���DGF��E=@HICEDK=@F�D©HL�E<>��~GC}?}HLD�DGFqC}?EDAJLDK?EDG� öGCEDG��DGF�C=@F@HI� DG?E�EDGJÔR@DþJ´ñ HIFqCE~G?}HLDG=@?ôR@D M DGC H3 Ò�DGJIJLD2F�<>=���;!DG?}��DGC�R@D`Î�<>F��}HLR@~G?EDG? Ñ(σ)ep Î�<>�Y��Dþ=@F¸ÿ�DG?}��~R@D H3 Í � <>�Y��D σ D��}CNM ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLDOÒ�HIJ�DõÚ�HL�ECED�=@Fy|�<>��~�<>��<>?};@|@HL�}��D5F�P{C}=@?EDGJ�DGF�C}?ED M DGC
N(σ)ep ��=@H�F�<>=��Ð;!DG?}��DGCÐ��P{HIFqCEDGF�P{F�C�R0ñ HIFqCEDG?};@?E~GCEDG? M̃ Î�<>�Y��D=@Fóÿ�DG?}��~R@D H3 Í¼ü P.Î�<>�Y;�P>ÎGC}H`��Î�P{C}HL<>F
M̃ R@D M̃ D��}CÔJ´ñòP>R³|�~G?EDGF�Î�D�R@D^Î�D�ÿ�DG?}��~LÜF�<>F¦Î�<>�Y;�P>ÎGC � R�P{F��ÔJsP�Î�<>�Y;�P>ÎGC}H`��Î�P{C}HL<>F[=��E=�DGJIJLD^R@D H3 ;�P{?
JsP�B!<>=@JLDN=@F@HICE~ Í ù�H�J´ñû<>F/?EDG�Y;@JsP>Î�DNJsPY��~GC}?}HL��=�D σ ;�P{?Ô=@F�DóP{=@C}?ED^��~GC}?}HL�q=�D σ′ R@<>FqCÔJLD��A�EDG=@JLD��Ô;�<>HIF�CED���E<>F�CÔR@D��A;�<>HIF�CED��ÔR@D�?QP{F@M2�³Ò�JLD��ÔR@DG=³ÚþÎ�<>�Y;�P>ÎGC}H`��Î�P{C}HL<>F��NP{HIF��EH�<>B@CEDGFq=�D����E<>F�CA|�<>��~�<>��<>?};@|�D���Ò!Î�DGC}CED
R@~���F@HIC}HL<>F¦D��}CKR@<>F�Î�HIF�R@~G;!DGF�R�P{FqCED^R@DNJsPÆ��~GC}?}HL�q=�DNÎQ|�<>HL�}HLD Í

ü PóÎ�<>F�R³HIC}HL<>F b1) D��}CKP{F�P{JL<>MO=�D.÷óJsPÆÎ�<>F�R³HIC}HL<>F-�³ñ�R³=ôC}|�~�<>?EøG��DY�.R@D�Wûú<qï�X Í ÕÆñòP{;@?Eø��JsP^?EDG��P{?E��=�D��=@HK�}=@HIC�Ò��}H λ D��}C�=@F�D`�^=@JIC}H ÂoÎ�<>=@?}B!D-;!<>F�R@~G?E~�DOÒ�JsP[Î�<>F�R³HIC}HL<>F b) D��}C�~��q=@HI�OP{JLDGFqCED¦÷WJsP[Î�<>F�R³HIC}HL<>F��R³=[C}|�~�<>?EøG��D��2R@D�Wûú<qï\X Í0ü D�JIHLDGF DGF�C}?EDYÎ�D��NR@DG=³Ú¦Î�<>F�R³HIC}HL<>F�� b) DGC b1) ��HLDGF�C^R³=¦ÿ�P{HICN��=�DÆJLD���JsP{�YH ÂF�P{C}HL<>F���P{F@F�=@JsP{HI?ED���P{;@;�P{?QP{HL�E�EDGF�C�Î�<>�Y��DJIHI�YHICED��ÐM ~�<>��~GC}?}HL�q=�D���R@D�B!<>?ER@��R0ñòP{F@F�D�P{=³Ú^%Îõÿ Í �ED�ÎGC}HL<>F�� Í � � Í
± �]�!²B�2³g´�	� � <>�Y��D M D��}C�<>?}HLDGFqCQP{B@JLDOÒO�}H E D��}CÐ=@F�?}=@B�P{FYR@D z+µ B@HI=��:;@?E<>;@?EDG��DGFqC�;@JL<>F@M ~-, P{JL<>?E�

HIJ�DõÚ�HL�}CEDÔ=@F�DK� <>HL�EHIF�P{M D V(∂E) ⊂ ∂M R@D��E<>F5B�<>?ER5CEDGJ���=�D ∂V(∂E) B�<>?ER@DA=@F2P{F@F�D�P{=2D��E�EDGF�C}HLDGJ Í ù�H λD��}C©=@F�DNJsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL�q=�D.��D��E=@?E~�DN�q=@H�� P{C}HL�Àÿ�P{HICAJsP�Î�<>F�R³HIC}HL<>F b) Ò@<>F/PYP{JL<>?E� i(∂E, λ) ≥ η
2

Í �
� DKC}|�~�<>?EøG��D Ý Ò ��=@H��EDG?QP.;@?E<>=@� ~ÔR�P{F���JLDKÎQ|�P{;@HIC}?ED[�.;!DG?}��DGC�R0ñû<>B@CEDGF@HI?�=@F�DAR@D��EÎG?}HI;@C}HL<>FôÎ�<>�Y;@JLøGCED

R@D^J´ñ HI��P{M D^R@DNJ´ñòP{;@;@JIHLÎ�P{C}HL<>F[R@D^;@JIHL�E�QP{M D ÍPa <>=��ÔP�� <>F��ÔDõÚ@ÎGJI=���R@D GF(M) JLD��A��~GC}?}HL�q=�D��AÿÜ=�ÎQ|��}HLDGF@F�D���Ò��P{HL�5<>F�;!DG=@CYÿ�P>ÎGHIJLDG��DGF�CôÎ�<>�Y;@JL~GCEDG?2Î�DGC}CED-R@D��QÎG?}HI;@C}HL<>F
R@D b(GF(M)) P�� D�Î-Î�DGJIJLD/R@D b(F(M))
Í�¶

=@F�Dþ��~GC}?}HL��=�D2ÿ%=�ÎE|��}HLDGF@F�D/�}=@? int(M) D��}C�P>�Q�E<�ÎGHL~2=@F�|�<>��~�<>��<>?};@|@HL�}��D/DGF�C}?ED M DGC�=@F(��B@?E~`DGF
HIF�CEDG?}�>P{JIJLD���Ò�~G� DGFqC}=�DGJIJLDG��DGFqC2CE<>?ER³=�Ò��E=@?Y=@F�D`�}=@?Àÿ´P>Î�DþÎ�<>�Y;�P>ÎGCED Σ ÷WB!<>?ER Í�ü DþJIHLDG=�R@D2;@JIHL�E� P{M DþD��}C
P{JL<>?E�=@F�D��ED�ÎGC}HL<>FþR³=^��B@?E~�P{=³ÂoR@D��E�}=��©R@D ∂Σ Ò�ÎE|�P>��=�D.ÿ%DG=@HIJIJLD.~GCQP{F�C©�^=@F@HLDNR0ñ =@F�D.��D��}=@?ED.R@D.Õ�HI?QP>Î�R@D;!<>HLR@� π Í ïÔF5� <>HIC�q=�D M P>R³��DGCR@D�����~GC}?}HL��=�D���ÿÜ=�ÎQ|��}HLDGF@F�D���}H�DGC�EDG=@JLDG��DGFqC©�}H M D��}C�|�<>��~�<>��<>?};@|�D
÷^=@F���B@?E~�DGF2HIF�CEDG?}�>P{JIJLD I ×Σ

Í ù�H ∂Σ = ∅ Ò@P{JL<>?E� b(F(M)) Î�<>F�C}HLDGFqC©=@F@HL��=�DG��DGFqCKJsP^��D��}=@?ED�Fq=@JIJLD Í ù�H
∂Σ 6= ∅ P{JL<>?E� M D��ECK=@F`B@?EDGCFf�DGJ´Ò�ÎOñûD��ECÀÂ®÷¼ÂoR³HI?ED^=@F�DN�Q<>�Y��DNÎ�<>F@F�DõÚ³D^JLD�JL<>F@M5R³=-B�<>?ER`R@DNCE<>?ED��A�E<>JIHLR@D��
D2 × S1 DGC b(F(M)) Î�<>FqC}HLDGF�C�=@F�D^JsP{�YHIF�P{C}HL<>FWM ~�<�R@~��}HL��=�D^��D��}=@?E~�D�R³H`
0~G?EDGFqCEDÆ;!<>=@?�ÎQ|�P>�q=�DÆÎGJsP>�E�EDR0ñ HL�E<>CE<>;@HLD^R0ñ |�<>��~�<>��<>?};@|@HL�}��DóDGF�C}?ED M DGC©=@F���B@?E~NDGFþHIFqCEDG?}�OP{JIJLD�� Í

Õ�P{F��©JsP��}=@HICED�R³=`CEDõÚ³CED�<>F`=@C}HIJIHL�EDG?QP�JsPÆF�<>CQP{C}HL<>F P(M) = b(GF(M))
Í

ü ñû~GJL~G��DGFqC�;@?}HIF�ÎGHI;�P{J�R@D�JsPÆ;@?EDG=@� D^R³=þC}|�~�<>?EøG��D Ý D��EC©JLD.?E~��}=@JICQP{CA�}=@HI�OP{FqC�d
���*�]�P���]�!�!·��¸� E457A�OP8 M KeOcA~/21T3@57698:6Y;>=@?BA�3DCFE4GH5JINKBA^U�ETr\?B1sUN8:A@�[ET3@57A�OP871>C9GRA�S>A�S45�r�A�O	M@5wE4Om 0A98

(σn)
KeOcA�M@Ke5Q8:A�S>AzrYAN8J3@5wI9K	A@M�v>6FE4r�698J3�5wI9KBA9rYA9OP8ex©O	57A@MoOcE4O\t�K�U9;sM@57A�O	OcA�MoM�K]3�G�¥ 5�OP8:693@57A�Ke3�S]A M « O�ET87E4O	M

λn ⊂ML(∂M) GR1YGR14r~5�Oc1T8J5JETO�v>6FEiS>6@M@5wI9K	A~r�A@M�K]3�6�A�S>A�?�GH5�M�M91iv>A�S>A σn £ � Ki?s?�E4M9E4OBM�I9K	A λn U�E4O	/�A�3wv>ASs1TOBM ML(∂M) /�A93�MqKeOcA�G`1Tr�5QO�1T8J5wE4O^v>6FEDS>6�M@5wI9KBA�r�A@M@Ke3F6�A λ I9K]5y/�6�3�5 xoA�GVA@M�U�E4OcS45Q8J5wE4OBM�M�K]5Q/214OP8:A�M�¦§ b) ∃η > 0 8:A�GINKBA@�g?�E4Ke3�87E4K�8o14OPOcAF14K�A�M�MNA9OP8J5wA9G E � i(∂E, λ) ≥ η «§ U�¨ i(λ, ∂D) > 2π ?�E4Ke3�87E4K�8�S45�MNI9K	A�A�M�MNA9OP8J5wA9G D «§ S�¨�5�G*Ou¥ AFp45�M�8:A�?�1�M�S*¥ ;eE4r�6FETr�ET37?P;]5�M�rYA~A�O�8J3FA M A98�KeO�x�C�3F6~A�O05QOP8:A�3�/214GQGRA�MqM@Ke3qKeOY?�1TOP8714GRE4O P8:A�G*I9K	A�GRAqM�KD?s?BE43�8�S>A λ M9E45J8©G�¥ 5�rY1Dv>A�S*¥ KeOcA�MDAFUN8J5wE4O�S4KqxoC93F6�14Ke¹�S>A�M�M@K]M�S>A ∂P £º GRE43@M\G`1~M@Ke5Q8:A (σn)
U�E4O�8J5wA�O�8&K]OcA[M9E4K]M@¹:M@Ke5Q8:A�I9K]5-U�E4OP/�A�3wv>A�/4A�3�M�KeOcA[r�698J3�5JI9K	Azv]6FE4r�698J3�5JI9K	A�r�A�OP8Px©O	57A

O�ETOYt@KBU�;sM�5wA9O	OcA σ∞ M�K]3~G�¥ 5QOP8:6�3�5wA9K]3YS>A M £¼»�A�?�GHK>M~GR1<GR14r~5�Oc1T8J5JETO�v>6FEDS>6�M@5wI9KBA^rYA�M@Ke3F6�A�S>A�?�GH5�M@M91Dv]A
λ′ S>A σ∞ A�M�8�E>C98:A�OPKBAYA9O�3FA�r�?�GR1T½i1TOP8?�143 π GVAz?�E45wS�M�S>A�MytNA9K]5QG�GVA@M�U�E4r�?�1sUN8:A@M�S>A λ INK]5�E4OP8�K]O�?�ET5JS�M
M�KD?B693@57A�Ke3�ª π A98�A�O�G`145�M�MN14OP8y5�O�U9;e14O]v>6�GVA�3�A@M98:A~S>A λ £

Ù�F�ÿ�P{HIC�ÒG=@F�D�� DG?E�}HL<>FN;@JI=��!ÿ´P{HIB@JLD�R@D�Î�D�?E~��}=@JICQP{C�D��}C��}=�.��QP{F�CED�;�<>=@?0JsP©;@?EDG=@� D�R³=NC}|�~�<>?EøG��D ÝÆÍ � DGC}CED
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=@F�DÆ�}=@?Àÿ´P>Î�D Σ DGC�<>=¦B@HLDGF Σ D��}CÔÿ%DG?}��~�DOÒ�<>=¦B@HLDGF M D��}CÔ=@F/B@?EDGCFf�DGJ Í ��<>=@CEDó��~GC}?}HL��=�DÆ| � ;�DG?}B!<>JIHL��=�D
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F(M) ;!<O�E�Eø�R@DÆ=@F�DYÎ�<>�Y;!<O�QP{FqCED�Î�<>F@F�DõÚ@D�F�<>F[Î�<>�Y;�P>ÎGCED�DGCN��=�DóJsP5?ED��}C}?}HLÎGC}HL<>F7R@D b ÷ F(M) F�ñûD��}C;�P>�©;@?E<>;@?ED Í
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R@D5JsP{�YHIF�P{C}HL<>F��YM ~�<�R@~��}HL��=�D�����D��}=@?E~�D���R@D5;@JIHL�Q�QP{M D

D��}CJsPóJsP{�YHIF�P{C}HL<>F`��D��}=@?E~�D�R0ñ =@F�D.��~GC}?}HL��=�D�ÿ%=�ÎE|��}HLDGF@F�DOÒ@=@FþÎ�<>F�C}?�b>JLD�;@JI=��o��F`R@D�JsPÆ��P{F@HLøG?ED�R@<>FqC λnÎ�<>F�� DG?}M D5;!DG?}��DGCÆF�~�P{�Y��<>HIF��ÆR0ñû<>B@CEDGF@HI?�JsP/Î�<>Fq� DG?}M DGF�Î�D2R@D��Æ��~GC}?}HL�q=�D��ÆÎ�<>?}?ED��};!<>F�R�P{FqCED�� Í � ñûD��}C�Î�D
��=�D.��<>FqC}?ED^JLD.C}|�~�<>?EøG��D^�}=@HI�OP{FqCAR@D � Í ù�DG?}HLD�� Í
���*�]�P���]���¡Ãg�QÁÅÄ9ÆRÇ��BÈÊÉ|Ë�Ìi��>�P���]�!�ÍÁP�QÎPÏD�Y� E457A�OP8 S K]OcA<M�K]3Qt91>U�A�tNA�3�r�6�A�S>A�v>A�O	3�A<M@Ki?B6�3�5wA9K]30ª
2 � M KeO+xoC93F60A�O�5�O�8:A�3@/�14G�GVA@M^M@Ke3 S � λn −→ λ ∈ P(M) A98 θn −→ 0 £ � 5 σn A@M98�KeOcA<rY6N8J3@5wI9K	A
v>6�E4r�698J3@5wI9K	A�r�A�OP8�xyO	5wA<O�E4O0t�K�U9;sM@57A�O	OcA0S>E4OP8�G`1mGR14r~5�O�1s8J5JE4O(v>6FEiS>6@M@5wI9K	A0r�A@M�K]3�6�A@M�S>A�?�GH5�M@M91Dv>A�A�M�8
θnλn
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S>6N8:A�3@r~5QOc6�A~S>A�rY14O	57Ð�3�A�KeO	5wI9K	Az?�143 λ £
) FqCE~G?ED��Q�E<>F��F�<>=����P{HIFqCEDGF�P{F�CÔP{=³Ú5��~GC}?}HL��=�D��M ~�<>��~GC}?}HL�q=�DG��DGF�C���F@HLD��F�<>FôÿÜ=�ÎQ|��}HLDGF@F�D�� Í ïÔF2� <>HIC

P{;@;�P{?QP2¯LC}?ED`R@D��YR³H`.�ÎG=@JICE~��ôP�� D�Î2JLD���ÿ�DG=@HIJIJLD��YR@D2JsP/JIHI�YHICED λ ��=@H©<>FqC�R@D���;!<>HLR@�Y�}=@;!~G?}HLDG=@?E��÷ π Í Ù�F;�P{?}C}HLÎG=@JIHLDG?�Ò�JLDYC}|�~�<>?EøG��D5úç��<>F�C}?ED5��=�D�J´ñòP{;@;@JIHLÎ�P{C}HL<>FUR@D�;@JIHL�E�QP{M D�D��}CóR³HL�EÎ�<>FqC}HIF�=�DôP{= � <>HL�EHIF�P{M D�R@D
CE<>=@CED^��~GC}?}HL�q=�DóM ~�<>��~GC}?}HL�q=�DG��DGF�C[��F@HLD^��=@H�;!<O�E�Eø�R@DNR@D��A;�<>HIF�CED���R@D^?QP{F@M 1

Í Ã:<>=@?.Î�<>FqCE<>=@?}F�DG?�Î�DGC}CED
R³H`.�ÎG=@JICE~���Ò�F�<>=��^P{JIJL<>F��N��=�<>C}HLDGFqCEDG?^J´ñûDGF��QDG�^B@JLD P+(M) R@D��NJsP{�YHIF�P{C}HL<>F��NM ~�<�R@~��}HL�q=�D��N��D��}=@?E~�D��N��=@H� ~G?}H`��DGF�CAJLD��KÎ�<>F�R³HIC}HL<>F�� b) Ò c) DGC d) ;�P{?KJsPÆ?EDGJsP{C}HL<>F/�}=@HI�OP{FqCED�d

Ñ �>Ò&Ó¼À�ÌiÀQ��Óy� ù�<>HLDGF�C λ, µ ∈ ML(∂M) ,�F�<>CE<>F�� λ′ Ü?ED��E; Í µ′ � JsPYJsP{�YHIF�P{C}HL<>F¦M ~�<�R@~��}HL�q=�D^��D��}=@?E~�D<>B@CEDGF�=�DÆDGF¦?EDG�Y;@JsP4��P{FqC.;�P{? π JLD^;�<>HLR@��R@DNÿ�DG=@HIJIJLD��Aÿ%DG?}��~�D��.R@D λ Ü?ED��}; Í µ � R@<>FqC.JLDN;!<>HLR@�ÔDõÚ@Î�ø�R@D π ÍïÔF¦R³HICÔ��=�D λ D��}CAÎ�<>F@MO?}=�D�÷ µ ��<�R³=@JL< R Ò�DGCÔ<>F/F�<>CED λRµ Ò��}H�DGC��EDG=@JLDG��DGFqC.�}H λ′ = µ′
Í ïÔF/F�<>CEDG?QP

λ̇ JsPYÎGJsP>�E�ED�R@D λ ��<�R³=@JL< R Í
ïÔF[�ó=@F@HIC ML(∂M) R@D�JsPôCE<>;!<>JL<>MOHLDÆÿ�P{HIB@JLD ∗ DGC ML(∂M)/R R@D�JsPôCE<>;!<>JL<>MOHLDY�q=�<>C}HLDGF�C Í�ü ñòP{;³Â

;@JIHLÎ�P{C}HL<>F bGF (M) ;�P>�E�ED�P{=U�q=�<>C}HLDGF�CÆDGF =@F�DôP{;@;@JIHLÎ�P{C}HL<>F bR : GF(M) → P+(M)/R Í � D�ÎGH�F�<>=��;!DG?}��DGCAR@D�R@<>F@F�DG?A=@F�D.� DG?E�EHL<>F`M ~GF�~G?QP{JLD^R³=þC}|�~�<>?EøG��Dóú®d
���*�]�P���]�!� ¾ ��Â ¥ 1@?>?�G�5wU�1T8J5wE4O bR A@M�8�U�E4O�8J5�O	K	A~A98g?�3|E�?�3FAi£
�ÔF R@D���HIF�CE~G?EöGCE�^R@DYÎ�D�?E~��}=@JICQP{CND��}CNR@D�;!DG?}��DGC}C}?ED�R0ñû~GJsP{B!<>?EDG?^R@D��NÎG?}HICEøG?ED��óR@DYÎ�<>Fq� DG?}M DGF�Î�D�;!<>=@?

R@D��Æ�}=@HICED���R@D���~GC}?}HL��=�D��ÆM ~�<>��~GC}?}HL�q=�DG��DGF�C���F@HLD�� Í ÃÐP{?YDõÚ³DG�Y;@JLDOÒ:��=�P{F�RyJsP-JsP{�YHIF�P{C}HL<>FkM ~�<�R@~��}HL��=�D
��D��}=@?E~�D©R@D�;@JIHL�E� P{M D�D��EC:=@F�D��ó=@JIC}H ÂoÎ�<>=@?}B�D©;!<>F�R@~G?E~�DOÒ>JsPÔ��~GC}?}HL�q=�D©D��ECÐR@~GCEDG?}�YHIF�~�D©R@D��P{F@HLøG?ED=@F@HL��=�D
;�P{?KJsPÆ��D��E=@?EDNR@D.;@JIHL�E�QP{M D�%Îõÿ Í Wûú<qï�X � Í ïÔF-DGF`R@~�R³=@HICÔJLD�Î�<>?E<>JIJsP{HI?ED^�}=@HI�OP{FqC�d
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¾ ���2�c¿J¿�²	ÀQ��� ¾ �JÁ���� E45wA9OP8 (σn)
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S>A M �-AN8 λn G`1�G`14r~5QO�1T8J5wE4OYv>6FEDS]6@M@5wI9K	Aqr�A@M�K]3�6�A�S>Ay?�GH5�M�M91iv>A�S>A σn £ Â 1�M�K]5J8:A (σn)
U�E4O	/4A�3Jv]A�/�A93�M�K]OuA

r�698J3�5JINKBA�v>6FETrY6N8J3@5wI9K	A�r�A�OP8&x©O	57A σ SsE4OP8\G`1�G`1Tr�5QO�1T8J5wE4O0v>6FEDS>6�M@5wI9KBA^rYA�M@Ke3F6�A^S]A�?cG�5�M�MN1Dv>A λ A@M�8\K]OuA
r~KeGH8J5Q¹�U�ETK]3DC�A\?�ETO�S>6�3�6�A�M�5�A98©MDA�KeGRA�r�A�O�8©M�5 (λ̇n) U�E4OP/�A�3wv>A�/�A�3@M λ̇ £

Õ�ñòP{;@?Eø���W��:P�XoÒ��EH (σn)
Î�<>F�� DG?}M D�� DG?E�.=@F�D^��~GC}?}HL��=�DÆM ~�<>��~GC}?}HL�q=�DG��DGF�C���F@HLDOÒ0P{JL<>?E��Ò�;�<>=@? n P>�E�ED9fMO?QP{F�R0Ò σn D��}C�M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD Í Õ�P{F���J´ñû~GF�<>F�Î�~5R³=[C}|�~�<>?EøG��D�ÎGH ÂoR@D��E�}=��iÒ!J´ñ | � ;�<>C}|�ø��ED��q=�D σnD��}C©M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLDND��}CKR@<>F�Î^�}=@;�DG?|Ô�=�D Í

ü D��C}|�~�<>?EøG��D�� Ý DGC©ú ;!DG?}��DGC}CEDGFqCÔR0ñû~GC}=�R³HLDG?©JsPóR � F�P{�YHL��=�D�R@DÔJ´ñòP>ÎGC}HL<>F`R³=<v43FE4Ki?BA�rYEDS4KeG`1T5�3�AR@D
M �}=@? ML(∂M)

Í�ü D�MO?E<>=@;!DY��<�R³=@JsP{HI?ED Mod(M) R@D M D��}C�JLD�MO?E<>=@;!D�R@D��NR³H`
0~�<>��<>?};@|@HL�}��D��óR@D
M ÷ÆHL�E<>CE<>;@HLD�;@?Eø�� Ía <>CE<>F�� D(M) J´ñûDGF��EDG�óB@JLD

{λ ∈ML(∂M) | ∃η > 0 CEDGJ���=�DOÒ@;!<>=@?©CE<>=@CAR³HL�E��=�D�<>=/P{F@F�D�P{=-D��E�EDGF�C}HLDGJ E, i(∂E, λ) ≥ η}
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Í{ü P��>P{?}HL~GCE~ H D��}CÐ=@F�?BA98J5J8C�3�A98�×2A�G�U93�A�KTpK�}H³ÎOñûD��}CÐJsP��E<>�Y��DÎ�<>F@F�DõÚ³D�JLD�JL<>F@M�R³=ÆB!<>?ER�R@DR@DG=³Ú
��B@?E~���DGF¦HIFqCEDG?}�OP{JIJLD��N�}=@?.R@D����}=@?Àÿ´P>Î�D��Aÿ�DG?}��~�D���<>=WR0ñ =@F+��B@?E~YDGF¦HIFqCEDG?}�OP{JIJLD��N�}=@?�=@F�D��}=@?Àÿ´P>Î�D^ÿ�DG?}��~�D
DGC�R0ñ =@FkCE<>?EDô�Q<>JIHLR@D Í �ÔFØv43|1TO�S!C�3�A98�×iA9G�UN3FA�KTp`D��ECó=@FUB@?EDGCFf�DGJ©ÎG?EDG=³ÚU��=@H�F�ñûD��}CÆ;�P>�Æ=@Fk;�DGC}HICÆB@?EDGCFf�DGJ
ÎG?EDG=³Ú Íga <>=��óP{JIJL<>F��^�E=@;@;�<O�EDG?ó�q=�D ∂χ<0H 6= ∅ Ò�R�P{F��óÎ�D�Î�P>� ∂H ;�<O�E�Qø�R@DY=@F�DY=@F@HL��=�D�Î�<>�Y;!<O�QP{FqCED
Î�<>�Y;@?ED��E�EHIB@JLD�P{;@;!DGJL~�D[CFE43FS�AFps8:6�3@57A�Ke3���=�D�F�<>=���F�<>CEDG?E<>F�� ∂eH Íia <>CE<>F�� PML(∂eH) J´ñûD��};�P>Î�D�;@?E<{ðÀD�ÎGC}H ÿR@D��ÐJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��Ð��D��}=@?E~�D����}=@? ∂eH DGC M′ J´ñòP>R³|�~G?EDGF�Î�DKR�P{F�� PML(∂eH) R@DJ´ñûDGF��EDG�óB@JLDR@D���ÎGJsP>�E�ED���;@?E<{ðÀD�ÎGC}HI� D��©R@D�����~G?}HLR³HLDGF��;!<>F�R@~G?E~�D���Ü=@F�r�6�3�5JS457A�O�D��}C�=@F�DÔÎ�<>=@?}B!DÔ��=@H�B�<>?ER@DA=@FôR³HL�E��=�D
D��E�QDGFqC}HLDGJ � Íù�H H D��}C©=@FþMO?QP{F�RþB@?EDGCFf�DGJ:ÎG?EDG=³Ú!Ò@<>F-F�<>CEDG?QP

O = {λ ∈ PML(∂eH)|i(λ, µ) > 0 ;!<>=@?KCE<>=@C µ ∈M′}.

ù�H H D��}C©=@Fþ;!DGC}HICKB@?EDGCFf�DGJ�ÎG?EDG=³Ú0Ò�<>FþF�<>CEDG?QP
O = {λ ∈ PML(∂eH)|i(λ, ν) > 0 ;!<>=@?ACE<>=@C ν ∈ PML(∂eH) CEDGJIJLDÆ�q=�ñ HIJÐDõÚ³HL�}CED µ ∈ M′ CEDGJIJLD

��=�D i(µ, ν) = 0}.
� DGC©DGF��EDG�óB@JLD O D��}C©P{;@;!DGJL~�R@<>��P{HIF�D�R@D z P>�}=@? Í�) J0P^~GCE~�HIF�C}?E<�R³=@HIC©;�P{?�� Í�z P>�}=@?�|W z P>�Q�4X � ;!<>=@?JLD��.ÿ�DG=@HIJIJLDGCQP{M D��N��D��E=@?E~��^�}=@?�JLD���B@?EDGCFf�DGJL�^;@=@HL��;�P{?^� Í ÂoÃ Í ïÔCQP{J[|W ïÔC��9X � ;�<>=@?^JLD���JsP{�YHIF�P{C}HL<>F��^M ~�<�R@~õÂ�}HL��=�D��©��D��}=@?E~�D��A�}=@?©JLD��KB@?EDGCFf�DGJL�ÔÎG?EDG=³Ú Í
� Í�z P>�}=@?�|W z P>�Q�2X � DGCA� Í ÂoÃ Í ïÔCQP{J�|W ïÔC��9X � <>F�CA��<>FqC}?E~ó�q=�DNJ´ñòP>ÎGC}HL<>F/R@D Mod(H) D��}CA;@?E<>;@?EDG��DGFqCR³HL�EÎ�<>F�C}HIFq=�Dó�}=@?AÎ�D�R@<>��P{HIF�D Í

ù�=@;@;!<O�E<>F��Æ�q=�D H F�ñûD��}Có;�P>�N=@F7B@?EDGCFf�DGJ�R@D�M DGF@?ED 2 DGCóF�<>CE<>F�� Ô ⊂ ML(∂H) J´ñûDGF��EDG�^B@JLDôR@D��JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D�����D��}=@?E~�D���R@<>FqC�JsPôÎGJsP>�E�EDó;@?E<{ð}D�ÎGC}HI� D�P{;@;�P{?}C}HLDGFqC^÷ O Í � <>�Y��DY<>FWJLDÆ� DG?}?QPR�P{F��©JLD^ÎE|�P{;@HIC}?ED��³Ò@<>F¦P Ô ⊂ D(H) DGCK�}H λ ∈ D(H) D��}CÔP{?QP{C}HL<>F@F�DGJIJLDÆP{JL<>?E� λ ∈ Ô Í Ù�Fþ?EDG�OP{F�ÎE|�Dó<>FF�ñòPó;�P>��F�~�Î�D��E�QP{HI?EDG��DGF�C D(H) ⊂ Ô dqJLD��DõÚ@DG�Y;@JLD��©R@DAJsP���MO=@?ED��Ô�Q<>FqC©R@D���^=@JIC}H ÂoÎ�<>=@?}B!D��©;!<>F�R@~G?E~�D��
Î�<>F�CEDGFq=�D���R�P{F�� D(H)− Ô %Î�D�ÎGH�;!DG=@CKöGC}?EDNR@~�R³=@HIC�R@D�W��.Juù]X � Í� <>�Y��DAJ´ñòP�?EDG��P{?E�q=�~Ô� Í ù�<>=@CE<@ÒOJLDKC}|�~�<>?EøG��D Ý DGC�JLDÿ�P{HIC���=�D Ô ⊂ D(H) ;!DG?}��DGC}CEDGFqC�R@D©��<>FqC}?EDG?��=�D O D��}CKÎ�<>F@F�DõÚ³D Í

��H
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ü Pô��P¼ðÀDG=@?ED�;�P{?}C}HLDYR@D�Î�D�C}?QP��OP{HIJ�D��}C�Î�<>F��QP>ÎG?E~�D�÷5JsP2R@~G��<>F��}C}?QP{C}HL<>FyR³=WC}|�~�<>?EøG��D � Í Õ�P{F��.JLD��
R@DG=³Ú`;@?EDG�YHLDG?E��ÎE|�P{;@HIC}?ED���Ò�<>F-;@?E~��QDGFqCEDÆR@D��K?E~��}=@JICQP{CE�Ô;@?E~GJIHI�YHIF�P{HI?ED����}=@?KJLD��AJsP{�YHIF�P{C}HL<>F��ÔM ~�<�R@~��}HL��=�D��
�}=@?ÔJLDNB!<>?ER/R@D��Ô�OP{?}HL~GCE~��ÔR@DÆR³HI��DGF��}HL<>F 3 DGCÔ�E=@?AJLD��Ô;@?E<>;@?}HL~GCE~���R@D P(M)

Í ïÔF-��<>F�C}?EDÆJsP�Î�<>F�C}HIFq=@HICE~
R@D bR R�P{F��©JLD�ÎE|�P{;@HIC}?ED�'³Ò³;@=@HL�K�QPÆ;@?E<>;@?EDGCE~NR�P{F��©JLD�ÎQ|�P{;@HIC}?ED�� Í Õ�P{F��©JLD�R@DG?}F@HLDG?AÎQ|�P{;@HIC}?EDN<>F`R@~�R³=@HIC
JLD��ÆC}|�~�<>?EøG��D�� Ý DGC�Õ R³=kC}|�~�<>?EøG��D � DGCY<>FkDõÚ�;@JIHL��=�DôJLD��Æ?EDGJsP{C}HL<>F��YDGFqC}?ED Ô DGC D(M)

Í Ù�F���Fk<>F
;@?E~��EDGF�CED�DGF[P{;@;!DGF�R³HLÎ�D�R@D���?E~��}=@JICQP{CE���}=@?�JLD��ÔJL<>F@MO=�DG=@?E��R@D��.Î�<>=@?}B!D��.�q=@HÐ<>FqC.=@F�DÆ;�DGC}HICEDó��D��}=@?ED�R@D
;@JIHL�E� P{M D�DGCA�}=@?©JsP�Î�<>�Y;�P>ÎGC}H`��Î�P{C}HL<>FWR@D�J´ñûD��};�P>Î�DNR@Dq��DGHLÎE|@���@JIJIJLDG?Ô;�P{?KJLD��KJsP{�YHIF�P{C}HL<>F�� Λ Â´��D��}=@?E~�D�� Í� <>�Y��D.JLD�C}|�~�<>?EøG��D�ú
D��}C�=@F2Î�P>�;�P{?}C}HLÎG=@JIHLDG?KR³=2C}|�~�<>?EøG��D � Ò�HIJ�F�D.�EDG?QPó;@JI=����DGFqC}HL<>F@F�~�;�P{?JsP
�}=@HICED Í

ù�HIMOF�P{JL<>F��;!<>=@?�Î�<>F�ÎGJI=@?ED.Î�DGC}CEDÔHIFqC}?E<�R³=�ÎGC}HL<>F`�q=�DAJLDAC}|�~�<>?EøG��D Ý PNÿ�P{HIC�J´ñû<>B³ðÀDGCR0ñ =@F�DÔ;@?E~G;@=@B@JIHLÎ�P¼Â
C}HL<>Fm|W ü D9X � Í

Ý �ÜßoÞ:� } ÙÐÚ³DG�Y;@JLD�d�DGF/�ó=@F@HL�E�QP{FqC�ÎQ|�P>ÎG=@F�DÆR@D��.Î�<>�Y;!<O�QP{FqCED��.R@DóJsP��ó=@JIC}H ÂoÎ�<>=@?}B�DYR@D��Q�}HIF�~�D^DGF¦MO?QP>�R0ñ =@Fþ;!<>HLR@��ß 2π
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Ò@<>F`<>B@C}HLDGF�CKJsPóJsP{�YHIF�P{C}HL<>F-��D��}=@?E~�D�R@D.;@JIHL�Q�QP{M D�R0ñ =@F�D.��~GC}?}HL�q=�D.M ~�<>��~GC}?}HL��=�DG��DGFqC

��F@HLDN�E=@?©J´ñ HIFqCE~G?}HLDG=@?ÔR0ñ =@F-B@?EDGCFf�DGJ�R@D.M DGF@?ED�' Í

��HIH
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Á
� Í � ü P{�YHIF�P{C}HL<>F��ÔM ~�<�R@~��}HL��=�D��K��D��E=@?E~�D�� ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í �
� Í � ü P{�YHIF�P{C}HL<>F��ÔM ~�<�R@~��}HL��=�D�� Λ Â´��D��}=@?E~�D�� Í�ÍNÍ�ÍNÍ�ÍNÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�Í '
� Í ' ù�=@?Àÿ�P>Î�D^DG�^B@?QP>�E�E~�D^;�P{?©=@F�D�JsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL��=�D Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í �
� Í � � ?}HICEøG?ED^R@D � P>�E�Q<>F Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í ë
� Í � ù � �ECEøG��D��ÔP>R³�YHL�E�}HIB@JLD��AR@D���~G?}HLR³HLDGF�� ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í ì

Ü æy�>Û�è&À�íy�>���]ÓcÌD�]ÛYè¼�sÒ-ÓÀ�ÌiÀQ��ÓÛ�è� P(M)
Á�Ü

� Í � ù�<>=��ÀÂ´�OP{?}HL~GCE~^Î�P{?QP>ÎGCE~G?}HL�}C}HL��=�D Í�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í �D'
� Í � ú<>=@CE�AR@D��ÿ�DG=@HIJIJLD��KR@D��KJsP{�YHIF�P{C}HL<>F��ÔR@D P(M)

Í�ÍNÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍ�Í � ë
� Í ' Ù���=@HI�>P{JLDGF�Î�DóDGFqC}?ED�JLD��KR@~���F@HIC}HL<>F���R@D P(M)

ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍ�Í � ì
� Í � ü HI�YHICED���R0ñòP{F@F�D�P{=³ÚþDGC©JsP{�YHIF�P{C}HL<>F��.P{F�P{F@Fq=@JsP{HI?ED�� Í^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í � ì
� Í � ü P{�YHIF�P{C}HL<>F��.P{F@Fq=@JsP{HI?ED���DGCAÎ�<>�Y;�P>ÎGC}H`��Î�P{C}HL<>F¦R@D ∂M̃ Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�Í � ë
� Íîë ) F�CEDG?E�ED�ÎGC}HL<>F¦P�� D�Î�JLD��©ÿ�DG=@HIJIJLD��©|�<>��<�ÎGJIHIF@HL�q=�D�� ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í � l

ï ¾ �cÓcÌiÀQÓÊ´¼À�ÌD��è¼�+¿Q²����]Ûi´�2�<è¼��Ú&¿JÀQÛDÛD²BçP� ÜPð
' Í � ù�=@?Àÿ�P>Î�D��A;@JIHL�E�E~�D��KÎ�<>F�� DõÚ³D�� ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í � ì
' Í � � <>F�R³HIC}HL<>F��AF�~�Î�D��Q�QP{HI?ED�� ÍNÍ�ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í 'T�
' Í ' ü P�CE<>;!<>JL<>MOHLDNR@D ML/R Í�ÍNÍ�ÍNÍ�ÍNÍNÍ�Í^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍ�Í ' l
' Í � ÓADGJsP{C}HL<>F��ÔDGFqC}?ED P(M) DGC P+(M)

ÍNÍNÍ�Í^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍ�Í 'Tñ
' Í � ü PYÎ�<>F�C}HIFq=@HICE~ÆR@D bR Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í �q�

ò Ù ���PÚ¼���sÌD��è¼�+¿¬óR²BÚ¼Ú¼¿JÀQôs²�ÌiÀQ��ÓÖè�+Ú¼¿JÀQÛDÛD²Bç�� òcõ
� Í � ü P�JL<>F@MO=�DG=@?�R³=þJIHLDG=-R@D�;@JIHL�E�QP{M D Í�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í �>ñ
� Í � ÓA~�P{JIHL�QP{C}HL<>F/R@D�JsP{�YHIF�P{C}HL<>F��KM ~�<�R@~��}HL��=�D��AR�P{F��©=@F/P{?}B@?EDN?E~�DGJ Í�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í � ì
� Í ' Ã�?E<>;@?EDGCE~^DGCACE<>;�<>JL<>MOHLD^P{JIM ~GB@?}HL��=�D Í�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í �T'
� Í � � <>F��}C}?}=�ÎGC}HL<>F/R@D E Í�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍ�ÍNÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�Í � ë
� Í � ü D��K��~GC}?}HL��=�D��A�E=@?©JLD.B�<>?ER ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í � ì
� Íîë � <>Fq� DG?}M DGF�Î�DÆR@D (σn)

� DG?E� σ∞ ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í ë �
ö ¾ �cÓ*ô>¿J´ÛiÀQ��Ó ÷ÊÎ

� Í � ü ñ HI��P{M D^R@D bGF Í�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^Í�ÍNÍNÍ�ÍNÍ�ÍNÍ�Í ësl
� Í � Õ�HL�EÎ�<>FqC}HIF�=@HICE~óR@D�J´ñòP>ÎGC}HL<>F/R@D Mod(M) �}=@? ML(∂M)

ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍ�Í ë ñ
� Í ' ü HLDGF��ADGF�C}?EDNJLD�R@<>��P{HIF�DóR@D z P>�}=@?KDGC D(M)

Í�ÍNÍ�ÍNÍNÍ�ÍNÍ�Í^ÍNÍ�ÍNÍ�ÍNÍ�ÍNÍ^Í�ÍNÍ�ÍNÍ�Í ëTì
� ø®�>Ûi´���+è¼��Ú&¿JÀ�ÛiÛD²BçP�<�>ÌL¿Q��Óç�´�]´�2Û~è¼�>ÛYç��>�Êè¼�>ÛiÀQ³g´�>Û Î ï
· ¾ �c��Ú¼²BôTÌiÀ�Ò¼ôs²�ÌiÀQ�cÓùè�Í¿¬ó`�]ÛDÚ¼²Bôs��è¼�Í�y�eÀ�ô4�¼��ú¼¿J¿Q�>�û�sÌû¿�²	�mÀJÓ*²�ÌiÀQ��ÓÛÖç��>�Êè¼�>ÛiÀQ³g´�>Û
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ù�<>HIC S =@F�D-�E=@?Àÿ�P>Î�D!%~G� DGF�C}=�DGJIJLDG��DGFqCþF�<>F
Î�<>�Y;�P>ÎGCED-DGC�F�<>F
Î�<>F@F�DõÚ³D � �^=@F@HLD/R0ñ =@F�D`��~GC}?}HL��=�D| � ;!DG?}B�<>JIHL��=�DNÎ�<>�Y;@JLøGCED Í �AF�DYG`14r~5QO�1T8J5wE4O�v]6FEDS>6@M�5JINKBA L ⊂ S D��}CA=@Fþÿ%DG?}��~ó�q=@H�D��ECK?E~G=@F@HL<>F/R³HL�%ð}<>HIFqCED

R@DYM ~�<�R@~��}HL��=�D��NÎ�<>�Y;@JLøGCED��ó;@JL<>F@M ~�D��óR�P{F�� S Í �AF�DYM ~�<�R@~��}HL��=�D�Î�<>�Y;@JLøGCED�;@JL<>F@M ~�D5Î�<>FqCEDGF�=�D5R�P{F�� LD��}C©=@F�DztNA�Ke5QG�GVA R@D L Íù�=@;@;!<O�E<>F��Æ��P{HIFqCEDGF�P{F�C��q=�D S P-=@F�D2P{HI?EDY��F@HLD Í �AF�D+r~K]G`8J5Q¹�U�E4Ke3DC�A D��}Có=@F�D�JsP{�YHIF�P{C}HL<>F¸M ~�<�R@~õÂ
�}HL��=�D�R@<>FqCACE<>=@CED��©JLD��ÿ�DG=@HIJIJLD��K�E<>FqCÔÎ�<>�Y;�P>ÎGCED���ÜH Í D Í =@F�D.?E~G=@F@HL<>F¦R@D.M ~�<�R@~��}HL��=�D��K�}HI�Y;@JLD��AÎ�<>�Y;�P>ÎGCED��
R³HL�%ð}<>HIFqCED�� � Í �ÔF�DóJsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�D L D��ECÔR³HICED�r~5�O	5QrY14GVA �}H:CE<>=@CED�R@DG�YH Â�ÿ%DG=@HIJIJLD�R@D L D��}C.R@DGF��ED
R�P{F�� L Í �ÔF�D�JsP{�YHIF�P{C}HL<>FkM ~�<�R@~��}HL��=�D��YHIF@HI��P{JLD2�q=@H�F�ñûD��}C^;�P>�ó=@F�D5M ~�<�R@~��}HL��=�DYÿ�DG?}��~�DôD��}CÆP{;@;!DGJL~�D=@F+r�5QO	5QrY14G*AFpsU�A:?u8J5JE4OPOcA�G Í �ÔF�D©ÿ�DG=@HIJIJLD�R0ñ =@F�DKJsP{�YHIF�P{C}HL<>F2M ~�<�R@~��EHL�q=�D L D��}C�R³HICEDq3�6FU9Ke3@3�A�OP8:A �}H�DGJIJLDÔD��}CÎ�<>F�CEDGFq=�D.R�P{F���=@F�DKJsP{�YHIF�P{C}HL<>F2M ~�<�R@~��EHL�q=�DÔ�YHIF@HI��P{JLD�%Î�DGC}CEDÔJsP{�YHIF�P{C}HL<>F2M ~�<�R@~��EHL�q=�DA�YHIF@HI��P{JLD�~GCQP{F�C
F�~�Î�D��E� P{HI?EDG��DGFqCóÎ�<>F�CEDGFq=�DôR�P{F�� L � Í ��<>=@CED�JsP{�YHIF�P{C}HL<>F7M ~�<�R@~��}HL��=�D L D��}C�JsP2?E~G=@F@HL<>FyR³HL�%ð}<>HIFqCED5R0ñ =@F
F�<>�óB@?EDz��F@H�R@DKJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D����YHIF@HI��P{JLD���DGC�R0ñ =@F�F�<>�^B@?ED\��F@H�R@DKÿ%DG=@HIJIJLD���F�<>F³Â´?E~�ÎG=@?}?EDGFqCED��
%Îõÿ Í W � P>úoX � Í � |�P>�q=�DÆR@DG�YH Â�ÿ�DG=@HIJIJLDóR0ñ =@F�Dóÿ�DG=@HIJIJLDNF�<>F³Â´?E~�ÎG=@?}?EDGFqCED�<>=-B@HLDGFW�};@HI?QP{JLDó�E=@?Ô=@F�DóJsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�Dó�YHIF@HI��P{JLD�<>=¦B@HLDGF D��EC.Î�<>F�CEDGFq=�D5R�P{F��.=@F[� <>HL�}HIF�P{M D�P{F@Fq=@JsP{HI?ED�R0ñ =@F�D�;!<>HIFqCED�R@D S Í �ÔF�Dÿ�DG=@HIJIJLDYR@D L D��}C�=@F�D�tDA�K]5QGQGRA�5�M9E4GV6�A �}H�ÎOñûD��EC.<>=[B@HLDGFy=@F�DÆÿ%DG=@HIJIJLD�F�<>F³Â´?E~�ÎG=@?}?EDGF�CEDOÒ�<>=WB@HLDGF =@F�DÆÿ�DG=@HIJIJLD
ÿ�DG?}��~�D��}=@?©JsP>��=�DGJIJLD.F�D��};@HI?QP{JLD^P{=�ÎG=@F�D�ÿ�DG=@HIJIJLD�F�<>F³Â´?E~�ÎG=@?}?EDGFqCED Í �AF�D�ÿ�DG=@HIJIJLD�R@D L D��}C�5�M9E4GV6�A~S*¥ K]O�U!3T8:6
�}H�DGJIJLD^D��}CKÎ�<>FqCEDGF�=�D^R�P{F��KJ´ñòP>R³|�~G?EDGF�Î�DóR0ñ =@F�DNÎ�<>�Y;!<O�QP{FqCEDóR@D S − L

Í
ù�<>HLDGF�C L1

DGC L2
R@DG=³Ú�JsP{�YHIF�P{C}HL<>F��M ~�<�R@~��}HL�q=�D��iÒ�<>F2R³HI?QPÆ�q=�D L1

5�OP8:A93�MDAFUN8:A L2
8J3|1TOBM@/�A93�MN14GRA9rYA9OP8

�}H L1
;!<O�E�Eø�R@DAP{=5��<>HIF���=@F�DKÿ%DG=@HIJIJLDÔ�q=@H�HIFqCEDG?E�ED�ÎGCEDÔ=@F�D©ÿ�DG=@HIJIJLDAR@D L2

C}?QP{F��}� DG?E� P{JLDG��DGFqC Í ÓADG��P{?E��=�<>F��
��=�ñòP�� D�Î[Î�DGC}CEDWR@~���F@HIC}HL<>F�Ò©R@DG=³Ú&JsP{�YHIF�P{C}HL<>F��`M ~�<�R@~��}HL��=�D��2;!DG=@� DGFqC`��ñ HIF�CEDG?E�ED�ÎGCEDG?þC}?QP{F��}� DG?E�QP{JLDG��DGF�C
CE<>=@CADGF-P � P{FqC�R@D��ÿ%DG=@HIJIJLD��AÎ�<>�Y�^=@F�D�� Í �AF�D.JsP{�YHIF�P{C}HL<>F/M ~�<�R@~��}HL��=�D L D��}CKR³HICEDL143|1s8J5JE4OPOcA�GQGRA �}H!CE<>=@CEDM ~�<�R@~��}HL��=�D��}HI�Y;@JLDNÎ�<>�Y;�P>ÎGCEDNHIF�CEDG?E�ED�ÎGCED L C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í

Ý HIF��}HÐR@~���F@HLDOÒ�=@F�DóJsP{�YHIF�P{C}HL<>FWM ~�<�R@~��}HL��=�DÆR@~G;!DGF�R¦R@DóJsP���~GC}?}HL��=�DÆÎQ|�<>HL�}HLD��}=@? S Í�ü ñòP2.�?}��P{C}HL<>F�}=@HI�OP{FqCEDOÒ��q=@H�D��}CKÎGJsP>�Q�}HL�q=�DLÜ� <>HI?�W ïÔC�'2X�;�P{?KDõÚ@DG�Y;@JLD � Ò�;!DG?}��DGCKR@DN��ñòP{B��}C}?QP{HI?EDNR@D^Î�DGC}CED�R@~G;�DGF�R�P{F�Î�D Í
�54m�4��²�ÌiÀQ��Ó ÁP�JÁP�JÁ��~� E457A�OP8 s1 A98 s2 S]A�K4p!r�698J3�5JI9K	A@M^;>=@?BA�3DCFE4GH5wI9KBA�M+U�E4r�?�GVÐ98:A@M�S*¥ 145�3�A@M�x©O	57A@M�M�K]3
S « 14GRE43@M Ls1(S) A98 Ls2(S) MNE4OP8©;eE4r�6FE4rYE43:?P;�A@M56 Ls1(S) AN8 Ls2(S) 698714OP8yr~K]O	5�M�S>AqG`1�87E@?�ETG`E�vT5wA~S>A7 14K>MNSsE4398[¨T£

�



»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>CE<>F�� q : H2 → S =@FW?EDG� öGCEDG��DGFqC^��=@H:D��EC�=@F�DÆHL�E<>��~GC}?}HLDÆJL<�Î�P{JLDÆ;�<>=@? s1 Í ù�<>HLDGF�C
l ⊂ S =@F�D s1 Â´M D�<�R@D��}HL��=�D DGC l̂ ⊂ q−1(l) =@Fê?EDGJLDG� ~ R@D l ,©R0ñòP{;@?Eø��/=@F�D[;@?E<>;@?}HL~GCE~yÎGJsP>�Q�}HL�q=�D[R@D����~GC}?}HL��=�D��ô÷yÎ�<>=@?}B@=@?ED-F�~GMqP{C}HI� D¦�}=@? S Ò�HIJÔDõÚ³HL�}CEDþ=@F�D-=@F@HL�q=�D s2 Â´M D�<�R@D��}HL��=�D Θ(l) R@<>F�C�=@F�?EDGJLDG� ~
Θ̂(l̂) ⊂ q−1(Θ(l)) D��}C ;@?E<>;@?EDG��DGF�C |�<>��<>CE<>;�D ÷ l̂

Í � D�ÎGH R@~���F@HIC =@F�D B@H ð}D�ÎGC}HL<>F
Θ : { M ~�<�R@~��}HL��=�D��KR@D (S, s1)} → { M ~�<�R@~��}HL�q=�D��ÔR@D (S, s2)} �q=@H�D��}C.=@FW|�<>��~�<>��<>?};@|@HL�}��D��EHÐ<>FW�ó=³ÂF@HIC { M ~�<�R@~��}HL��=�D��AR@D (S, s1)} DGC { M ~�<�R@~��EHL�q=�D��ÔR@D (S, s2)} R@D-JsP[CE<>;!<>JL<>MOHLD¦R@D+��P{=��QR@<>?|
 Í � <>�Y��DJ´ñ HI��P{M D Θ(L) R0ñ =@F�D�JsP{�YHIF�P{C}HL<>F s1 Â´M D�<�R@D��}HL��=�D L D��}C.=@F�D�JsP{�YHIF�P{C}HL<>F s2 Â´M D�<�R@D��}HL��=�DOÒ�J´ñòP{;@;@JIHLÎ�P{C}HL<>F
Ls1(S) → Ls2(S) P{HIF��EH�R@~���F@HICÔD��}C©J´ñ |�<>��~�<>��<>?};@|@HL�}��Dó?ED�ÎE|�DG?EÎQ|�~ Í

� <>F��EHLR@~G?E<>F���CE<>=@CED���JLD��Ð��~GC}?}HL��=�D���| � ;!DG?}B�<>JIHL��=�D���Î�<>�Y;@JLøGCED����}=@? S DGC�HLR@DGFqC}H`��<>F���ÒO;�P{?�JLD��Ð|�<>��~�<{Â��<>?};@|@HL�}��D��ÆR@~���F@HL�^ÎGH ÂoR@D��Q�}=���Ò�JLD��NJsP{�YHIF�P{C}HL<>F��óM ~�<�R@~��}HL��=�D��N;!<>=@?^Î�D��N��~GC}?}HL��=�D��g,�<>Fy<>B@C}HLDGFqCYP{HIF��}H
J´ñûD��};�P>Î�DôR@D��ÆJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D��Æ�}=@? S Í*a <>CE<>F�� L(S) J´ñûD��E;�P>Î�D5R@D��óJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D��Î�<>�Y;�P>ÎGCED���DGCÔ�^=@F@HL�E�E<>F��}Â´JLDÆR@DóJsPYCE<>;!<>JL<>MOHLD�R@D��.P{=��ER@<>?|
 Í Õ�P{F���JsP��E=@HICEDNF�<>=��.R³HI?E<>F��.�q=�ñ =@F�DÆ�}=@HICED
R@D©JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL�q=�D��[U�E4O	/4A�3Jv]A�v>6FE4r�698J3�5wI9KBA9rYA9OP8 �}H�DGJIJLDAÎ�<>F�� DG?}M DK;!<>=@?�JsP.CE<>;!<>JL<>MOHLDAR@Dz�.P{=��ÀÂ
R@<>?|
Ø%Î�DGC}CEDNR@~���F@HIC}HL<>F/R³H`
0øG?EDNR@DNÎ�DGJIJLD^R@D�W��|��9X � Í

: �	ÌD� Í ù�<>HLDGF�C L1
DGC L2

R@DG=³ÚyJsP{�YHIF�P{C}HL<>F�� s1 Â´M D�<�R@D��}HL�q=�D2��=@H��iñ HIFqCEDG?E�ED�ÎGCEDGF�C�C}?QP{F��}� DG?E�QP{JLDG��DGF�CDGC x ⊂ L1 ∩ L2
=@Fk;�<>HIF�CÆR0ñ HIF�CEDG?E�ED�ÎGC}HL<>F C}?QP{F��}� DG?E�QD Í ù�<>HIC x̂ ⊂ H2 =@Fk?EDGJLDG� ~2R@D x , x̂ D��}CÆJ´ñ HIFqCEDG?ÀÂ�ED�ÎGC}HL<>FWR0ñ =@F�D^ÿ%DG=@HIJIJLD l̂1 R@D q−1(L1)

DGC.R0ñ =@F�DNÿ�DG=@HIJIJLD l̂2 R@D q−1(L2)
Í � <>�Y��D Θ̂(l̂1)

HIFqCEDG?E�QD�ÎGCED Θ̂(l̂2)C}?QP{F��}� DG?E� P{JLDG��DGFqC�Ò0HIJ�DõÚ³HL�}CEDÆ=@F�D�P{;@;@JIHLÎ�P{C}HL<>F L1 ∩ L2 → Θ(L1) ∩ Θ(L2)
�q=@H´Ò0÷ x Ò0P>�E�Q<�ÎGHLDóJLDÆ;�<>HIF�C

q(Θ̂(l̂1)∩Θ̂(l̂2))
Í Ý HIF��}H´ÒOÎE|�P>��=�D©;!<>HIFqC�R@DJ´ñ HIF�CEDG?E�ED�ÎGC}HL<>F�C}?QP{F��E� DG?E�EDKR@DKR@DG=³Ú�JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��

D��}CKR@~���F@H�HIF�R@~G;�DGF�R�P{�Y��DGF�C�R@D�JsPÆ��~GC}?}HL��=�D�| � ;!DG?}B�<>JIHL��=�DNÎQ|�<>HL�}HLD^�}=@? S Í �

ÓÔDG� DG� DGF�<>F���P{=ÆÎ�P>�:M ~GF�~G?QP{J³<4� S PK~G� DGF�C}=�DGJIJLDG��DGFqC�=@FÆ� <>JI=@��D�HIF���F@H Í �ÔF�D\GR14r~5QO�1T8J5wE4O�v>6�EDS>6@M�5JI9K	Ar�A@M�K]3�6�A λ D��EC�=@F�DKJsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL��=�D |λ| %~G� DGFqC}=�DGJIJLDG��DGF�C�F�<>F5Î�<>�Y;�P>ÎGCED � �ó=@F@HLDAR0ñ =@F�DK��D��E=@?EDC}?QP{F��}� DG?E�QD dλ Ò³ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED���=�D�CE<>=@CAP{?EÎ k ;@JL<>F@M ~�R�P{F�� S C}?QP{F��E� DG?E�QP{JLDG��DGFqCÔP{=þ�}=@;@;!<>?}C |λ| R@D λ DGC� ~G?}H`��P{F�C ∂k ⊂M − |λ| D��}C©�^=@F@H�R0ñ =@F�D���D��}=@?ED�C}?QP{F��}� DG?E�QD dλ|k CEDGJIJLDN��=�D�dÂ�JLD^�}=@;@;�<>?}CKR@D dλ|k D��}C |λ| ∩ k ,Â2�}HN=@F P{?EÎ k D��EC-|�<>��<>CE<>;!D7÷¸=@F P{?EÎ k′ ;�P{?-=@F�D7|�<>��<>CE<>;@HLDyJsP{HL�E� P{FqC |λ| HIF��>P{?}HsP{F�C�Ò.P{JL<>?E�
∫

k
dλ =

∫

k′
dλ
Í

ïÔF7�^=@F@HIC�J´ñûD��};�P>Î�D ML(S) R@D��óJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D��ó��D��}=@?E~�D���÷`�}=@;@;!<>?}CóÎ�<>�Y;�P>ÎGCYR@D�JsPCE<>;!<>JL<>MOHLD.ÿ´P{HIB@JLD ∗ Í@ü ñûDGF��EDG�^B@JLDÆR@D��©�ó=@JIC}H ÂoÎ�<>=@?}B�D��Ô;�<>F�R@~G?E~�D��ÔD��}CKR@DGF��ED�R�P{F�� ML(S) %Îõÿ Í W �Ðü Ã©X � Íù�H γ D��}CÆ=@F�DôM ~�<�R@~��}HL��=�D2�}HI�Y;@JLD2Î�<>�Y;�P>ÎGCED2�^=@F@HLD2R0ñ =@F�D2��D��}=@?ED2R@DôÕÔHI?QP>Î2R@Dô��P>�E�ED w(γ) ÒÐJLDO�ETrYC93FA�S*¥ 5�O�8:A�3�MDAFUN8J5wE4O i(λ, γ) D��}C�R@~���F@H�;�P{? i(λ, γ) = w(γ)
∫

|γ|dλ
Í � DGC}CED�ÿ�<>F�ÎGC}HL<>Fk�iñû~GCEDGF�R7Î�<>F�C}H Â

F�=�DG��DGFqC�÷ ML(S) %Îõÿ Í Wûú< �2X � Í; CQP{FqC�R@<>F@F�~�D���=@F�D�M ~�<�R@~��}HL��=�D��}HI�Y;@JLD�Î�<>�Y;�P>ÎGCED c DGC�=@F�D���~GC}?}HL��=�D�| � ;!DG?}B�<>JIHL��=�D s �}=@? S Ò�F�<>CE<>F��
ls(c)

JsP�JL<>F@MO=�DG=@?�R@DJsP s Â´M ~�<�R@~��EHL�q=�D©Î�<>�Y;�P>ÎGCEDÔ�q=@H�D��}C�JIHIB@?EDG��DGF�C�|�<>��<>CE<>;!DA÷ c Í ù�H γ D��EC�=@F�D©M ~�<�R@~õÂ�}HL��=�D��}HI�Y;@JLD�Î�<>�Y;�P>ÎGCED��ó=@F@HLD�R0ñ =@F�D���D��}=@?ED�R@D�ÕÔHI?QP>Î�R@D���P>�E�QD w(γ) Ò{<>F^R@~���F@HIC ls(γ) = w(γ)ls(|γ|)
Í

ü PYÿ%<>F�ÎGC}HL<>F ls P{HIF��}H:R@~���F@HLDó�E=@?KJ´ñûDGF��EDG�^B@JLD�R@D��Ô�^=@JIC}H ÂoÎ�<>=@?}B!D���;�<>F�R@~G?E~�D��.��ñû~GCEDGF�R/Î�<>FqC}HIFq=�DG��DGF�C^DGF=@F�D^P{;@;@JIHLÎ�P{C}HL<>F ls : ML(S) → R
Í

a <>=���R³HI?E<>F�����=�D`R@DG=³ÚkJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��Y��D��}=@?E~�D���M	¥ 5QOP8:A�3@MNA�UN8:A�OP8�8J3|14O	M@/�A�3@M91TGRA�r�A�O�8A�}H
JLDG=@?E�K�E=@;@;�<>?}CE�K�iñ HIFqCEDG?E�ED�ÎGCEDGF�CÔC}?QP{F��}� DG?E� P{JLDG��DGFqC Í

Õ�P{F��NÎ�D�CEDõÚ³CEDOÒ0F�<>=���=@C}HIJIHL�QDG?E<>F��NJsP2R@~���F@HIC}HL<>Fy�}=@HI�OP{FqCED�R0ñ =@F ?E~��ED�P{=Wÿ�DG?}?E<���HsP{HI?ED+%Îõÿ Í Wûú�< �2X � Í �ÔF3�6@MNA�14K�tDA�3�3|E4/i5J145Q3�A τ R�P{F�� S D��}CÔJsPY?E~G=@F@HL<>F[R0ñ =@F¦F�<>�^B@?ED���F@H�R@Dó?ED�ÎGCQP{F@MOJLD�� bi P{;@;�DGJL~���C�3F14O�U�;BA@M DGC�QP{C}HL�}ÿ�P{HL�QP{F�Cqd
} ÎE|�P>��=�DóB@?QP{F�ÎQ|�D bi D��}CÔ=@F¦?ED�ÎGCQP{F@MOJLD [0, 1] × [0, 1] HI�Y��DG?}M ~�R@D^��P{F@HLøG?ED���=�D^JsP�;@?E~GHI��P{M D�R@D��;�<>HIF�CE�KR@<>=@B@JLD��AD��}CKÎ�<>F��EC}HIC}=�~�DNR0ñ =@F`�EDGMO��DGFqC�R@D {0} × [0, 1] DGCKR0ñ =@F/�EDGMO��DGFqCAR@D {1} × [0, 1] ,} J´ñ HIFqCEDG?E�ED�ÎGC}HL<>F�R@D�R@DG=³ÚNB@?QP{F�ÎQ|�D���R³HL�}C}HIF�ÎGCED��:D��}C:�E<>HIC���HLR@D��E<>HIC�=@FÆ�EDGMO��DGFqC�F�<>FóR@~GM ~GF�~G?E~�Î�<>FqCEDGF�=R�P{F��©=@F-ÎNb>CE~�� DG?}C}HLÎ�P{J {0} × [0, 1] <>= {1} × [0, 1] R@DNÎQ|�P>�q=�DNB@?QP{F�ÎE|�D-,



} JsPN?E~G=@F@HL<>F`R@D��ÎNb>CE~���� DG?}C}HLÎ�P{=³ÚôR@D�CE<>=@CED��JLD���B@?QP{F�ÎE|�D��©D��}C=@F�DÔ=@F@HL<>FþR³HL�%ðÀ<>HIF�CED.R0ñòP{?EÎ��©�}HI�Y;@JLD��;@JL<>F@M ~��AR�P{F�� ∂χ<0M
Í

�ÔF�DNÎ�<>�Y;!<O�QP{FqCEDóÎ�<>F@F�DõÚ³DóR@D�JsP�?E~G=@F@HL<>F¦R@D��AÎNb>CE~��K� DG?}C}HLÎ�P{=³Ú-D��ECÔP{;@;�DGJL~N=@F�145Rv4Ke5�GQG`1iv>A Í � |�P>��=�D
B@?QP{F�ÎQ|�D bi ≈ [0, 1] × [0, 1] D��}CAÿ%DG=@HIJIJLDGCE~�Dó;�P{?AJLD����EDGMO��DGF�CE� {p} × [0, 1] P{;@;!DGJL~���8J3F14/�A�3@MNA�M DGCA;�P{?AJLD���EDGMO��DGF�CE� [0, 1] × {q} P{;@;�DGJL~��q3|145QG�M Í�ÔF�M9E4K]M@¹¬3F6�MNAF14K τ ′ R0ñ =@Fþ?E~��ED�P{=ôÿ�DG?}?E<���HsP{HI?ED τ D��EC�=@Fþ?E~��QD�P{=2ÿ%DG?}?E<i��HsP{HI?ED�R@<>F�CKCE<>=@CED��©JLD��B@?QP{F�ÎE|�D���E<>F�CAR@D��©B@?QP{F�ÎQ|�D��ÔR@D τ Í

�ÔF�D.JsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL��=�D L D��}Co?BE43�8:6�Az?�143qKeO+3�6@MDAF14K�tNA�3�3FE4/D5w145�3�A τ �}H©d} L D��}CKÎ�<>FqCEDGF�=�D^R�P{F�� τ ,} ;�<>=@?�ÎE|�P>��=�D©B@?QP{F�ÎQ|�D bi R@D τ Ò{J´ñ HIFqCEDG?E�ED�ÎGC}HL<>F L∩bi F�ñûD��}CÐ;�P>�Ð��HLR@D©DGC�D��}C�Î�<>FqCEDGFq=�DÔR�P{F��ÐJ´ñ HI��P{M DR@D [0, 1]×]0, 1[ ,} ÎE|�P>��=�D.ÿ%DG=@HIJIJLD^R@D L D��}C©C}?QP{F��}� DG?E�EDóP{=³Ú2C}?QP�� DG?E�ED�� Í
Õ�P{F��©Î�DG?}CQP{HIF��©CEDõÚ³CED���Ò�=@F�D�JsP{�YHIF�P{C}HL<>F`M ~�<�R@~��EHL�q=�D.��D��}=@?E~�D�� ~G?}H`��P{F�CKJLD��©Î�<>F�R³HIC}HL<>F��©;@?E~�Î�~�R@DGFqCED��ÔD��}C
R³HICED�;!<>?}CE~�D.�YHIF@HI��P{JLDG��DGFqC�;�P{? τ Íù�<>HLDGF�C τ =@FU?E~��ED�P{=Uÿ%DG?}?E<i��HsP{HI?ED2DGC L =@F�DôJsP{�YHIF�P{C}HL<>FkM ~�<�R@~��}HL�q=�Dô��=@H�D��}CÆ;!<>?}CE~�D�;�P{?Æ=@F¸�E<>=��ÀÂ
?E~��ED�P{= τ ′ R@D τ ,³=@F�D�B@?QP{F�ÎQ|�D bi R@D τ ?�E4398:A L �}H�ÎOñûD��}C©=@F�D�B@?QP{F�ÎQ|�D^R@D τ ′ Í�ÔF�D�JsP{�YHIF�P{C}HL<>F¦M ~�<�R@~��EHL�q=�D^��D��}=@?E~�D^D��}C�?�E4398:6�A\?�143�K]O03�6@MNA�14K~tNA�3�3FE4/D5w145�3�A τ �}H��E<>F/�}=@;@;�<>?}CÔD��}C;!<>?}CE~.;�P{? τ Í

¶ =@F�D5JsP{�YHIF�P{C}HL<>F7M ~�<�R@~��}HL��=�D���D��}=@?E~�D λ �}=@?^=@F�D5�}=@?Àÿ�P>Î�D5Î�<>F@F�DõÚ³D S Ò�<>FUP>�E�E<�ÎGHLD�R@D���P{F@HLøG?EDÎ�P{F�<>F@HL��=�D.=@F`P{?}B@?ED.?E~�DGJ Aλ P{;@;!DGJL~~1T3NC�3�A~S4KB14GS>A λ R@<>F�C©F�<>=��KP{JIJL<>F��?QP{;@;�DGJLDG?©JsP�R@~���F@HIC}HL<>F Í ÓÔDG��Â;@JsP4��<>F���ÎE|�P>��=�D©ÿ�DG=@HIJIJLDKÎ�<>�Y;�P>ÎGCED c R@D λ ;�P{?�=@FôP{F@F�D�P{=�ÿ%DG=@HIJIJLDGCE~A;�P{?�R@D���Î�<>=@?}B!D���ÿ�DG?}��~�D���;�P{?QP{JIJLøGJLD��DGCK�ó=@F@H�R0ñ =@F�D^��D��}=@?EDN=@F@H ÿ�<>?}��D�C}?QP{F��}� DG?E�EDÆ÷YÎ�D.ÿ�DG=@HIJLDGCQP{M D^R@<>F�CAJsPY��P>�Q�EDND��}C©JsP���P>�E�ED.;!<>?}CE~�DN;�P{?
c R�P{F�� λ Íca <>CE<>F�� Fλ JLDÆÿ�DG=@HIJIJLDGCQP{M DY��D��}=@?E~�;�P{?}C}HLDGJ�R@D S P{HIF��EH�<>B@CEDGFq=7DGC F̂λ �QP5;@?E~GHI��P{M D�R�P{F���JLD?EDG� öGCEDG��DGF�CA=@F@HI� DG?E�EDGJ H2 R@D S Í�ü D��©;!<>HIFqCE�ÔR@D Aλ

�Q<>FqCAR@DNR@DG=³Ú2C � ;!D��qd
} JLD��AP>R³|�~G?EDGF�Î�D��AR@D��KÎ�<>�Y;!<O�QP{F�CED��ÔR@D H2 − F̂λ ,} JLD��Ðÿ%DG=@HIJIJLD���R@D F̂λ ��=@H@F�DK�E<>F�C�;�P>��Î�<>F�CEDGFq=�D���R�P{F���J´ñòP>R³|�~G?EDGF�Î�DAR0ñ =@F�DÔÎ�<>�Y;�<O� P{FqCEDAR@D H2−F̂λ

Í
ü P&R³HL�}CQP{F�Î�DkDGFqC}?EDkR@DG=³Ú Î�<>�Y;!<O�QP{F�CED�� P̂1

DGC P̂2
R@D Aλ D��}C¦JsP��E=@HI�>P{F�CED¢d��E<>HLDGFqC x̂1 ∈ H2 =@F

;!<>HIFqCWR@D P̂1
Ò x̂2

=@F ;!<>HIFqC¦R@D P̂2
DGC [x̂1, x̂2]

JLD7�EDGMO��DGF�C/M ~�<�R@~��}HL��=�Dy��=@HKð}<>HIFqC x̂1
DGC x̂2

Ò�P{JL<>?E�
dAλ

(P̂1, P̂2) =
∫

[x̂1,x̂2]
dF̂λ

Í � DGC}CED©R³HL�}CQP{F�Î�D�ÿ´P{HIC�R@D Aλ =@F�P{?}B@?ED?E~�DGJg%Îõÿ Í W ïÔC�'4X � P{;@;!DGJL~KP{?}B@?ED©R³=�P{J�R@D
λ
ÍOü DMO?E<>=@;�D�ÿ�<>F�R�P{��DGFqCQP{J�R@D S P{MOHIC�;�P{?�HL�E<>��~GC}?}HLD����}=@? Aλ

Í � DGC}CEDÔP>ÎGC}HL<>F�D��}C�r~5�O	5QrY14GVA ÒOÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED
��=�D Aλ F�D.Î�<>FqC}HLDGF�C�P{=�ÎG=@F-�Q<>=��ÀÂ®P{?}B@?ED.HIFq�OP{?}HsP{FqCADGC�ª�?BA98J5J8QM�M�871]C�5�GH5�M91T8:A�Ke3@M�S*¥ 1T3=<98:A�M Ò³ÎOñûD��}CÀÂ®÷¼ÂoR³HI?EDN��=�DJLD.�E<>=��ÀÂ´MO?E<>=@;!D���=@H!�ECQP{B@HIJIHL�ED.=@F�DNP{?EöGCED�D��}CKP{B�~GJIHLDGF Í Õ�P{F��KÎ�DGC}CED�Î�<>F��EC}?}=�ÎGC}HL<>F�Ò@JLD��;�<>HIF�CE�KR@D Aλ

�Q<>FqC
HLR@DGF�C}H`��~���÷.R@D���;�P{?}C}HLD���R@D H2 DGC�<>FYF�<>CEDG?QP πλ : H2 → Aλ

JsP�;@?E<{ð}D�ÎGC}HL<>F�F�P{C}=@?EDGJIJLD�%R@~���F@HLDÔ÷.HL�E<>CE<>;@HLD
;@?E~��K�E=@?©=@F`� <>HL�}HIF�P{M DNR@D��ÿ�DG=@HIJIJLD��AÎ�<>�Y;�P>ÎGCED��ÔR@D λ � Í

���?> �������! 	�#"$�!%� '&)(�*�%,+'*�&$�!-/.'0�&
Λ @ ��0�&$.�12*�0�&

a <>=��ÔP{JIJL<>F��A;@?E~��EDGFqCEDG?�R�P{F��AÎ�DGC}CEDó�ED�ÎGC}HL<>F-=@F�D�M ~GF�~G?QP{JIHL� P{C}HL<>F¦R@D��AJsP{�YHIF�P{C}HL<>F��AM ~�<�R@~��}HL��=�D��K��DõÂ
�}=@?E~�D���%Îõÿ Í W z <qï�X � Íù�<>HIC Λ =@F&�E<>=��}Â´MO?E<>=@;�D/<>?ER@<>F@F�~¦R@D-?QP{F@M p R@D Rp Ü�^=@F@H.R@D/J´ñû<>?ER³?ED-JLDõÚ³HLÎ�<>MO?QP{;@|@HL�q=�D � Í Ã:<>=@?
x ∈ Λ Ò³<>FþF�<>CEDG?QP [x] JsPó;@?EDG�YHLøG?ED�%DGF`Î�<>�Y;@CQP{FqCÔR@D.JsP^MqP{=�ÎQ|�D�� DG?E�©JsPÆR³?E<>HICED � Î�<�<>?ER@<>F@F�~�D.F�<>FþFq=@JIJLDR@D x ∈ Rp Í ù�<>HLDGFqC x, y ∈ Λ ,�R@~���F@HL�Q�E<>F�� x

y

Í ù�HÐ=@F[�E<>=��ÀÂ´MO?E<>=@;!DÆR@D Λ Î�<>F�C}HLDGFqC x ��P{HL�.;�P>� y Ò�P{JL<>?E�
x
y

= 0 ,@�}H0=@F`�Q<>=��ÀÂ´MO?E<>=@;�D�R@D Λ Î�<>FqC}HLDGF�C y ��P{HL�©;�P>� x Ò�P{JL<>?E� x
y

= ∞ ,@R�P{F��©JLD��KP{=@C}?ED��ÔÎ�P>��Ò x
y

= [x]
[y]

Í

�ÔF�D<GR14r~5QO�1T8J5wE4O�v>6�EDS>6@M�5JI9K	A Λ ¹:r�A@M�K]3�6�A L D��}Có=@F�D���D��}=@?ED2÷þ�OP{JLDG=@?E�ÆR�P{F�� Λ C}?QP{F��}� DG?E�QDô÷`=@F�D
JsP{�YHIF�P{C}HL<>F M ~�<�R@~��}HL��=�D |L| d!CE<>=@C^P{?EÎ k ≈ [0, 1] ;@JL<>F@M ~�R�P{F�� S Ò!C}?QP{F��}� DG?E�QP{JLDG��DGFqCÆ÷ |L| Ò�� ~G?}H`��P{FqC
∂k ⊂ S − |L| Ò@D��EC©�^=@F@H�R0ñ =@F�DN��D��}=@?ED���F@HI��DGFqC.P>R@R³HIC}HI� D dL ÷��>P{JLDG=@?E�AR�P{F�� Λ CEDGJIJLDN�q=�D�d



Â�JLD^�}=@;@;�<>?}CKR@D dL|k D��}C |L| ∩ k ,ÂY�}H�=@FêP{?EÎ k D��}C5|�<>��<>CE<>;!D ÷y=@F�P{?EÎ k′ ;�P{?2=@F�D¦|�<>��<>CE<>;@HLD[��=@HÔJsP{HL�E�QD |L| HIFq�OP{?}HsP{FqC-P{JL<>?E�
∫

k
dL =

∫

k′
dL Í

ù�H λ D��}C�=@F�D©JsP{�YHIF�P{C}HL<>F5M ~�<�R@~��EHL�q=�D R Â´��D��}=@?E~�DA÷.�}=@;@;!<>?}C�Î�<>�Y;�P>ÎGC[ÜF�<>=���=@C}HIJIHL�EDG?E<>F���R@D���JLDGC}C}?ED��MO?ED�Î���=�D���;!<>=@?�B�P{;@C}HL�QDG?5JLD��5JsP{�YHIF�P{C}HL<>F��ôM ~�<�R@~��}HL��=�D�� R Â´��D��}=@?E~�D�� � Ò�P{JL<>?E� |λ| F�D-Î�<>F�C}HLDGFqC2;�P>�ôR@Dÿ�DG=@HIJIJLD��©F�<>F³Â´?E~�ÎG=@?}?EDGFqCED�� Ía <>=��©R³HI?E<>F��K��=�D�R@DG=³Ú5JsP{�YHIF�P{C}HL<>F��AM ~�<�R@~��}HL��=�D�� Λ Â´��D��}=@?E~�D��K��ñ HIF�CEDG?E�ED�ÎGCEDGFqCÔC}?QP{F��}� DG?E�QP{JLDG��DGFqC��}HJLDG=@?E�K�E=@;@;�<>?}CE�©JLD�ÿ%<>F�C Í

Ù�F��}=@HI�OP{FqC�W z <qï�XoÒÐF�<>=��5P{JIJL<>F��5R@~���F@HI?�JLD Λ ¹�143DC�3�A AL STK�14G R0ñ =@F�DþJsP{�YHIF�P{C}HL<>F&M ~�<�R@~��EHL�q=�D Λ Â��D��}=@?E~�D L ⊂ S
Í � <>F��}HLR@~G?E<>F���J´ñûD��};�P>Î�D preAL R@<>F�CYJLD��Æ~GJL~G��DGF�CE�Y�E<>FqC�JLD���Î�<>�Y;!<O�QP{FqCED��YR³=¸Î�<>��Â

;@JL~G��DGF�CQP{HI?EDþR@D q−1(|L|) R�P{F�� H2 Ò�<4� q : H2 → S D��}CóJsP`;@?E<{ð}D�ÎGC}HL<>F¸R@D�?EDG� öGCEDG��DGFqC Í Õ.~���F@HL�E�Q<>F��
=@F�DÆR³HL�}CQP{F�Î�D d : AL × AL → Λ �}=@?�Î�DGCÔD��};�P>Î�D�d��Q<>HLDGFqC R0

DGC R1
R@DG=³Ú¦Î�<>�Y;�<O�QP{F�CED��.Î�<>F@F�DõÚ³D��.R@D

H2 − q−1(L)
Í � |�<>HL�}HL�E�E<>F��A=@F¦P{?EÎ�M ~�<�R@~��}HL��=�D k ⊂ H2 ðÀ<>HIMOF�P{F�CA=@F/;�<>HIF�CÔR@D R0

÷�=@F-;�<>HIF�CÔR@D R1
,

JsPôR³HL�}CQP{F�Î�D d(R0, R1)
D��}C.JsP q−1(L) Â´��D��}=@?EDYR@D k ÍÊ) JÐDõÚ�HL�ECEDó=@FW=@F@HL��=�D<�÷5HL�E<>��~GC}?}HLD�;@?Eø�� � Λ Â®P{?}B@?ED

AL DGC�=@FW;@JL<>F@M DG��DGFqCóHL�E<>��~GC}?}HL�q=�D e : preAL → AL CEDGJ��q=�DÆCE<>=@C�;!<>HIFqCNR@D AL D��}C�Î�<>FqCEDGF�=yR�P{F��=@F �EDGMO��DGF�C�R@<>FqC�JLD���DõÚ�C}?E~G�YHICE~��5P{;@;�P{?}C}HLDGF@F�DGFqCþ÷ e(preAL) %Îõÿ Í Wk��Huù]X � Í�ü D���C}?QP{F��Àÿ%<>?}��P{C}HL<>F��5R@D?EDG� öGCEDG��DGF�Cóÿ�<>=@?}F@HL�E�EDGF�C^=@F�DôP>ÎGC}HL<>F7R@D π1(S) ;�P{?^HL�Q<>��~GC}?}HLD��ó�}=@? AL Í ù�H c D��}C^=@F�D5Î�<>=@?}B�D5�}HI�Y;@JLDÎ�<>�Y;�P>ÎGCEDOÒ�F�<>=���F�<>CEDG?E<>F�� δL(c) JsP^R³HL�}CQP{F�Î�D�R@DÔC}?QP{F��}JsP{C}HL<>FþR0ñ =@F�DÔHL�Q<>��~GC}?}HLD�R@D AL Î�<>?}?ED��};!<>F�R�P{FqCK÷
c ��=`Î�<>�Y��Dó~GJL~G��DGFqC�R@D π1(S)

Í
Õ�P{F��^JLD�Î�P>�ÆR0ñ =@F�D�JsP{�YHIF�P{C}HL<>FUM ~�<�R@~��}HL��=�D R Â´��D��E=@?E~�DOÒ�J´ñòP{?}B@?ED2P{HIF��}H�<>B@CEDGFq=kD��}CóHL�E<>��~GC}?}HL�q=�Dô÷J´ñòP{?}B@?EDNR@~���F@H�R�P{F��KJsP��ED�ÎGC}HL<>Fy� Í �^DGC©F�<>=��KJLD��©HLR@DGF�C}H`��DG?E<>F�� Í
Õ�P{F���JLDþÎ�P>��M ~GF�~G?QP{JK<4� Λ D��ECÆ=@F �Q<>=��ÀÂ´MO?E<>=@;�D2R@D Rp Ò:J´ñòP2.�?}��P{C}HL<>F
�}=@HI�>P{F�CED2?EDGJIHLD δL(c) ÷/JsP��P>�E�QD�R@D�JsPÆ��D��}=@?ED�C}?QP{F��}� DG?E�QDN�q=�D L R@~G;�<O�QD��}=@?©=@F�DNÎ�<>=@?}B!DN�}HI�Y;@JLDNÎ�<>�Y;�P>ÎGCED c ⊂ |L| Í

�54m�4��²�ÌiÀQ��Ó¸Á���Üu�JÁP��A E4Ke3�KeOcA^U�ETK]3DC�A�M@5Qr\?cGRA�U�E4r�?�1>UN8:A c ⊂ |L| ��GR1�S45�M�8714OcU�A δL(c) A�M�8[G`1�S]A�r~5�¹MNE4r~rYA�S>A@Mqr�A@M�K]3�A@M�?�ET3�8:6�A�Mz?�143�GVA@M�S>A9r�5Q¹ktDA�Ke5�GQGVA@M�S>A L I9K]5©M7?�5Q3|1TGRA�O�8©GVAqGRE4O]v^S>A c £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC c̃ =@F�?EDGJLDG� ~[R@D c ÷ H2 DGC g J´ñû~GJL~G��DGF�C`R@D π1(S) �q=@H.JsP{HL�E�QD c̃ HIFq�OP{?}HsP{FqC Ía <>CE<>F�� q : H2 → S JsP7;@?E<{ð}D�ÎGC}HL<>F(R@D/?EDG� öGCEDG��DGF�C Í ù�H c D��}Cô=@F�D/ÿ%DG=@HIJIJLD¦HL�E<>JL~�DOÒ©P{JL<>?E� g �@Ú@D-JLD��Î�<>�Y;!<O�QP{FqCED��AR@D H2 − q−1(|L|) R@<>F�C©JLD�B�<>?ER2Î�<>FqC}HLDGF�C c̃ DGC<>F`P δAL(c) = 0

Í ù�HIF�<>F�Ò@Î�<>F��}HLR@~G?E<>F��©=@F
;!<>HIFqC x̃ R�P{F���=@F�D�Î�<>�Y;!<O�QP{FqCED.R@D H2− q−1(|L|) R@<>FqCJ´ñòP>R³|�~G?EDGF�Î�D.Î�<>FqC}HLDGFqC©=@FôB!<>=@C ξ R@D c̃ Í]a <>CE<>F��
[x̃, gx̃] J´ñòP{?EÎóM ~�<�R@~��}HL��=�DAðÀ<>HIMOF�P{F�C x̃ ÷ gx̃ DGC d ⊂ AL J´ñ HI��P{M DóR@D ⋃

i∈Z
[gix̃, gi+1x̃] ;�P{?ÔJsP�;@?E<{ðÀD�ÎGC}HL<>F

H2 − q−1(|L|) → AL ,:J´ñûDGFq� DGJL<>;@;!DþÎ�<>Fq� DõÚ@D d̄ ⊂ AL R@D d D��}CÆHIFq�OP{?}HsP{FqCEDþ;�P{? g Í � <>�Y��D c F�ñûD��EC;�P>�Ô=@F�D�ÿ�DG=@HIJIJLD^HL�Q<>JL~�DOÒ [x̃, gx̃] HIFqCEDG?E�QD�ÎGCED q−1(L) DGCÔ;�<>=@? i < j Ò�JLD��.P{?EÎ�� [gix̃, gi+1x̃] DGC [gj x̃, gj+1x̃]HIF�CEDG?E�ED�ÎGCEDGFqCÐJsP©��öG��D�Î�<>�Y;!<O�QP{FqCED�Î�<>F@F�DõÚ³D�R@D H2−q−1(L) �}H�DGC��EDG=@JLDG��DGF�C:�}H j = i+1
Í ïÔFÆDGFóR@~�R³=@HIC

��=�D d̄ D��}C©=@F�D�R³?E<>HICED�;@JL<>F@M ~�DOÒ�ÎOñûD��}CAR@<>F�Î.J´ñòP¼Ú@D�R@D g Í ïÔF-DGF`Î�<>F�ÎGJI=@CA��=�D.JsP�R³HL�}CQP{F�Î�DNR@D.C}?QP{F��EJsP{C}HL<>FR@D g P{MOHL�Q�QP{FqCA�E=@? AL D��}C©JsPÆ��D��}=@?ED^R@D [x̃, gx̃]
Í � D�ÎGH�P>ÎQ|�øG� DNJsP�;@?EDG=@� D^R@D.J´ñòP2.�?}��P{C}HL<>F Í

Õ�P{F���JsPN�}=@HICEDOÒOF�<>=���P{;@;!DGJIJLDG?E<>F����EHI�Y;@JLDG��DGFqC�JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL�q=�D�����D��}=@?E~�D���JLD���JsP{�YHIF�P{C}HL<>F��
M ~�<�R@~��}HL��=�D�� R Â´��D��}=@?E~�D�� Í

���CB D,.�12EF��GH0I0J�LK'12��&$&M*�0�N	�O1P.' 	0RQ!�����! 	�#"$�!%� S(�*�%,+	*�&M�T-U.	0
a <>=��AP{JIJL<>F���P>�E�E<�ÎGHLDG?Ô÷Æ=@F�D�JsP{�YHIF�P{C}HL<>F¦M ~�<�R@~��}HL��=�DNÎ�<>F@F�DõÚ@D�=@F�DN�}=@?Àÿ´P>Î�DN��=�ñûDGJIJLD�?EDG�Y;@JIHICADGCA��=�D

F�<>=���P{;@;�DGJIJLDG?E<>F����}=@?Àÿ´P>Î�DNDG�^B@?QP>�E�Q~�DN;�P{?ÔÎ�DGC}CED^JsP{�YHIF�P{C}HL<>F Í�ü ñûDõÚ�HL�}CEDGF�Î�DóR0ñ =@F�DNCEDGJIJLDó�}=@?Àÿ�P>Î�D^D��}CK=@F�D
;@?E<>;@?}HL~GCE~^B@HLDGF`Î�<>F@Fq=�D^R@D��KJsP{�YHIF�P{C}HL<>F��AM ~�<�R@~��}HL��=�D�� Í
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ù�<>HIC E =@F`P{F@F�D�P{=`<>=2?}=@B�P{F`R@D z+µ B@HI=��©D��Q�EDGFqC}HLDGJs,@�}H�=@F�D�Î�<>�Y;!<O�QP{FqCED ∂2E
R@D ∂E D��ECÎ�<>F�CEDGFq=�D

R�P{F���=@F�CE<>?EDAR@D ∂M ,qP{JL<>?E��J´ñòP{=@C}?EDAÎ�<>�Y;!<O�QP{FqCED ∂1E
R@D ∂E D��EC�|�<>��<>CE<>;!DÔ÷.=@F�DAM ~�<�R@~��}HL��=�DA�EHI�Y;@JLD

Î�<>�Y;�P>ÎGCEDôR@D ∂M Í Ù�FyJsP`�^=@F@HL�E�QP{F�CÆR0ñ =@F�D���D��}=@?ED�R@D5Õ�HI?QP>Î�R@D�;!<>HLR@� 1 Ò�<>F7<>B@C}HLDGFqCÆ=@F�D�JsP{�YHIF�P¼ÂC}HL<>F5M ~�<�R@~��}HL��=�D©��D��}=@?E~�DÔ�q=�DKF�<>=���F�<>CEDG?E<>F���DGF�Î�<>?ED ∂E ,OF�<>=���P{;@;�DGJIJLDG?E<>F���Î�DGC}CEDKM ~�<�R@~��}HL��=�D©ÿ�DG?}��~�D
�}HI�Y;@JLD5=@F�D0U�E4Ke3NC�A�?�143F1>CFE4GH5JINKBA %DGFUD�
0DGC�Ò�Î�DGC}CEDôÎ�<>=@?}B!D5D��}CÆ=@FU;�P{?QP{B�<>JIHL��=�DôP>Î�ÎGHLR@DGF�CEDGJ©;�<>=@?óCE<>=@CED
��~GC}?}HL��=�DKM ~�<>��~GC}?}HL��=�DG��DGFqCo��F@HLDA�E=@?�J´ñ HIFqCE~G?}HLDG=@?©R@D M � Í ù�H�JLDAB�<>?ER�R@D E F�DÔÎ�<>FqC}HLDGF�C�;�P>��R@DKÎ�<>=@?}B!D��
;�P{?QP{B!<>JIHL�q=�D��iÒi<>F^;!DG=@C�|�<>��<>CE<>;!DG? E R@D�ÿ�P4��<>FY÷©Î�D���=�D��Q<>F^B!<>?ER^�E<>HIC�=@F�D�JsP{�YHIF�P{C}HL<>FÆM ~�<�R@~��}HL��=�D Í Ù�F
�ó=@F@HL�E�QP{FqC�JLD���ÿ�DG=@HIJIJLD���R@DÎ�DGC}CEDJsP{�YHIF�P{C}HL<>F�R@D;!<>HLR@��~GMqP{=³Ú�P{=YR@DGMO?E~©R@DJsPÔ?ED��}C}?}HLÎGC}HL<>F�R@D�J´ñ |�<>��<>CE<>;@HLD
P{=2B!<>?ERþR@D E Ò@<>F2DGFôÿ´P{HIC©=@F�D�JsP{�YHIF�P{C}HL<>F`M ~�<�R@~��EHL�q=�D.��D��}=@?E~�D.��=�D.F�<>=��F�<>CEDG?E<>F�� ∂E Í Õ.DÔ��P{F@HLøG?ED�}HI�YHIJsP{HI?EDOÒ��}H D D��ECK=@F-R³HL�E��=�D�D��E�EDGF�C}HLDGJ´Ò�DGF`�ó=@F@HL�E�QP{FqCÔJsP�M ~�<�R@~��}HL�q=�D�ÿ%DG?}��~�DNÎ�<>�Y;�P>ÎGCED^|�<>��<>CE<>;�DÆ÷
∂D R0ñ =@F�DÆ��D��}=@?EDóR@DÆÕ�HI?QP>Î�R@D^;!<>HLR@� 1 Ò!<>FW<>B@C}HLDGFqC.=@F�DÆJsP{�YHIF�P{C}HL<>F[M ~�<�R@~��EHL�q=�Dó��D��}=@?E~�D ∂D Í ù�<>HIC
λ ⊂ ML(∂M) DGC E ⊂ M =@FWR³HL�E�q=�DOÒ!P{F@F�D�P{=[<>=/?}=@B�P{FWR@D z+µ B@HI=��.D��E�EDGF�C}HLDGJ�P{JL<>?E� i(λ, ∂E) D��}C�JLDF�<>�óB@?ED^R0ñ HIFqCEDG?E�QD�ÎGC}HL<>F/R@D λ DGCKR@D�JsPÆJsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL��=�D���D��}=@?E~�D ∂E R@~���F@HLD�;@?E~�Î�~�R@DG�Y��DGF�C Í

a <>CE<>F�� M J´ñûDGF��EDG�óB@JLDþR@D��ó�ó=@JIC}H ÂoÎ�<>=@?}B�D��YR@D ∂M R@<>FqCYÎE|�P>��=�D2Î�<>�Y;�<O� P{FqCED2B!<>?ER@D�=@FkR³HL�E��=�D
D��E�QDGFqC}HLDGJ©DGC adh(M) J´ñòP>R³|�~G?EDGF�Î�DþR@D M R�P{F��ÆJ´ñûD��};�P>Î�D L(∂M) %�q=@HD��}CÆ�^=@F@HKR@D5JsP/CE<>;�<>JL<>MOHLD2R@D�.P{=��ER@<>?|
 � Í�ÔF¦ÿ%DG=@HIJIJLD l̃ R0ñ =@F�D�JsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�D L̃ ⊂ ∂M̃ D��}C�R³HICED�;�E4rYEDU9GH5�O	5wI9K	A JL<>?E�E��=�ñûDGJIJLD�Î�<>FqC}HLDGFqC



R@DG=³ÚW�}=@HICED���R@D�;�<>HIF�CE� (xn)
DGC (yn)

CEDGJL�N�q=�DÆJsPôR³HL�}CQP{F�Î�DYDGF�C}?EDYJLD��.;�<>HIF�CE� xn DGC yn ��D��}=@?E~�DY�}=@?.JsPÿ�DG=@HIJIJLDYCEDGF�R � DG?E�^J´ñ HIF���F@H�P�� D�Î n Ò0CQP{F�R³HL�^��=�DYJLDG=@?^R³HL�}CQP{F�Î�D5R�P{F�� M̃ ?ED��}CEDYB!<>?}F�~�D�%Î�DGC}CED5R@~���F@HIC}HL<>F
R³H`
0øG?EDóR@D�Î�DGJIJLD��.R@D�W ïÔC��9XÐ<4�¦=@F�DóCEDGJIJLD^ÿ�DG=@HIJIJLD�D��}C�P{;@;!DGJL~�Dóÿ�P{HIB@JLDG��DGF�C�|�<>��<�ÎGJIHIF@HL��=�D � Í �AF�D^ÿ�DG=@HIJIJLD lR0ñ =@F�DóJsP{�YHIF�P{C}HL<>F[M ~�<�R@~��EHL�q=�D L ⊂ ∂M D��ECÔR³HICEDó|�<>��<�ÎGJIHIF@HL��=�D��}H:DGJIJLDó;!<O�E�Eø�R@DN=@F¦?EDGJLDG� ~Y÷ ∂M̃ ��=@H
D��}C�|�<>��<�ÎGJIHIF@HL�q=�D Í �ÔF¦ÎG?}HICEøG?ED�R@D � P>�E�E<>FWR³HIC.��=�ñ =@F�DóJsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�DÆÎ�<>F@F�DõÚ³D�D��}C.Î�<>FqCEDGF�=�D
R�P{F�� adh(M) �}HKDGC��EDG=@JLDG��DGF�C��}H©DGJIJLD`Î�<>FqC}HLDGF�C�=@F�Dôÿ�DG=@HIJIJLD2|�<>��<�ÎGJIHIF@HL��=�D Í©a <>=��YF�ñ =@C}HIJIHL�EDG?E<>F��Y;�P>�Î�DGC}CEDN~���=@HI�OP{JLDGF�Î�DOÒ@��P{HL�A�EDG=@JLDG��DGF�CKJ´ñ HI�Y;@JIHLÎ�P{C}HL<>FW�}=@HI�>P{F�CEDYd
���*�]�P���]���!ÁP�JÁP�ba OcAqG`14r~5QO�1T8J5wE4O�v>6FEDS>6�M@5wI9KBAYS>A adh(M) U�E4OP8J57A�OP8�K]OuA©tDA�Ke5�GQGVA�;�E4rYEDU9GH5�O	5wI9K	AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=��AP{JIJL<>F��K?EDG;@?EDGF�R³?EDNDGCÔÎ�<>�Y;@JL~GCEDG?AJsP�R@~G��<>F��}C}?QP{C}HL<>F¦R@DYW ïÔC��9X Í

ù�<>HIC (Dn)
=@F�D2�}=@HICEDôR@D5R³HL�E��=�D��ÆD��E�EDGFqC}HLDGJL�YR@<>F�C�JLD��óB!<>?ER@� ∂Dn

Î�<>Fq� DG?}M DGFqCYM ~�<>��~GC}?}HL��=�DG��DGFqC
� DG?E��=@F�DKJsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL��=�D L ∈ adh(M)

Í � <>F��}HLR@~G?E<>F���=@F5R@<>��P{HIF�DKÿ�<>F�R�P{��DGFqCQP{J�?EDGJsP{C}HI� DG��DGFqC
Î�<>�Y;�P>ÎGC;!<>=@?�J´ñòP>ÎGC}HL<>FþR@D π1(M) �}=@? M̃ DGC�F�<>CE<>F�� D̃n

=@F5?EDGJLDG� ~.R@D Dn
�q=@H�HIFqCEDG?E�ED�ÎGCED�Î�D�R@<>��P{HIF�D Ía <>=��KR³HL�}C}HIF@MO=�DG?E<>F��ÔR@DG=³ÚþÎ�P>�A�}=@HI�>P{F�CA��=�D.JsPY�}=@HICED�R@D��KR³HsP{��øGC}?ED���R@D�� ∂D̃n
D��}CKB!<>?}F�~�D�<>=`F�<>F Í

ù�H�JLD��AR³HsP{��øGC}?ED���R@D�� ∂D̃n
�E<>FqCÔ��P¼ðÀ<>?E~���Ò�P{JL<>?E�AJLD�� ∂D̃n

�E<>F�CÔÎ�<>FqCEDGF�=��.R�P{F��K=@F-��öG��DóÎ�<>�Y;�P>ÎGC
R@D ∂M̃ DGC�Ò���=@HIC}CED5÷-DõÚ�C}?QP{HI?ED�=@F�D��E<>=��ÀÂo�E=@HICEDOÒ�Î�<>Fq� DG?}M DGF�C�� DG?E�^=@F7?EDGJLDG� ~ L̃ R@D L Î�<>FqCEDGF�=UR�P{F��ÆÎ�D
Î�<>�Y;�P>ÎGC Í �ÔF-JsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL�q=�DÆÎ�<>FqCEDGF�=�DYR�P{F���=@F¦Î�<>�Y;�P>ÎGC�D��}CÔ=@F�D^=@F@HL<>F[R@D^ÿ%DG=@HIJIJLD��Ô|�<>��<{Â
ÎGJIHIF@HL��=�D���Ò�Î�D���=@H0;@?E<>=@� DNJ´ñòP2.�?}��P{C}HL<>F¦R�P{F��KÎ�DNÎ�P>� Í

ù�=@;@;!<O�E<>F��Y��P{HIF�CEDGF�P{FqCô�q=�D2JLD��YR³HsP{��øGC}?ED��5R@D�� ∂D̃n
F�Dþ�E<>FqCY;�P>�Y��P¼ð}<>?E~��g,���=@HIC}CED`÷¦;�P>�E�EDG?�÷

=@F�D2�E<>=��ÀÂo�E=@HICEDOÒ:<>Fk;!DG=@CÆ�E=@;@;�<O�EDG?Y��=�D diam(∂D̃n) −→ ∞ Í � <>F��EHLR@~G?E<>F��Y=@F�D5ÿ�P{�YHIJIJLD (Ei) ⊂ MR@DÆR³HL�E��=�D���D��Q�EDGFqC}HLDGJL��R@DG=³Ú¦÷ôR@DG=³Ú-F�<>FW|�<>��<>CE<>;!D���DGC�R@D�Î�P{?ER³HIF�P{JIHICE~���P¼Ú³HI��P{JLD-,�HIJL��R@~�Î�<>=@;!DGFqC MDGF[=@F�DY?E~G=@F@HL<>FUR@D��>P{?}HL~GCE~��Æ÷ôB�<>?ER HIF�Î�<>�Y;@?ED��E�}HIB@JLD�DGCNR@D�;�P{FqCQP{JL<>F��Æ�E<>JIHLR@D�� Pq Ü|�<>��~�<>��<>?};@|�D���÷R@D��YB!<>=@JLD�� � Í�ü DþÎ�<>�Y;@JL~G��DGFqCQP{HI?EDWR�P{F�� ∂M R@D2JLDG=@?E��B�<>?ER@� (∂Ei)
D��}CY=@F�D`?E~G=@F@HL<>F�R@Dþ;�P{FqCQP{JL<>F��

DGC�R@D2�}=@?Àÿ�P>Î�D�� Σq
P�� D�Î`P{=U;@JI=���=@F�DôÎ�<>�Y;!<O�QP{F�CEDôR@DôB!<>?ER¡%R0ñòP{;@?Eø���JsP`��P¼Ú³HI��P{JIHICE~þR@D (Ei) � Í&a <{ÂCE<>F�� d1 = maxj{max{dM̃ (x, y)/x, y ∈ Ẽj}} <4� Ẽj ;�P{?EÎ�<>=@?}CNJ´ñûDGF��EDG�óB@JLD�R@D��^Î�<>�Y;!<O�QP{F�CED��^R@D

p−1(
⋃

iEi)
DGC d2

JLD���P¼Ú³HI�^=@� R@D���R³HsP{��øGC}?ED���R@D��Ð;�P{FqCQP{JL<>F����Q<>JIHLR@D�� Pq R@D M−⋃

iEi
Í ù�<>HIC V =@FY� <>H Â�}HIF�P{M DK?E~GMO=@JIHLDG?�R@D ⋃

iEi
, ��=@HIC}CEDA÷.��<�R³H`��DG? Dn

;�P{?�=@F�D©|�<>��<>CE<>;@HLDA��=@HB�@Ú@D ∂Dn
Ò <>F�;!DG=@C��}=@;@;!<O�EDG?

��=�D�JLD��óP>R³|�~G?EDGF�Î�D��óR@D��^Î�<>�Y;!<O�QP{FqCED��óÎ�<>F@F�DõÚ³D��óR@D Dn − V �Q<>FqC^R@D��óR³HL�E�q=�D��N;@?E<>;@?EDG��DGFqCÆ;@JL<>F@M ~��
R�P{F��©J´ñòP>R³|�~G?EDGF�Î�DóR@D ∂M ∪ ∂V Í � <>�Y��Dó<>F-PY�}=@;@;!<O�E~��q=�D.JLD�R³HsP{��øGC}?EDóR@D�� ∂D̃n

F�ñûD��}C©;�P>�K��P¼ð}<>?E~OÒ
;!<>=@? n P>�E�QD9fóMO?QP{F�R0Ò ∂Dn

F�ñûD��EC�JIHIB@?EDG��DGF�CN|�<>��<>CE<>;!D�÷ôP{=�ÎG=@F R@D��.��~G?}HLR³HLDGF�� ∂Ej Íu) J���ñûDGF��E=@HIC.��=�D
Dn

F�ñûD��}CK;�P>�KÎ�<>F�CEDGFq=/R�P{F��A=@F�DNÎ�<>�Y;!<O�QP{FqCEDNR@D ∂M ∪ ∂V Íù�<>HLDGF�C ∆̃ =@F�?EDGJLDG� ~AR0ñ =@F�CEDGJ�R³HL�Q�q=�DKDGC C̃ J´ñòP>R³|�~G?EDGF�Î�D�R@D©JsP�Î�<>�Y;!<O�QP{FqCEDÔÎ�<>F@F�DõÚ³DÔR@D M̃−p−1(V)��=@H�Î�<>FqC}HLDGF�C ∆̃ CEDGJL�A��=�D ∂C = p(∂C̃) D��}CÔ=@F�D^�}=@?Àÿ´P>Î�D�HIF�Î�<>�Y;@?ED��E�}HIB@JLD Í � <>�Y��D ∂C D��}CKHIF�Î�<>�Y;@?ED��ÀÂ
�}HIB@JLDOÒ!P{JL<>?E� ∂∆ B!<>?ER@DÆ=@F¦R³HL�E��=�D ∆′ ⊂ ∂C

Í � <>�Y��D M D��ECÔHI?}?E~�R³=�ÎGC}HIB@JLDOÒ ∆ ∪∆′ B!<>?ER@Dó=@F�DóB!<>=@JLD
B ⊂ C

Í ù�<>HLDGFqC B̃ JLD5?EDGJLDG� ~þR@D B �q=@HÎ�<>FqC}HLDGF�C ∆̃ DGC ∆̃′ JLD5?EDGJLDG� ~þR@D ∆′ Î�<>FqCEDGFq=
R�P{F�� B̃ ,Ð<>F P
∂B̃ = ∆̃∪ ∆̃′ Í ù�<>HIC F̃ =@F�DKÎ�<>�Y;�<O� P{FqCED�Î�<>F@F�DõÚ³DÔR@D ∆̃′∩∂M̃ ,OF�<>CE<>F�� Σq

JsPNÎ�<>�Y;!<O�QP{FqCEDÔR@D ∂M −V��=@H!HIFqCEDG?E�ED�ÎGCED p(F̃ )
Í³z <>FqC}?E<>F��K��=�D F̃ D��}C©�}HI�Y;@JLDG��DGFqCKÎ�<>F@F�DõÚ@D Í ù�H0Î�DÔF�ñûD��EC�;�P>��JLD.Î�P>��Ò ∂F̃ Î�<>FqC}HLDGFqC

=@F�DóÎ�<>=@?}B�D c̃ ⊂ ∂Σ̃q
,�Î�<>�Y��D Σq

F�ñòP��q=�ñ =@F�DóÎ�<>�Y;�<O� P{FqCED�R@DNB!<>?ER0Ò ∂Σq = p(c̃)
Í � <>�Y��D Dn

F�ñûD��}C
;�P>��Î�<>FqCEDGF�=`R�P{F���=@F�D�Î�<>�Y;�<O� P{FqCED.R@D M −V Ò c HIFqCEDG?E�ED�ÎGCED ∆ DGC c̃ HIFqCEDG?E�QD�ÎGCEDÔ=@FôC}?QP{F��}JsP{CE~�R@D ∆̃

Í�ü P
B!<>=@JLD B ~GCQP{F�CÔ;@JL<>F@M ~�DOÒ B̃ D��}C�R³HL�%ðÀ<>HIF�CEDóR@Dó�ED��ÔC}?QP{F��}JsP{CE~��ÔDGC c̃ ⊂ ∂B̃ F�ñ HIFqCEDG?E�QD�ÎGCEDó;�P>��R@DNC}?QP{F��EJsP{CE~
R@D ∆̃ ⊂ ∂B̃

Í
ü PY�}=@?Àÿ´P>Î�D F̃ D��}CAR@<>F�ÎN=@F-R³HL�E��=�D Í � <>�Y��D F̃ ⊂ ∆̃′ Ò³JsP�?ED��EC}?}HLÎGC}HL<>F/R@D p ÷ F̃ D��}C©=@F`|�<>��~�<>��<>?ÀÂ

;@|@HL�}��D Í!ü DÆR³HL�E��=�D F = p(F̃ ) D��}C�Î�<>F�CEDGFq=yR�P{F���JsP5�}=@?Àÿ´P>Î�D Σq
,��E<>F[P{HI?EDÆD��EC�R@<>F�ÎÆHIF³ÿ�~G?}HLDG=@?ED�÷�=@F�D

Î�<>F��}CQP{F�CED A �q=@H:F�D�R@~G;�DGF�RW��=�DóR@D���C � ;!D���CE<>;�<>JL<>MOHL��=�D���R@D�� Σk

Í � <>�Y��DÆJ´ñòP{HI?EDYR@D F̃ D��}C.��P¼ð}<>?E~�D
;�P{? A ÒOHIJ�DõÚ³HL�}CED©=@F�DÔÎ�<>F��}CQP{FqCED d3

��=@H@F�DAR@~G;!DGF�R���=�DKR@D A DGC�R@D d1
DGC�=@F�DKÎ�<>JIJLD�ÎGC}HL<>F2R0ñòP{?EÎ�� k̃′jn ⊂ F̃R@<>F�C�JLD��YB!<>?ER@���E<>F�C5Î�<>FqCEDGF�=��5R�P{F�� (∂F̃ − V) ⊂ ∂D̃n

Ò��q=@HÔ�E~G;�P{?EDGFqC F̃ DGF�R@D���Î�<>�Y;!<O�QP{FqCED��ôR@D
R³HsP{��øGC}?ED^HIF³ÿ%~G?}HLDG=@?.÷ d3

DGCA� ~G?}H`��DGFqC l∂M̃ (k̃′jn ) ≤ 3d1
Ü� <>HI?z��MO=@?ED�� Í � � Í ïÔF`;@?E<{ð}DGC}CED^DGF��}=@HICEDNÎ�D���P{?EÎ���}=@?KR@D��ÔP{?EÎ�� k̃jn ⊂ ∆ ��=@H�<>FqCKJLD��©��öG��D��ÔDõÚ�C}?E~G�YHICE~��Ô�q=�D.JLD�� k̃′jn ÍïÔF¸?E~�P{JIHL�QDþÎ�DGC}CEDþÎ�<>F��}C}?}=�ÎGC}HL<>F ;!<>=@?�ÎQ|�P>ÎG=@F�D`R@D��YÎ�<>�Y;!<O�QP{FqCED��5R@D D̃n − V DGC�<>F P¼ðÀ<>=@CED`P{=³Ú

k̃jn
JLD��.Î�<>�Y;�<O�QP{F�CED��NR@D p−1(

⋃

iEi) ∩ D̃n
;!<>=@?�Î�<>F��EC}?}=@HI?ED�=@F�DóF�<>=@� DGJIJLDÆÿ´P{�YHIJIJLD k̃jn R0ñòP{?EÎ��^R@<>FqC.JLD��



Ẽi

F̃

k̃′jn

Ý �uß�Þ�� Í � } �ÔFþ?EDGJLDG� ~^R@D F Í

B!<>?ER@�Y�E<>FqC�Î�<>F�CEDGFq=��ôR�P{F�� ∂D̃n
DGC��q=@HK�Q~G;�P{?EDGFqC D̃n

DGF R@D��YÎ�<>�Y;!<O�QP{F�CED���Î�<>F@F�DõÚ@D�� C CEDGJIJLD�����=�D
diam(∂C −⋃

j k̃
j
n) ≤ d = max{d2, d3}

Í
ù�<>HLDGF�C N =@F2DGF�C}HLDG?©DGC n P>�E�ED9f�MO?QP{F�R�;!<>=@?©�q=�D diam(∂D̃n) ≥ 2N ,��E<>HLDGFqC x̃n DGC ỹn R@DG=³Ú�;�<>HIF�CE�R@D ∂D̃n

��=@H0?E~�P{JIHL�EDGFqCA�Q<>F2R³HsP{��øGC}?ED Í ÕÆñòP{;@?Eø��KJsP^;@?E<>;@?}HL~GCE~^R@D��E~G;�P{?QP{C}HL<>F-R@D�� k̃jn Ò³HIJ0DõÚ�HL�}CED.=@F`P{?EÎ k̃0
nR@<>F�CAJLD��KB!<>?ER@�A�Q~G;�P{?EDGFqC ∂D̃n

DGF-R@DG=³Ú-P{?EÎ�� c̃x̃n

DGC c̃ỹn

Î�<>F�CEDGF�P{FqC�?ED��};�D�ÎGC}HI� DG��DGF�C x̃n DGC ỹn DGCAR@<>F�CJ´ñ =@F�Ò c̃x̃n
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D��}C©HIF³ÿ�~G?}HLDG=@?ED^÷ 3d1
,

HIH � N ≤ dM̃ (x̃n, ∂c̃x̃n) ≤ N + d
Í

� DG?E� ỹn

� DG?E� ỹn

x̃n

Ý �Üß�Þ�� Í � } �AF`DõÚ@DG�Y;@JLDNR0ñòP{?EÎ c̃x̃n
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n ∈ {k̃jn}j∈N
=@F P{?EÎ[��=@H´Ò

R�P{F�� D̃n
Ò��Q~G;�P{?ED x̃n DGC ỹn ,�<>FWP�P{JL<>?E� 2N ≤ d(x̃n, ỹn) ≤ d(x̃n, k̃

1
n) + d(ỹn, k̃

1
n)
Í ïÔF/DGF¦R@~�R³=@HICÔ��=�D

max{d(x̃n, k̃1
n), d(ỹn, k̃

1
n)} ≥ N
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Í ù�H d(x̃n, k̃1
n) ≤ N+d ÒP{JL<>?E��<>F�;@?EDGF�R k̃0

n = k̃1
n

Í ù�HIF�<>F�Ò�F�<>CE<>F�� C1
JsPWÎ�<>�Y;�<O� P{FqCED-R@D D̃n −

⋃

j k̃
j
n
CEDGJIJLD`��=�D k̃1

n ⊂ ∂C1DGC[��=�D k̃1
n
�E~G;�P{?ED C1

R@D ỹn Í ù�<>HIC k̃2
n 6= k̃1

n
=@F P{?EÎkR@D C1

��=@HY�E~G;�P{?ED x̃n R@D k̃1
n
,.<>F P�P{JL<>?E�

d(x̃n, k̃
2
n) ≥ d(x̃n, k̃

1
n) − d > N + d − d

Í ù�H d(x̃n, k̃2
n) > N + d Ò:<>FU?E~GHICEøG?ED2J´ñû<>;!~G?QP{C}HL<>F Í-a <>CE<>F��

q1
Ü?ED��}; Í q2 � JLD�F�<>�óB@?ED�R@DÔÎ�<>�Y;!<O�QP{FqCED��©Î�<>F@F�DõÚ@D��©R@D C1−

⋃

j k̃
j
n
�q=@H!�E~G;�P{?EDGF�C x̃n R@D k̃1

n
Ü?ED��}; Í k̃2

n � Ò<>F¸P/P{JL<>?E� d(x̃n, k̃2
n) ≤ q2d

DGC q2 < q1
Í � <>�Y��D q2 < q1

Ò:P{;@?Eø��Æ=@FkF�<>�^B@?EDL��F@H©R0ñ HICE~G?QP{C}HL<>F���ÒÐ<>F
<>B@C}HLDGF�CA=@F-P{?EÎ k̃in ��=@H�PÆJLD��©;@?E<>;@?}HL~GCE~��AR@D k̃0

n

Í
ù�H diam(c̃x̃n) ≥ 2N Ò!<>F[?EDõÿ´P{HIC�JsP���öG��D�Î�<>F��}C}?}=�ÎGC}HL<>FyDGFW?EDG�Y;@JsP4��P{FqC ∂D̃n

;�P{? c̃x̃n ∪ k̃0
n
DGCN<>F



<>B@C}HLDGF�CÆ=@FUF�<>=@� DGJKP{?EÎ c̃x̃′n ( c̃x̃n

Í ïÔFkP¦P{JL<>?E� ]{c̃x̃′n ∩
⋃

j k̃
j
n} < ]{c̃x̃n ∩

⋃

j k̃
j
n} Ò�R@<>F�ÎþP{;@?Eø��Æ=@FF�<>�óB@?ED©��F@H�R0ñ HICE~G?QP{C}HL<>F���Ò¼<>FÆ<>B@C}HLDGFqC:=@FÆP{?EÎ c̃x̃n
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Système admissible

S = surface hachurée
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l̃ ⊂ ∂M̃ =@F�DKM ~�<�R@~��}HL�q=�DÔDGC l̃ �E<>F�C�P>R³|�~G?EDGF�Î�D�R�P{F�� M̃ ,q<>FôR³HI?QPN��=�D l̃ 1�S>A�KTp<CFE4K�8QM�C�57A�O�S>6Qx©O	5�M R�P{F��
∂M̃ �}H l̃ − l̃ D��}CÔÎ�<>F��}C}HIC}=�~NR@DY�N<>=-��;!<>HIFqCE�AR@D Lρ Í

ù�<>HIC (σn)
=@F�D¸�}=@HICEDkR@D7��~GC}?}HL��=�D��W| � ;!DG?}B�<>JIHL��=�D��[Î�<>�Y;@JLøGCED�� �}=@? int(M) ,�Î�DGC}CED¸�E=@HICED (σn)U�ETO	/�A�3wv>A�14G�v>6DC93@5wI9K	A�r�A�OP8 ��ñ HIJ�DõÚ³HL�}CEDY=@F�D��}=@HICED�R@DY?EDG;@?E~��EDGFqCQP{C}HL<>F�� ρn : π1(M) → Isom(H3) P>�E�E<{ÂÎGHL~�D��AP{=³Ú σn CEDGJIJLD��q=�D (ρn)

Î�<>Fq� DG?}M DÆP{JIM ~GB@?}HL�q=�DG��DGF�C�Ò�ÎOñûD��}CÀÂ®÷¼ÂoR³HI?EDN��=�ñ HIJ�DõÚ³HL�}CED.=@F�D.?EDG;@?E~��EDGFqCQP{C}C}HL<>F
ρ∞ : π1(M) → Isom(H3) CEDGJ0��=�D ρn(g) Î�<>Fq� DG?}M D.� DG?E� ρ∞(g) ;!<>=@?�CE<>=@C g ∈ π1(M)

Í ÕÆñòP{;@?Eø���Wû� <>?�XoÒ
ρ∞

D��}CÔ=@F�DN?EDG;@?E~��EDGF�CQP{C}HL<>F0��R@øGJLD^D��}C�R³HL�EÎG?EøGCED Í Ã:<>=@? n ∈ N ∪ {∞} Ò�F�<>CE<>F�� Mn = H3/ρn(π1(M)) ,
���



;!<>=@?�CE<>=@C n HIJ!DõÚ�HL�}CEDA=@F�DÔ~���=@HI�OP{JLDGF�Î�D�R0ñ |�<>��<>CE<>;@HLD.DGF�C}?ED Mn
DGC M∞

Òq��P{HL��Î�DGC}CED�~���=@HI�>P{JLDGF�Î�D.R0ñ |�<{Â
��<>CE<>;@HLD�F�ñûD��ECK;�P>�©CE<>=>ð}<>=@?E�K?E~�P{JIHL�E~�D�;�P{?©=@F-|�<>��~�<>��<>?};@|@HL�}��DL%Îõÿ Í W Ý F � X � Íü P �E=@HICED (σn)

U�E4OP/�A�3wv>A�v>6FETrYAN8J3@5wI9K	A�r�A�OP8 �EHô<>F ;!DG=@CkÎQ|�<>HL�}HI?¸=@F �}=@HICED�R@D
?EDG;@?E~��EDGFqCQP{C}HL<>F��
ρn : π1(M) → Isom(H3) P>�E�E<�ÎGHL~�D��2P{=³Ú σn

CEDGJIJLD[�q=�D (ρn(π1(M)) Î�<>F�� DG?}M D[M ~�<>��DGC}?}HL��=�DG��DGFqCÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED^�q=�ñ HIJ�DõÚ³HL�}CED Γ∞ ⊂ Isom(H3) CEDGJ��q=�D} ;�<>=@?ÔCE<>=@CED^�}=@HICED an ∈ ρn(π1(M)) Ò�CE<>=@CEDó�>P{JLDG=@?�R0ñòP>R³|�~G?EDGF�Î�D a∞ R@D (an)
D��ECÔÎ�<>FqCEDGF�=�D�R�P{F��

Γ∞
,

} CE<>=@CA~GJL~G��DGFqC a∞ R@D Γ∞
D��}C©JsPÆJIHI�YHICEDNR0ñ =@F�DN�}=@HICED an ∈ Γn

Í
ü PY�>P{?}HL~GCE~�JIHI�YHICED H3/Γ∞

;!DG=@CKöGC}?ED�C}?Eø��KR³H`
0~G?EDGFqCED^R@D int(M) %Îõÿ Í W��|��9X � Íü P2�}=@HICED (σn)
U�ETO	/�A�3wv>AotNE4398:A�r�A�OP8 �}H�<>FW;�DG=@CNÎQ|�<>HL�}HI?NR@D��.?EDG;@?E~��EDGF�CQP{C}HL<>F�� ρn P>�E�E<�ÎGHL~�D���P{=³Ú σnCEDGJIJLD����q=�D (ρn)

Î�<>F�� DG?}M DÔP{JIM DGB@?}HL��=�DG��DGFqC� DG?E��=@F�D©?EDG;@?E~��EDGF�CQP{C}HL<>F ρ∞ DGC���=�D (ρn(π1(M))) Î�<>Fq� DG?}M DM ~�<>��~GC}?}HL��=�DG��DGFqC� DG?E� ρ∞(π1(M)) %DGC�<>F�R³HIC��q=�DKJsPN�}=@HICEDKR@DA?EDG;@?E~��EDGFqCQP{C}HL<>F��Î�<>F�� DG?}M DKÿ�<>?}CEDG��DGFqC � Íù�H (σn)
Î�<>Fq� DG?}M D�� DG?E� σ ;�<>=@?�JsPôCE<>;!<>JL<>MOHLD�R@D H(M) ��=�D�F�<>=��^P�� <>F��óR@~���F@HLD�R�P{F���J´ñ HIFqC}?E<�R³=�ÎGC}HL<>F%��=�D�F�<>=��NP{;@;�DGJIJLDG?E<>F��ó�}HI�Y;@JLDG��DGFqC^CE<>;�<>JL<>MOHLD�R@D H(M) � Ò�P{JL<>?E� (σn)

Î�<>F�� DG?}M DYÿ�<>?}CEDG��DGFqCN� DG?E� σ∞%Îõÿ Í W � Ù��[X � Í

>/��� D,%�.'& @ut �O12�!*H"$*LGH�O1v��Gw"$*�12�!&g"$�!-/.'0
ù�<>HIC Σ ⊂ ∂M =@F�DY�}=@?Àÿ�P>Î�D�Î�<>�Y;�P>ÎGCED�HIF�Î�<>�Y;@?ED��E�EHIB@JLD-, �Í � <>|�P{F@F��Q<>F�ÒÊ{ Í �qP>Î�<2DGC�Ã Í ú Í ù�|�P{JLDGF

<>F�C�R@~���F@HK=@F�Dþ�E<>=��ÀÂ´�OP{?}HL~GCE~þÎ�P{?QP>ÎGCE~G?}HL�}C}HL��=�D W ?EDGJsP{C}HI� D-÷ Σ %Îõÿ Í Wû� <>|BXKDGC<Wû�qP ù]X � Í�ü <>?E�Q�q=�D M D��EC
=@F�DY�OP{?}HL~GCE~�| � ;!DG?}B!<>JIHL�q=�DOÒ�ÎOñûD��ECN=@F�DY=@F@HL<>F7R³HL��ðÀ<>HIF�CED�R@D I Âw��B@?E~�� Wi

D��E�EDGF�C}HLDGJL�^R�P{F�� (M,Σ) DGC^R@D�E<>=��}Â´�>P{?}HL~GCE~�� Wk
CEDGJIJLD��.�q=�D Wk

D��}CÔ|�<>��~�<>��<>?};@|�D�÷�=@F-CE<>?EDÆ�E<>JIHLR@D D2 × S1 <>=¦÷�=@F-CE<>?EDÆ~G;�P{HL�E�}H
S1 × S1 × I

Í � |�P>ÎG=@F�D�R@D�Î�D��N�Q<>=��ÀÂ´�>P{?}HL~GCE~�� Wk
D��}CND��E�EDGF�C}HLDGJIJLD�R�P{F�� (M,Σ) Ò�ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED���=�D WkD��}C.HIF�Î�<>�Y;@?ED��E�EHIB@JLDOÒ0�q=�D Wk ∩ ∂M ⊂ Σ Ò���=�D Wk
F�DÆ;!DG=@C.;�P>��öGC}?EDó|�<>��<>CE<>;!~�DYR�P{F�� ∂M ;�P{?.=@F�D

|�<>��<>CE<>;@HLDô�q=@H©�@Ú³D Wk ∩ ∂M DGCó��=�DYJLD��óÎ�<>�Y;�<O�QP{F�CED��óR@D Wk ∩ ∂M �E<>FqCóR@D�JsPôÿ�<>?}��D I × S1 ⊂
(∂D2) × S1 <>= S1 × I × {q} ⊂ S1 × S1 × ∂I

Í �ÔF�DóCEDGJIJLDó=@F@HL<>F[R³HL�%ð}<>HIFqCED W R@D I Âw��B@?E~��iÒ�R@DÆCE<>?ED���E<>JIHLR@D���DGCYR@DôCE<>?ED���~G;�P{HL�E�}HL��D��E�EDGF�C}HLDGJL�YD��}Có=@F�D2�E<>=��}Â´�>P{?}HL~GCE~2Î�P{?QP>ÎGCE~G?}HL�}C}HL��=�D2?EDGJsP{C}HI� Dþ÷ Σ %<>F¸R³HI?QP
P{=��E�EH��E<>=��ÀÂ´�OP{?}HL~GCE~NÎ�P{?QP>ÎGCE~G?}HL�}C}HL��=�DNR@D (M,Σ) � �EH�DGJIJLD^PÆJLD��KR@DG=³Úþ;@?E<>;@?}HL~GCE~��A�}=@HI�OP{FqCED���d

} CE<>=@C I Âw��B@?E~��KD��E�QDGFqC}HLDGJL�AR�P{F�� (M,Σ) ;!DG=@CKöGC}?ED�HL�E<>CE<>;!~�R�P{F�� W ,
} P{=�ÎG=@F�DNÎ�<>�Y;�<O� P{FqCED^R@D W F�D.;!DG=@CAöGC}?ED�HL�E<>CE<>;!~�D�R�P{F��K=@F�DNP{=@C}?EDNÎ�<>�Y;!<O�QP{F�CED^R@D W Í
ÓÔDG��P{?E�q=�<>F�����=�DÆÎ�DGC}CEDYR@~���F@HIC}HL<>F[C}HLDGFqCNÎ�<>�Y;@CED�R³=¦ÿ�P{HIC���=�D M F�D�Î�<>F�C}HLDGFqCNR@<>F�Î�;�P>�.R@DÆCE<>?ED��

D��E�QDGFqC}HLDGJL� Í

Õ�ñòP{;@?Eø���Wû� <>|BX�DGC[Wû�qP ù]XoÒ �}H W DGC W ′ �E<>F�C�R@DG=³Ú��E<>=��ÀÂ´�OP{?}HL~GCE~���Î�P{?QP>ÎGCE~G?}HL�}C}HL��=�D���?EDGJsP{C}HI� D���÷ Σ Ò�P{JL<>?E�HIJDõÚ�HL�ECED�=@FkR³H`
!~�<>��<>?};@|@HL�}��D ψ : M → M HL�E<>CE<>;!Dô÷-J´ñ HLR@DGFqC}HICE~ô?EDGJsP{C}HI� DG��DGF�C�÷ ∂M − Σ CEDGJ���=�D
ψ(W ) = W ′ DGCK��=�D ψ(W ∩ Σ) = W ′ ∩ Σ

Í
Õ�P{F��ÔJLD��AJIHIMOF�D��.��=@H��}=@HI� DGF�C�Ò�F�<>=���P{JIJL<>F��Ô=@C}HIJIHL�EDG?.R@D���P{?}MO=@��DGF�CE��R@DLW ïÔCEÃ©X�;!<>=@?ÔÎ�<>F��}C}?}=@HI?EDÆ=@F�D

CEDGJIJLD`�Q<>=��ÀÂ´�>P{?}HL~GCE~-Î�P{?QP>ÎGCE~G?}HL�}C}HL�q=�D/DGF =@C}HIJIHL�QP{F�C�=@F�Dþ��~GC}?}HL��=�Dþ| � ;!DG?}B�<>JIHL��=�D`�}=@?�J´ñ HIF�CE~G?}HLDG=@?5R@D M Í
Ã:<>=@?YÎ�DGJsP³Ò�F�<>=���P{JIJL<>F��ÆF�<>=��ó?ED��EC}?EDGHIF�R³?ED2P{=UÎ�P>��<4� Σ F�DôÎ�<>FqC}HLDGF�CY;�P>�óR@DôÎ�<>=@?}B!D��ó;�P{?QP{B!<>JIHL��=�D��g,
R�P{F��KÎ�D^Î�P>�©=@F�DN�E<>=��ÀÂ´�OP{?}HL~GCE~�Î�P{?QP>ÎGCE~G?}HL�}C}HL��=�DN?EDGJsP{C}HI� DÆ÷ Σ F�D�Î�<>FqC}HLDGFqC�;�P>�KR@D�CE<>?ED��A~G;�P{HL�E�}HL� Í

ü P�R³HL�EÎG=��E�}HL<>FþR@D~W ïÔCEÃ-X���=�DÔF�<>=��ÔP{JIJL<>F��?EDG;@?EDGF�R³?ED�HLÎGH!;�<>?}CED�D��E�QDGFqC}HLDGJIJLDG��DGFqCÔ�}=@?JLD��KP>R³|�~G?EDGF�Î�D��
R@D��5Î�<>�Y;�<O�QP{F�CED��5Î�<>F@F�DõÚ@D��ôR@DþJsP[;@?E~GHI��P{M D/R@D Σ R�P{F�� ∂M̃ Í�z =@F@HL�E�E<>F�� M R0ñ =@F�D-��~GC}?}HL�q=�D-| � Â
;!DG?}B�<>JIHL��=�DôM ~�<>��~GC}?}HL�q=�DG��DGF�C���F@HLD σ R@<>F�CYCE<>=@CED���JLD���;�<>HIF�CED��Y�E<>FqCYR@D���;!<>HIFqCED��YR@Dô?QP{F@My�³Ò:R0ñ =@F�D
?EDG;@?E~��EDGF�CQP{C}HL<>F ρ : π1(M) → Isom(H3) P>�Q�E<�ÎGHL~�DÆ÷ σ DGCÔR0ñ =@F¦|�<>��~�<>��<>?};@|@HL�}��D h : M → N(ρ)ep

Í
� DGC�|�<>��~�<>��<>?};@|@HL�}��D�F�<>=��.;�DG?}��DGCóR@DÆÎ�<>F��EHLR@~G?EDG? M Î�<>�Y��D�=@F�DY�E<>=��}Â´�>P{?}HL~GCE~YR@D H3/ρ(π1(M))

Í
� |�P>��=�DNÎ�<>�Y;!<O�QP{FqCEDNR@D ∂χ<0M

D��EC©�^=@F@HLDNR@D�JsPÆ��~GC}?}HL��=�DNHIF�R³=@HICEDN;�P{?KJsPÆ?ED��}C}?}HLÎGC}HL<>F/R@D h ÷ ∂M Í



æy�]�!�!�LÜu�JÁ��QÁ���� E457A�OP8 Σ ⊂ ∂χ<0M
KeOcAzM@Ke3�tN1sU�A�U�E4r�?�1sUN8:A@�-U�E4O	OuAFp>A@�¼5�O�U�E4r�?�3FA�M�M@57C�GVA@�OuA�U�E4OP8:A�O�1TOP8

?�14M�S>A\U�E4Ke3NC�A@M&?�143F1>CFE4GH5wI9KBA�M[A98 Σ̂ M9ETOY3FA9/x<98:A�r�A�OP8KeO	5�/4A�3�MDA�G��gINKBAzGF¥ E4OLU�E4r�?�GRÐN8:A\S>A�G`1©t91s½iE4O�;e1]C�5Q8JK	A�GQGRA
A�O�KeOØS45�MNI9K	AztDA�3�r�6 Σ̂ « 14G`ET3�M@��U�;e1sI9K	A�U�ETr\?BE�M914O�8:A^S>A�G`1Y?�3�6�5Qr�1iv>A^S>A Σ Ss14OBM ∂M̃ A@M98\KeO�ST5�MNI9KBA
SsETOP8©GR1ztDA�3�r�A98JK]3�A~Ss14O	M M̃ A�M�8y;eE4r�6FE4rYE43:?P;�A�ª Σ̂ S]A-tN1T½iE4O!6FINK]5Q/2143�5J1TOP8:AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC Σ̃ =@F�DÎ�<>�Y;�<O�QP{F�CED©R@D�JsPÔ;@?E~GHI��P{M D©R@D Σ R�P{F�� ∂M̃ DGC Γ JLD�}CQP{B@HIJIHL�QP{CEDG=@?�R@D Σ̃R�P{F�� ρ(π1(M)) ,O<>FYP Σ ≈ Σ̃/Γ

Í � <>�Y��D π1(Σ) ≈ Γ D��EC*��F@HI��DGF�C�DGF@M DGF�R³?E~OÒ>R0ñòP{;@?Eø��-�|q=@?E�}CE<>F�Ò Γ D��}CM ~�<>��~GC}?}HL��=�DG��DGFqCy��F@H*%Îõÿ Í W z P4��X � Í ù�H Γ Î�<>FqC}HLDGFqC�=@FY~GJL~G��DGFqC�;�P{?QP{B!<>JIHL�q=�DOÒ�P{JL<>?E�ÐHIJ�DõÚ�HL�}CED�=@F�D©Î�<>=@?}B!D
c ⊂ Σ �q=@H!;!DG=@CöGC}?ED�|�<>��<>CE<>;!~�D.R�P{F��=@FôCE<>?ED T R@D ∂M Í ïÔFþPóR@<>F�Î�=@F`P{F@F�D�P{=`�}HIF@MO=@JIHLDG? E ?EDGJIHsP{FqC
Σ ÷ T ÜH Í D Í =@F�D�Î�<>�Y;�<O� P{FqCEDNR@D ∂E D��}C©Î�<>FqCEDGF�=�D^R�P{F�� Σ CQP{F�R³HL�K��=�D�J´ñòP{=@C}?EDND��}C©Î�<>FqCEDGF�=�D^R�P{F�� T � ÍÕ�ñòP{;@?Eø��zW {yP³�9XoÒ HIJ�DõÚ�HL�}CED=@FôP{F@F�D�P{=�;@JL<>F@M ~©?EDGJIHsP{FqC Σ ÷ T ÒOR@<>F�Î Σ Î�<>FqC}HLDGF�C�=@F�DAÎ�<>=@?}B�D;�P{?QP{B!<>JIHL�q=�DOÒ
Î�D/�q=@H�D��}C5Î�<>F�C}?QP{HI?EDW÷ F�<>C}?ED-| � ;!<>C}|�ø��ED¦R@D-R@~G;�P{?}C Í�ü D/MO?E<>=@;�D Γ D��}CôR@<>F�Î/Î�<>F�� DõÚ³D¦Î�<�Î�<>�Y;�P>ÎGC Í� <>�Y��D Σ D��}CóHIF�Î�<>�Y;@?ED��Q�}HIB@JLDOÒÐJ´ñ HIF�ÎGJI=��}HL<>F R@D Σ R�P{F�� ∂M �ED5?EDGJLøG� D2DGFk=@F7|�<>��~�<>��<>?};@|@HL�}��D-R³=
?EDG� öGCEDG��DGF�CA=@F@HI� DG?E�EDGJ Σ̂ R@D Σ R�P{F�� Σ̃

Í Õ�ñòP{;@?Eø���ïÔCQP{J©W ïÔC�� Ò³JLDG�Y��D�� Í ���2XoÜ� <>HI?ÔP{=��E�}H©W � J`X � Ò@Î�<>�Y��D ΓD��}C.Î�<>Fq� DõÚ@D�Î�<�Î�<>�Y;�P>ÎGC�Ò!Î�DGC.|�<>��~�<>��<>?};@|@HL�}��DY��ñû~GCEDGF�RWDGF¦=@FW|�<>��~�<>��<>?};@|@HL�}��DY~��q=@HI�OP{?}HsP{FqC�R@D Σ̂R�P{F�� Σ̃ = Σ̃ ∪ LΓ
Í � <>�Y��D Σ̃ ∪ LΓ ⊂ C(ρ)ep ∪ Lρ ≈ M̃ Ò@<>F-P�P{HIF��}H0��<>F�C}?E~NJLD�JLDG�Y��D Í

�54m�4��²�ÌiÀQ��ÓûÜu�JÁ��VÜÊ��� E457A�OP8 Σ KeOcA�M@Ke3Qt91sU@A~U�E4r�?�1sUN8:A���U�ETO	OcAFp>A���5QO�U�E4r�?�3�A@M�M�5wC9GRA@�oOcA�U�E4OP8:A9O�14OP8*?�1�M
S>A+U�E4Ke3DC�A@M�?�1T3|1>C�E4G�5wI9K	A@M�� Σ̃ ⊂ ∂M̃ KeOcA+U�E4r�?�E�MN14OP8:A�U�E4OPOcAFp>A�S>A�M91�?�3�6�5�rY1Dv]A�AN8 Γ ⊂ ρ(π1(M))GVALM�871]C�5�GH5�M91T8:A�Ke3<S>A Σ̃ « 14GRE43�M@�y?BE4K]3�87E4K�8 ε > 0 ��5�GoOu¥ =�1�I9K©¥ KeOØO�E4r�C�3�A�xyO	5[S>A<8J3|1TOBM@GR1T8:6@M�?�143<S>A@M6�GV6�r�A�OP8QM<S>A ρ(π1(M)) S>A^G�¥ A9OBMNA�r�C�GVA^GH5Qr�5J8:A LΓ

SsE4OP8�GVA<S45w14r�Ð98J3�A�?�ETK]3^GR1�S45�M�8714O�U@A�M7?�;�6�3�5JI9K	A+S>A
∂H

3 A�M�8-M�KD?	6�3@57A�Ke3�ª ε £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F���q=�ñ HIJ!DõÚ�HL�ECEDA=@F�DÔHIF���F@HICE~.R@DAC}?QP{F��}JsP{CE~�� gn(LΓ) R@D.R³HsP{��øGC}?ED��E=@;�~G?}HLDG=@?©÷
ε ,�JLD���DGFq� DGJL<>;@;!D���Î�<>Fq� DõÚ@D���R�P{F�� H3 R@DóÎ�D��ÔC}?QP{F��}JsP{CE~���HIFqCEDG?E�QD�ÎGCEDGFqC�=@F¦��öG��DóÎ�<>�Y;�P>ÎGC�R@D H3 Í ïÔF
PYP{JL<>?E�©=@F�D.HIF���F@HICE~^R@D.C}?QP{F��}JsP{CE~��K;�P{?KR@D��K~GJL~G��DGF�CE�AR@D ρ(π1(M)) R0ñ =@F`R@<>��P{HIF�D�ÿ%<>F�R�P{��DGF�CQP{J�;!<>=@?J´ñòP>ÎGC}HL<>FþR@D Γ �}=@?�J´ñûDGFq� DGJL<>;@;!D.Î�<>Fq� DõÚ@D C(LΓ) �q=@H�HIFqCEDG?E�ED�ÎGCEDGF�C©=@F5��öG��D.Î�<>�Y;�P>ÎGC Í ïÔF2P^��=5R�P{F���JsP;@?EDG=@� D�R³=WJLDG�Y��DY� Í � Í �Æ��=�D Γ D��}C�Î�<>F�� DõÚ³DYÎ�<�Î�<>�Y;�P>ÎGCEDOÒ!Î�D�R@<>��P{HIF�DÆÿ%<>F�R�P{��DGF�CQP{J�;�DG=@C�R@<>F�Î�öGC}?ED
ÎQ|�<>HL�}H�Î�<>�Y;�P>ÎGC Í � D�ÎGH�Î�<>FqC}?ED�R³HIC�JLD�ÿ´P{HIC���=�D ρ(π1(M)) P{MOHIC�;@?E<>;@?EDG��DGF�C�R³HL�EÎ�<>F�C}HIFq=�DG��DGFqC©�}=@? H3 Í
�54m�4��²�ÌiÀQ��Ó Üu�JÁ�� ï �~� E457A�OP8 Σ AN8 Σ′ ⊂ ∂χ<0M

S]A�K4p�M@Ke3Qt91sU@A@M�S45�MQ°9ET5�OP8:A�M��qU�E4r�?�1sUN8:A�M���U�ETO	OcAFp>A�M��
5QO�U�E4r�?�3�A@M@M@57C�GRA�M��zOcA�U�E4OP8:A�Oc14OP8¼?�14M�S>ALU�E4Ke3DC�A@M�?�143F1>CFETG�5wI9K	A@M�� Σ̃ ⊂ ∂M̃ 673�A@M7?g£ Σ̃′ ¨^KeOcAYU�ETr\?BE�M914O�8:AS>A�G`1�?�3�6�5�rY1Dv]A�S>A Σ 673�A@M:? Σ′ ¨�A98 Γ ⊂ ρ(π1(M)) 673�A@M7?g£ Γ′ ¨�GVA[M9871>C�5QG�5�M91s8:A�K]3qS>A Σ̃j

673�A@M7?Ê£ Σ̃′ ¨ « 14GRE43@MM�5 LΓ ∩ LΓ′
Ou¥ A@M�8u?�1�Mq/D5wS>A@�y5QG*U�E4O�8J5wA�O�8o14K�rYE45QOBM�S>A�KTpq?�E45QOP8QMN£

»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC ξ ⊂ LΓ ∩ LΓ′
DGC l+ =@F�D�R@DG�YH Â´M ~�<�R@~��EHL�q=�D5R@D H3 ��=@H�D��}C^P>� � �Y;@CE<>CED�÷ ξ ,F�<>CE<>F�� o J´ñû<>?}HIMOHIF�D©R@D H3 Í � <>�Y��D Γ D��EC:Î�<>F�� DõÚ³DKÎ�<�Î�<>�Y;�P>ÎGC�Ò>HIJ@DõÚ�HL�ECED�=@F�D©�}=@HICED�F�<>FYÎ�<>F��}CQP{F�CED©R0ñû~GJL~õÂ��DGF�CE� gn ∈ Γ DGC =@F�D Î�<>F��}CQP{FqCED K CEDGJIJLD��e��=�DOÒ7;!<>=@? CE<>=@C ;�<>HIF�C x R@D l+ Ò ∃n P�� D�Î

d(x, gn(o)) ≤ K
Í ïÔF P R@D ��öG��D =@F�DbÎ�<>F��}CQP{FqCED K ′ DGC =@F�D �}=@HICED g′n ⊂ Γ′ Ò�R0ñû<4�

d(gn(o), g
′
n(o)) ≤ K + K ′ Í � <>�Y��D ρ D��}C���R@øGJLDþDGCYR³HL�EÎG?EøGCEDþÎ�D�ÎGHKDGFqC}?QP2¯LF�D`��=�DOÒÐ�q=@HIC}CEDþ÷WDõÚ³C}?QP{HI?ED=@F�DY�E<>=��}Âo�}=@HICEDOÒ ∃g ∈ ρ(π1(M)) CEDGJIJLD���=�D ∀n Ò g′ng−1

n = g
Í ïÔF7PþP{JL<>?E� g′ng−1

n gn+1g
′−1
n+1 = Id Ò�R0ñû<4�

g−1
n gn+1 = g′−1

n g′n+1
Î�D5�q=@H�;�DG?}��DGCÆR@D�Î�<>F�ÎGJI=@?EDô�q=�D LΓ ∩ LΓ′

Î�<>F�C}HLDGFqC�JLD��óR@DG=³Ú ;!<>HIFqCE���@Ú@D��^R@D
g−1
n gn+1

Í
Ù ���PÚy�PÛiÀ�ÌiÀQ��Ó�Üu�JÁP��� ET5wA�O�8 Σ A98 Σ′ ⊂ ∂χ<0M

S>A�KTp�M@Ke3�tN1sU�A�M�S45�M�°NE45�O�8:A@M�E4K�U�ETODt9ETO�S4K	A@M���U�E4r�?�1sUN8:A�M��
U�ETO	OcAFp>A�M���5�O�U�E4r�?�3FA�M�M@57C�GVA@M���OcA~U�ETOP8:A�O�14O�8?�1�M�S>AYU�E4Ke3NC�A�M\?�1T3|1>C�E4G�5wI9K	A@M�� Σ̃j ⊂ ∂M̃ KeOcA�U�E4r�?�E4M914OP8:A
S>A�GR1�?c3F6�5QrY1Dv>A~S>A Σj

A98 Γj ⊂ ρ(π1(M)) GVA�M�871>C�5QGH5�MN1T8:A�Ke3�S>A Σ̃j
£

º GRE43@M Σ̃ ∩ Σ̃
′ A@M98oETK+C�5wA9O�/i5JS>A��oE4K+C�57A�O!6wvs14G&ªYG�¥ A�OBMNA9rYC9GRA�GH5�r~5J8:A�S]A Γ ∩ Γ′ £»�14OBMzU�A[S>A�3�O	57A�3\U�1�M@�ÊM@5 Γ∩Γ′ Ou¥ A@M98e?�1�M\U9=sU9GH5JINKBA@�&UP¥ A�M�8gGVA�v43|ETKD?BAtNE4O�S>14r�A�OP8714G	S*¥ K]OuA\U�ETr\?BE�M914O�8:A

I ¹�xoC�3�6�A Wi
S¥ KeOcA�M9E4K]M@¹¬/2143�5w698:6^U�143|1>UN8:6�3�5�M98J5JI9K	A^S>A (M,Σ ∪ Σ′) AN8�M@5 Γ ∩ Γ′ A@M�8[U9=sU9GH5JI9K	A@�[U�¥ A@M98zKeOMNE4K>M�¹Qv43FE4Ki?BA�S*¥ 5�OcS45JU@Aux©O	5uS4K�v43FE4Ki?BA*t9E4OcSs14r�A�OP8714GBS*¥ K]O�87E43�A�MNE4G�5wS>A Wk

INK]5*A@M98ÊK]OuA\U�ETr\?BE�M914O�8:A\S*¥ KeOcA
MNE4K>M�¹:/21T3@57698:6~U�143F1sUN8:693@5�M�8J5wI9K	A�S>A (M,Σ ∪ Σ′) £



»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC F = Σ̃∩ Σ̃
′
= LΓ1 ∩ LΓ2

,@Î�<>�Y��D�JLD��;!<>HIFqCE�z�@Ú³D��©R@D.CE<>=@CK~GJL~G��DGF�CÔR@D Γ ∩ Γ′P{=@C}?EDô�q=�D�J´ñ HLR@DGFqC}HICE~2�E<>F�CÆÎ�<>F�CEDGFq=���R�P{F�� F Ò�P{JL<>?E� LΓ∩Γ′ ⊂ F
Í ù�<>HIC C̃ J´ñûDGFq� DGJL<>;@;!DôÎ�<>F�� DõÚ³D2R@D FR�P{F�� Σ̃ ⊂ ∂M̃ �^=@F@HLD^R@D�JsPÆ��~GC}?}HL�q=�D^HIF�R³=@HICED Í

�54m�4��²�ÌiÀQ��Ó¢Üu�JÁP� ò ��Â ¥ 5QrY1Dv>Ao?�143 p : Σ̃ → Σ S>A�U�;e1sINKBA[v>6FEiS>6@M@5wI9K	A�S>A�GR1zt�3|ETOP8J5wÐ93FA�S>A C̃ 6¬E4K�S>AqGR1
v>6�EDS>6@M�5JI9K	A C̃ M@5 F U�E4OP8J57A�OP8yMNA9K]GVA�r�A�OP8�S>A�KTp�?�E45QOP8QM¬¨�A�M�8©KeOcA[v>6FEiS>6@M@5wI9K	A�M�5�r�?�GVA�U�E4r�?�1sUN8:AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC g ⊂ Γ ,!Î�<>�Y��D g(Σ̃′) DGC Σ̃′ �E<>F�C�Î�<>F³ÿ%<>F�R³=�D��N<>=[R³HL�%ð}<>HIFqCED��iÒ!P{JL<>?E� C̃ DGC g(C̃)Î�<4_�F�ÎGHLR@DGF�Cô<>=��Q<>FqC�R³HL�%ð}<>HIFqCE� Í�ü PW;@?E<{ð}D�ÎGC}HL<>F l = p(l̃) R@D`ÎQ|�P>�q=�D-Î�<>�Y;�<O�QP{F�CED l̃ R@D ∂C̃ D��EC�R@<>F�Î
=@F�D�M ~�<�R@~��}HL��=�Dô�}HI�Y;@JLD Í ù�H l F�ñûD��}C^;�P>�ÆÎ�<>�Y;�P>ÎGCEDOÒ:=@F�D�HIF���F@HICE~ôR@D�C}?QP{F��EJsP{CE~��óR@D l̃ HIFqCEDG?E�ED�ÎGCEDGF�CY=@F��öG��D�Î�<>�Y;�P>ÎGCóR@D Σ̃ DGC�JLD���B�<>=@CE�^R@DY�ED��.C}?QP{F��}JsP{CE~��^�Q<>FqC^Î�<>F�CEDGFq=��ÆR�P{F��NR@D���C}?QP{F��}JsP{CE~��NR³H`
0~G?EDGFqCE�
R@D LΓ′

Í ïÔF`PÆP{JL<>?E�=@F�DÔHIF���F@HICE~�R@D�C}?QP{F��}JsP{CE~��©R@D LΓ′
R@<>F�C©JLD�R³HsP{��øGC}?ED�D��EC��YHIF�<>?E~OÒ@Î�D.��=@H�Î�<>F�C}?ED�R³HIC

J´ñòP2.�?}��P{C}HL<>FW� Í � Í � Í
ù�H!JLD�Î�P{?ER³HIF�P{J�R@D F D��}CR@DG=³Ú0Ò�JsP^;@?E<{ð}D�ÎGC}HL<>F`R@D C̃ D��}C=@F�D�M ~�<�R@~��}HL�q=�D��}HI�Y;@JLD.Î�<>�Y;�P>ÎGCED�DGC C̃ D��}C

�}CQP{B@HIJIHL�Q~.;�P{?©=@F`~GJL~G��DGFqC g ⊂ Γ HIF�R³HI��HL�}HIB@JLD^R�P{F�� Γ
Í ù�H0;!<>=@?©CE<>=@C n ∈ Z Ò gn F�D��}CQP{B@HIJIHL�QP{HIC©;�P>� Σ̃′ Ò�HIJ� P{=@?QP{HIC=@F�D�HIF���F@HICE~.R@D�C}?QP{F��}JsP{CE~��©R@D LΓ′

Î�<>FqCEDGF�P{FqC F Ò�Î�D���=@H!Î�<>F�C}?ED�R³HI?QP{HIC©J´ñòP2.�?}��P{C}HL<>F/� Í � Í � Í ïÔFDGFôR@~�R³=@HIC���=�ñ HIJ�DõÚ�HL�ECED n CEDGJ���=�D gn ∈ Γ∩Γ′ DGC���=�D gn �}CQP{B@HIJIHL�QD C̃ ′ Ísa <>CE<>F�� g =@F5~GJL~G��DGFqC�HIF�R³HI��HL�}HIB@JLDR@D ρ(π1(M)) CEDGJ���=�D g = gp Ò0HIJ�DõÚ³HL�}CED�P{JL<>?E� q ≤ np CEDGJ���=�D gq D��}C^=@Fy~GJL~G��DGF�CóHIF�R³HI��HL�}HIB@JLDôR@D Γ′��=@H��}CQP{B@HIJIHL�ED C̃ ′ Í*a <>CE<>F�� c̃∗ J´ñòP¼Ú@D�R@D g DGC c∗ ⊂ M �QP2;@?E<{ð}D�ÎGC}HL<>Fq,�JsP2M ~�<�R@~��}HL��=�D C D��ECNJIHIB@?EDG��DGFqC
|�<>��<>CE<>;!D�÷ pc∗ DGC C ′ D��}C�JIHIB@?EDG��DGF�C^|�<>��<>CE<>;!D�÷ qc∗ Í0ü ñòP2.�?}��P{C}HL<>F7�}=@HI�OP{FqCEDY�OPôF�<>=���;!DG?}��DGC}C}?EDR@D�Î�<>F�ÎGJI=@?EDó�q=�D p = q DGCA��=�D C ∪C ′ B�<>?ER@D�=@F-P{F@F�D�P{=¦D��E�EDGF�C}HLDGJ Í

± �]�!²B�2³g´�	� ù�<>=���JLD��Ð| � ;!<>C}|�ø��EDKR@DJsP�;@?E<>;!<O�}HIC}HL<>F5� Í �OÒ HIJ�D��}C�;�<O�Q�}HIB@JLD©�q=�D C = C ′
Í Õ�P{F���Î�D©Î�P>��Ò

<>F`ÎQ|�<>HL�}HIC©=@Fþ� <>HL�}HIF�P{M D^P{F@F�=@JsP{HI?ED V ⊂ ∂M R@D C DGCK<>Fþ?EDG�Y;@JsP>Î�D C ;�P{?©=@F�D�Î�<>�Y;�<O� P{FqCEDNR@D ∂V DGC
C ′ ;�P{?�J´ñòP{=@C}?EDKÎ�<>�Y;!<O�QP{FqCED©R@D ∂V %Î�<>�Y��D M D��}C�<>?}HLDGFqCQP{B@JLDOÒ ∂V P.R@DG=³Ú�Î�<>�Y;!<O�QP{FqCED���Î�<>F@F�DõÚ³D�� � Í �
�54m�4��²�ÌiÀQ��Ó¡ÜÊ�QÁ�� ö ��� ET5wA�O�8 c A98 c′ ⊂ ∂M S>A9K4pLv>6FEDS>6�M@5wI9KBA�M�M�5�r�?�GVA@M�U�E4r�?�1sUN8:A@M�S45�M�°NE45QOP8:A@M�A98 p AN8
q S>A�KTp�A�OP8J57A�3@M�8:A�G�M�I9K©¥ 5QG*AFp45�M�8:AqK]OcA�v>6FEiS>6@M@5wI9K	A�M@5Qr�?�GRA c ⊂M 8:A�G�GVA�I9KBA c A@M98©GH5wC�3�A�r�A�OP8©;eE4rYET87E@?	A�ª
pc AN8oI9K	A c′ A@M98©GH5wC93FA�r�A�O�8©;eETr�Es87E@?BA~ª qc £ º GRE43�M p = q AN8 c ∪ c′ CFE43FS>A�KeO01TO	OcAF14K0A@M�MDA�OP8J57A�GR£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC c̃ ⊂ ∂M̃ =@F ?EDGJLDG� ~�R@D c DGC g ∈ ρ(π1(M)) =@F[M ~GF�~G?QP{CEDG=@?óR³=7�E<>=��ÀÂ´MO?E<>=@;!D��=@H�JsP{HL�E�ED c̃ HIF��>P{?}HsP{F�Cg,�R0ñòP{;@?Eø��AJLD��K| � ;!<>C}|�ø��ED��AR@D�J´ñòP2.�?}��P{C}HL<>F�Ò�HIJ�DõÚ³HL�}CEDNR@D��K?EDGJLDG� ~�� c̃ R@D c DGC c̃′ R@D
c′ HIF��>P{?}HsP{F�C�;�P{? gpq Í�ü PYÿ´P{�YHIJIJLD {c̃, ρn(g)(c̃), . . . , ρn(gp−1)(c̃)} R@~�Î�<>=@;!D ∂H

3 ≈ S2 DGF p ÎG?E<>HL�E�QP{F�CE�
Z1, . . . , Zp

Í � <>�Y��D c′ F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� c Ò!;!<>=@?NCE<>=@C i ∈ Z Ò ρn(gi)(c̃′) D��EC^Î�<>FqCEDGF�=7R�P{F��NJ´ñ =@F7R@D��
Zj
Í Õ.D�;@JI=�� Zj = ρn(g)(Zj−1)

Ò�R@<>F�Î^JLD�F�<>�^B@?EDÆR@D�C}?QP{F��}JsP{CE~���R@D c̃′ ��=@H��E<>F�CÔÎ�<>FqCEDGF�=��.R�P{F�� Zj F�DR@~G;!DGF�R`;�P>��R@D j Í � <>�Y��D q D��ECKJLDNF�<>�óB@?EDóR@D^C}?QP{F��}JsP{CE~��ÔR@D c̃′ �q=@H:<>FqCÔJLD��A��öG��D��ÔB�<>=@CE�Ô�q=�D c̃ Ò�<>FDGFôR@~�R³=@HIC��=�D p R³HI��HL�QD q Í Ù�F2~�ÎE|�P{F@M D�P{F�C©JLD���?�b>JLD���R@D c̃ DGC�R@D c̃′ Òq<>F2<>B@C}HLDGFqC©�q=�D q R³HI��HL�QD p Í�Ý HIF��}H�<>FP q = p DGC c DGC c′ �E<>FqC.R@<>F�Î^JIHIB@?EDG��DGF�C�|�<>��<>CE<>;�D�� Í Õ�ñòP{;@?Eø��~W ù�|i{�X�Î�D�ÎGH:DGF�C}?QP{HIF�DY�q=�D c ∪ c′ B!<>?ER@D=@F-P{F@F�D�P{=¦D��E�EDGFqC}HLDGJ Í
ù�H�JLDKÎ�P{?ER³HIF�P{J!R@D F D��}C��}C}?}HLÎGCEDG��DGFqC�}=@;!~G?}HLDG=@?�÷�R@DG=³Ú0Ò JsP��E=@?Àÿ�P>Î�D C = p(C̃) D��}C�=@F�DA�E<>=��ÀÂo�}=@?Àÿ´P>Î�DR@D Σ B�<>?ER@~�D^;�P{?ÔR@D��KM ~�<�R@~��}HL��=�D��A�}HI�Y;@JLD���Î�<>�Y;�P>ÎGCED�� Í�a <>CE<>F�� Γ1 ≈ π1(C) JLD^�}CQP{B@HIJIHL�QP{CEDG=@?�R�P{F�� ΓR@D C̃ , Γ1

D��ECAJLDN�}CQP{B@HIJIHL� P{CEDG=@?ÔR@D F R�P{F�� Γ R@<>F�Î Γ ∩ Γ′ ⊂ Γ1
Í � <>�Y��D F Î�<>F�C}HLDGFqC�P{=-��<>HIF��AC}?E<>HL�

;!<>HIFqCE�DGC�q=�D Γ1
�}CQP{B@HIJIHL�ED F ⊂ ∂Σ̃′ Ò Γ1

�}CQP{B@HIJIHL�ED.P{=��E�}H Σ̃′ DGC Γ1 ⊂ Γ∩Γ′
Í ïÔFþPÆP{HIF��}H Γ1 = Γ∩Γ′ DGC�}H C̃ ′ D��}CKJ´ñûDGFq� DGJL<>;@;!DÆÎ�<>Fq� DõÚ@D^R@D F R�P{F�� Σ̃′ Ò�P{JL<>?E� C ′ = p(C̃ ′) D��}CA|�<>��<>CE<>;�DÆ÷ C Í � <>�Y��D C ⊂ ΣD��}C©HIF�Î�<>�Y;@?ED��Q�}HIB@JLDOÒ�R0ñòP{;@?Eø���W {yPT'�XoÒ C ∪C ′ B!<>?ER@D�=@F I Âw��B@?E~OÒ C × I Ò�D��Q�EDGFqC}HLDGJ�R@D (M,Σ ∪ Σ′)

Í
ïÔF2ÿ´P{HIC©JsPÆ��öG��DNÎ�<>F��}C}?}=�ÎGC}HL<>F/;�<>=@?©CE<>=��KJLD��©C}?QP{F��}JsP{CE~��KR@D Σ̃ DGC Σ̃′ R@<>F�CKJ´ñòP>R³|�~G?EDGF�Î�DNHIF�CEDG?E�ED�ÎGCED

Σ̃ <>= Σ̃
′ Í ÓADG��P{?E��=�<>F��2�q=�D-J´ñû~GC}=�R@D¦R@D��2~GJL~G��DGF�CE�þR@D-JsP ÿ%<>?}��D g(Σ̃j) ∩ Σ̃j

;!DG=@Cô;@?E<�R³=@HI?ED¦R@D��
��B@?E~��YCE<>?ER³=�� Í � <>�Y��DþJLD��YC}?QP{F��}JsP{CE~���R@D Σ̃ DGC Σ̃′ �E<>FqC�R³HL��ðÀ<>HIF�CE��ÒÐJ´ñ HIFqCEDG?E�ED�ÎGC}HL<>F
R@DþC}?E<>HL��~GJL~G��DGF�CE�R³HL�}C}HIF�ÎGCE�.;�P{?}�YHÐJLD���C}?QP{F��}JsP{CE~���R@D Σ̃ DGC.R@D Σ̃

′ Î�<>FqC}HLDGF�C^P{=¦;@JI=�� 2 ;�<>HIF�CE� Íwc =@HIC}CED�÷�JLD���ÎQ|�P{F@M DG?�;�P{?



=@F�D|�<>��<>CE<>;@HLDOÒO<>FY;!DG=@C�R@<>F�Î©�}=@;@;�<O�QDG?:JLD�� I Âw��B@?E~�� Wi
R@DG=³Ú�÷.R@DG=³ÚÆR³HL��ðÀ<>HIF�CE� Í Õ�ñòP{;@?Eø��ÐJ´ñòP2.�?}��P{C}HL<>F

� Í � Í �³Ò�JLD��KC}?QP{F��}JsP{CE~��ÔR@D Σ̃ DGC Σ̃′ R@<>F�CAJLD���P>R³|�~G?EDGF�Î�D��ÔÎ�<>F�C}HLDGF@F�DGFqC 2 ;!<>HIFqCE�AR@<>F@F�~����E<>F�CADGF-F�<>�óB@?ED��F@Hs,�HIJ � P�R@<>F�ÎÆ=@F¦F�<>�^B@?ED���F@H�R0ñòP{F@F�D�P{=³Ú¦<>=¦?}=@B�P{F���R@D z+µ B@HI=��.D��E�QDGFqC}HLDGJL� Ej Í Õ�ñòP{;@?Eø���Wû� <>|BXoÒ�HIJDõÚ³HL�}CED�=@F�D�ÿ´P{�YHIJIJLD5R@D�CE<>?ED��Æ�Q<>JIHLR@D��óD��E�QDGFqC}HLDGJL� Wk ⊂ M − ⋃

iWi
CEDGJL����=�D (

⋃

kWk) ∩ ∂M D��}Có=@F
� <>HL�}HIF�P{M D�P{F@F�=@JsP{HI?ED�R@D ⋃

j ∂E
j Íwc =@HIC}CED�÷ôÎE|�P{F@M DG?NJLD�� Wi

DGC.JLD�� Wk
;�P{?�=@F�DÆ|�<>��<>CE<>;@HLDOÒ�<>F¦;!DG=@C

JLD��K�E=@;@;�<O�EDG?KR³HL��ðÀ<>HIF�CE�g,@F�<>CE<>F�� W =
⋃

iWi ∪
⋃

kWk

Í
) J.F�<>=��þ?ED��}CED ÷U��<>F�C}?EDG?-�q=�D W D��}C2=@F�D �E<>=��ÀÂ´�OP{?}HL~GCE~[Î�P{?QP>ÎGCE~G?}HL�}C}HL��=�D R@D (M,Σ ∪ Σ′)

Í ù�<>HIC
V ≈ F × I =@F I Âw��B@?E~2D��E�EDGFqC}HLDGJR�P{F�� (M,Σ ∪ Σ′) ,:��<�R³H`��<>F�� V ;�P{?Æ=@F�D5HL�E<>CE<>;@HLD5R@D�ÿ´P4��<>FU��=�D
JLDYB!<>?ER[R@DYJsPþ�E=@?Àÿ�P>Î�D V ∩ ∂M �Q<>HICNM ~�<�R@~��EHL�q=�D<%�}H V D��}C�=@F7P{F@F�D�P{=U<>= =@F[?}=@B�P{F7R@D z�µ B@HI=��^<>F
JLD2��<�R³H`��D`R@Dôÿ´P4��<>F �q=�D ∂V �Q<>HICYM ~�<�R@~��}HL��=�D � Í ù�<>HIC Ṽ ≈ F̃ × I ⊂ M̃ =@F ?EDGJLDG� ~`R@D V ,�ÎE|�P>��=�D
Î�<>�Y;!<O�QP{FqCEDÔR@D F̃ ×∂I D��}C�Î�<>F�CEDGFq=�D�R�P{F���=@F�?EDGJLDG� ~AR@D Σ <>=�R@D Σ′ Ò F�<>CE<>F�� Σ̃1

DGC Σ̃2
Î�D���?EDGJLDG� ~��iÒ G1DGC G2 ⊂ ρ(π1(M)) JLDG=@?K�}CQP{B@HIJIHL�QP{CEDG=@?E�ADGC C̃1

DGC C̃2
JLD��KDGF�� DGJL<>;@;�D��ÔÎ�<>Fq� DõÚ@D��KR@D LG1 ∩LG2

R�P{F�� Σ̃1DGC Σ̃2
Í � <>�Y��D�JLD�B!<>?ERþR@D F × ∂I D��}C©M ~�<�R@~��}HL�q=�DOÒ�JLD��KÎ�<>�Y;!<O�QP{F�CED��KR@D F̃ × ∂I �E<>FqC©JLD��©DGF�� DGJL<>;@;�D��Î�<>F�� DõÚ³D��KR�P{F�� Σ̃1

DGC Σ̃2
R³=2�ECQP{B@HIJIHL�QP{CEDG=@? ΓF̃ ⊂ ρ(π1(M)) R@D Ṽ ,³DGFô;�P{?}C}HLÎG=@JIHLDG? F × ∂I ⊂ C1 ∪C2

Í
ÃÐP{?�Î�<>F��EC}?}=�ÎGC}HL<>F C1∪C2

D��}C�HL�Q<>CE<>;�D�P{=�B!<>?ER�R0ñ =@F�DAÎ�<>�Y;!<O�QP{F�CED Wj
R@D W DGC�<>F���HLDGFqC�R@DA��<>F�C}?EDG?

��=�D F × ∂I ;�DG=@CÆöGC}?ED�HL�E<>CE<>;!~ôR�P{F��^JLD�B�<>?ERUR@D Wj
Í ÕÆñòP{;@?Eø��^Wû� <>|	XoÒ�HIJ��iñûDGFU�}=@HICÆ�q=�D V ;�DG=@C�öGC}?ED

HL�E<>CE<>;!~R�P{F���Î�DGC}CEDÎ�<>�Y;�<O�QP{F�CED Wj
R@D W %�}H V D��EC:=@F�P{F@F�D�P{=�ÒOÎ�D�ÎGH³��HLDGFqC�R³=Æÿ�P{HICÐ��=�D M F�D�Î�<>F�C}HLDGFqC

;�P>�KR@DNCE<>?ED��KD��E�EDGF�C}HLDGJL� � ÍïÔFW��HLDGFqC�R@DÆ��<>FqC}?EDG?^��=�DóCE<>=@C I Âw��B@?E~YD��E�EDGFqC}HLDGJÐ;!DG=@C�öGC}?EDóHL�Q<>CE<>;�~�R�P{F�� W Í�z <>FqC}?E<>F��^DGF��}=@HICED
��=�ñòP{=�ÎG=@F�DþÎ�<>�Y;�<O� P{FqCEDþR@D W F�D2;!DG=@C�öGC}?EDôHL�E<>CE<>;!~�D2R�P{F���=@F�DþP{=@C}?EDþÎ�<>�Y;�<O�QP{F�CEDþR@D W Í ù�<>HLDGF�C
W1

DGC W2
R@DG=³Ú7Î�<>�Y;!<O�QP{F�CED��YR@D W DGC W̃1

DGC W̃2 ⊂ M̃ R@D��Æ?EDGJLDG� ~���R@D W1
DGC W2

, ∂W̃1 ∩ ∂M̃D��}C�Î�<>F�CEDGFq=
R�P{F���R@D���?EDGJLDG� ~�� Σ̃1, . . . , Σ̃p
 p = 2 �}H W1

D��}C�=@F I Âw��B@?E~`D��E�EDGF�C}HLDGJ � R@D Σ <>= Σ′ DGC
∂W̃2∩∂M̃ D��}C�Î�<>FqCEDGFq=þR�P{F���R@D���?EDGJLDG� ~�� Σ̃p+1, . . . , Σ̃

′
q
R@D Σ <>= Σ′

Í Ã:P{?Î�<>F��}C}?}=�ÎGC}HL<>F2J´ñ =@F2P{=5��<>HIF��
R@D�� Σ̃p+1, . . . , Σ̃q

%Î�<>F��}HLR@~G?E<>F��A��=�D�ÎOñûD��}C Σ̃q � F�ñòP{;@;�P{?}C}HLDGF�CÔ;�P>�A÷YJsPóÿ�P{�YHIJIJLD Σ̃1, . . . , Σ̃p
Í ; MqP{JLDG��DGF�C

;�P{?�Î�<>F��EC}?}=�ÎGC}HL<>F�Ò�HIJADõÚ³HL�}CED2=@F&P{F@F�D�P{= E ⊂ W2
D��E�QDGFqC}HLDGJAR�P{F�� (M,Σ ∪ Σ′) CEDGJA��=�ñ =@F ?EDGJLDG� ~ ẼR@D E ;�<O�E�Qø�R@DY=@F�D�Î�<>�Y;!<O�QP{FqCED5R@D�B�<>?ER Î�<>F�CEDGFq=�DôR�P{F�� Σ̃q

Í � <>�Y��D Σ̃q
F�ñûD��EC�;�P>�N=@Fy~GJL~G��DGF�CóR@D

{Σ̃1, . . . , Σ̃p} Ò Ẽ F�DN;!DG=@C�;�P>�ÔöGC}?ED^HL�E<>CE<>;�~ÆR�P{F�� W̃1
Ò�R@<>F�Î W̃2

F�D^;�DG=@CÔ;�P>�.öGC}?EDNHL�E<>CE<>;!~óR�P{F�� W̃1
Í

Ù�F-P{;@;@JIHL��=�P{FqCÔÎ�D.?QP{HL�E<>F@F�DG��DGFqC.÷^CE<>=��KJLD��?EDGJLDG� ~�R@D W1
DGCKR@D W2

<>Fþ��<>F�C}?EDN��=�D W2
F�D.;!DG=@C;�P>�

öGC}?EDAHL�E<>CE<>;�~AR�P{F�� W1
Í ïÔFôPNP{HIF��}H���<>FqC}?E~��q=�ñòP{=�ÎG=@F�D�Î�<>�Y;!<O�QP{FqCEDÔR@D W F�DK;!DG=@C�öGC}?EDKHL�Q<>CE<>;�~�DÔR�P{F��

=@F�D^P{=@C}?ED^Î�<>�Y;�<O�QP{F�CEDNR@D W Î�DN�q=@H�Î�<>F�ÎGJI=@CÔJsPÆ;@?EDG=@� DNR@D�JsPÆ;@?E<>;!<O�}HIC}HL<>F/� Í � Í

>/�?> yz%�.{"v&)+'0�&qEF0�.'�!QTQ!0�&q+	0�&|Q!�����! 	�#"$�T%� '&}+'0 P(M)
a <>=���P{JIJL<>F���Î�<>�Y��DGF�Î�DG?:R�P{F���Î�DGC}CED��ED�ÎGC}HL<>FóJ´ñû~GC}=�R@D�R@D��0JsP{�YHIF�P{C}HL<>F��:M ~�<�R@~��}HL�q=�D�����D��}=@?E~�D���Î�<>F�CEDõÂ

F�=�D��^R�P{F�� P(M)
Í Ù�F ;@?EDG�YHLDG?^JIHLDG=�Ò�F�<>=��^P{JIJL<>F��^F�<>=��NHIFqCE~G?ED��Q�EDG?óP{=³Ú[JsP{�YHIF�P{C}HL<>F��ó��=@H��QP{C}HL�Àÿ�<>FqC^JsP

Î�<>F�R³HIC}HL<>F c) DGCKHIF�CEDG?E�ED�ÎGCEDGFqC�C}?QP{F��}� DG?E�QP{JLDG��DGF�CACE<>=@CED��AJLD��KÎ�<>=@?}B�D��K;�P{?QP{B�<>JIHL��=�D��AR@D ∂M Í
æy�]�!�!��ÜÊ�VÜÊ�JÁP�©� E45wA9OP8 λ ∈ML(∂M) KeOcA�GR14r~5�O�1s8J5JE4Oqv>6�EDS>6@M�5JI9K	AzrYA�M@Ke3F6�A�M91s8J5�MQt9145�M91TOP8	GR1�U�E4O�ST5Q8J5wE4O
c) A98 S ⊂ ∂M KeOcA�M�K]3Qt91>U�A�U�E4r�?�1sUN8:A�U�E4r�?�3�A@M@M@57C�GRALSsE4O�8�GRALCFE43FS<OÊ¥ 5QOP8:A�3@MNA�UN8:A�?�14M |λ| 8J3F14OBM�/�A�3@M914GVA�¹r�A�OP8:£ º GRE43@M�5QG	A�p45�M98:A�KeOLM@=�M�8:Ð�r�A\1sS4r~5�M@M@57C�GVAzS>Azr�6�3@5wS457A�OBMzU�E4OP8:A9O	K�Ss14OBM S /�A93�M�GVAFI9K	A�G S OcAzU�ETOP8J5wA9OP8?�14M�S*¥ 1T3|U~S>A�U�E4r�?�3�A@M@M@5wE4O�S45�MQ°9ET5�OP8�S>A |λ| £
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÕ�ñòP{;@?Eø��þJsPkÎ�<>F�R³HIC}HL<>F c) ÒKÎ�<>�Y��D ∂S F�ñ HIFqCEDG?E�ED�ÎGCED ;�P>� |λ| Ò ∂S F�D[Î�<>FqC}HLDGFqC/;�P>�
R@D���~G?}HLR³HLDGF�� Í ù�<>HIC C =@F � � �}CEøG��DYP>R³�YHL�E�}HIB@JLD�R@D���~G?}HLR³HLDGF��óR@D S %R@<>FqCNJ´ñûDõÚ³HL�}CEDGF�Î�DYD��}C^P>�Q�}=@?E~�;�P{?
J´ñòP2.�?}��P{C}HL<>F-� Í � Í � � ,O�EH S Î�<>FqC}HLDGF�C�=@F�P{?EÎR@D�Î�<>�Y;@?ED��Q�}HL<>F k � DG?E��=@FY��~G?}HLR³HLDGF c0 ⊂ C P�� D�Î k R³HL��ðÀ<>HIF�CR@D |λ| ÒOP{JL<>?E��Ò{;�P{?�ÎE|@HI?}=@?}MOHLDJLD�JL<>F@M�R@DÎ�DGC�P{?EÎOÒO<>F�<>B@C}HLDGFqC�R@DG=³Úó��~G?}HLR³HLDGF�� c1 DGC c2 CEDGJL�Ð��=�D�JLD� � �}CEøG��D
C ′ <>B@CEDGFq=WDGF/?EDG�Y;@JsP4��P{F�C c0 ;�P{? c1 <>= c2 %Î�<>F��}HLR@~G?E<>F��.��=�D^ÎOñûD��}C c1 � D��}CÔ=@F�Dó� � �}CEøG��D^P>R³�YHL�Q�}HIB@JLD ÍïÔF P2P{JL<>?E� i(λ, c1) + i(λ, c2) ≤ i(λ, c0)

R@<>F�Î i(λ,C ′) ≤ i(λ,C) − i(λ, c2) ≤ i(λ,C) − 2π
Í Ù�F

HICE~G?QP{F�C�Î�DGC}CEDô<>;!~G?QP{C}HL<>F7=@FUF�<>�^B@?EDL��F@HR@D�ÿ�<>HL��Ò�<>Fk<>B@C}HLDGFqC�=@FU� � �ECEøG��D5P>R³�YHL�E�}HIB@JLD2R@D���~G?}HLR³HLDGF��
� DG?E�©JLD���=�DGJ S F�DNÎ�<>F�C}HLDGFqCÔ;�P>�KR0ñòP{?EÎNR@DNÎ�<>�Y;@?ED��E�EHL<>F-R³HL�%ð}<>HIFqCAR@D |λ| Í



ù�H L D��}Có=@F�D�JsP{�YHIF�P{C}HL<>FUM ~�<�R@~��EHL�q=�D5�q=@H�F�ñ HIFqCEDG?E�ED�ÎGCED5;�P>�^C}?QP{F��E� DG?E�QP{JLDG��DGFqC |λ| Ò�F�<>=��^� DG?}?E<>F��;�P{?©JsP��}=@HICED�ÜJLDG�Y��D^� Í � Í ' � �q=�D.Î�DGC}CED�;@?E<>;@?}HL~GCE~�;!DG?}��DGCKR@D�R@~���F@HI?©JLD��©B!<>=@CE�©R@D��©?EDGJLDG� ~��KR@D���ÿ�DG=@HIJIJLD��R@D L Í Õ�P{F��óJ´ñ HI�Y��~�R³HsP{C�Ò�F�<>=��YP{JIJL<>F��ÆR@~�ÎG?}HI?ED�=@F�D5��P{F@HLøG?EDôR0ñû~GCEDGF�R³?EDôÎ�D5� � �}CEøG��D5P>R³�YHL�E�EHIB@JLD�;!<>=@?<>B@CEDGF@HI?K=@F�DN�^=@JIC}H ÂoÎ�<>=@?}B!DN;�P{?K?QP{;@;!<>?}CÔ÷ÆJsP>��=�DGJIJLD L D��}CADGFþ;!<O�}HIC}HL<>F`;@?E~GCEDGF�R³=�D Í
æy�]�!�!��ÜÊ�VÜÊ��Üu�q� E45wA9OP8 λ KeOcAYG`1Tr�5QO�1T8J5wE4O+v]6FEDS>6@M�5JINKBALr�A@M�K]3�6�A�I9Ke5�M91T8J5�M�tN145J8�G`1+U�E4O�S45J8J5wE4O c) A98\5�O	¹8:A�3@MNA�UN8:A~8J3F14OBM@/4A�3�MN14GVA�r�A�OP8�87E4K�8:A@MqGVA@M�U�E4Ke3DC�A@Mz?B143|1]CFE4GH5JI9K	A@MYS>A ∂M A98 L KeOcA�GR14r~5�O�1s8J5JE4O�v>6FEiS>6@M@5wI9K	A
U�ETO	OcAFp>A^INK]5zOÊ¥ 5QOP8:A�3@MNA�UN8:A�?�1�M |λ| 8J3|1TOBM@/�A93�MN14GRA9rYA9OP8 « 14GRE43@M���M�5 S(L) OÊ¥ A�M�8&?B1�MYK]O(14O	OuAF14K]�\5�G�A�p45�M98:AKeOcA�r~K]G`8J5�¹|U�E4Ke3NC�A C ⊂ S(L) ?�143q3F1@?s?BE43�8�ª�G`1>I9KBA9G�GVA L A�M�8�A�OL?�E�M@5J8J5wE4O�?�3�698:A�OcS4KBAi£

»�A�?�GHK>M@�-M@5 S(L) A@M�8oU�E4r�?�3�A@M�M�5wC9GRA�6:3FA�M7?BAFUD8J5�/�A9rYA9OP8zU�E4OP8J57A�OP8�KeOcA�U�E4Ke3NC�A�?�143F1>CFE4GH5JINKBA¬¨2�oGR1�r�KeG`8J5�¹U�ETK]3DC�A C U�E4OP8J57A�OP8�KeO�M�=2M98:Ð�r�A�1sS4r~5�M�M�5wC�GVA�S>A�r�6�3@5wS457A�OBM C0 ⊂ S(L) 673�A@M7?	AFUN8J5Q/�A�r�A�OP8[U�E4OP8J57A�OP8�KeOcAU�ETK]3DC�A\?�1T3|1>C�E4G�5wI9K	A¬¨T£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ � <>�Y��D |λ| F�ñ HIFqCEDG?E�ED�ÎGCED^;�P>� L C}?QP{F��}� DG?E� P{JLDG��DGFqC�Ò |λ| ∩ S(L) ⊂ L

Í
ù�H S(L) D��}CAHIF�Î�<>�Y;@?ED��E�}HIB@JLDOÒ�F�<>CE<>F�� C ⊂ S(L) =@F�D��^=@JIC}H ÂoÎ�<>=@?}B!DÆCEDGJIJLD^��=�DNÎE|�P>��=�D�ÿ�DG=@HIJIJLD^R@D LHIF�CEDG?E�ED�ÎGCED�C}?QP{F��}� DG?E�QP{JLDG��DGFqCAP{=5��<>HIF���=@F�DKÿ�DG=@HIJIJLDÔR@D C ,�Î�<>�Y��D S(L) D��}C�HIF�Î�<>�Y;@?ED��E�}HIB@JLDOÒ C D��}C�DGF

;!<O�}HIC}HL<>FW;@?E~GCEDGF�R³=�D�;�P{?.?QP{;@;�<>?}C^÷ L Í ù�H S(L) Î�<>FqC}HLDGFqC^=@F�DYÎ�<>=@?}B�DÆ;�P{?QP{B!<>JIHL�q=�D c Ò�;�P{?�| � ;�<>C}|�ø��ED
|λ| HIFqCEDG?E�ED�ÎGCED c C}?QP{F��}� DG?E�QP{JLDG��DGF�CÆR@<>F�Î L HIFqCEDG?E�QD�ÎGCED c C}?QP{F��}� DG?E� P{JLDG��DGFqC�DGC^<>F ;!DG=@CóÎE|�<>HL�EHI? C R@D
ÿ´P4��<>F`�q=�D c ⊂ C

Í
ù�H S(L) D��}CÔÎ�<>�Y;@?ED��E�}HIB@JLDOÒ�Î�<>F��EHLR@~G?E<>F��A=@F¦� � �ECEøG��DNP>R³�YHL�E�}HIB@JLD^R@D^��~G?}HLR³HLDGF�� C0 ⊂ S(L) ÿ%<>=@?}F@H;�P{?KJLD.JLDG�Y��Dó� Í � Í � Í
ù�H�=@F�D��Q<>=��ÀÂ´JsP{�YHIF�P{C}HL<>Fk�YHIF@HI��P{JLD L1 R@D L F�ñ HIF�CEDG?E�ED�ÎGCED2;�P>� C0

Ò�F�<>CE<>F�� S′ JsP/�}=@?Àÿ�P>Î�D�HIF�Î�<>��Â;@?ED��E�EHIB@JLDÆ<>B@CEDGF�=�DYDGF P¼ðÀ<>=@CQP{F�C^÷�JsPôÎ�<>�Y;!<O�QP{FqCEDYR@D S(L) − C0
�q=@HÐÎ�<>FqC}HLDGF�C L1 =@F[R³HL�E�q=�DÆJLDÆJL<>F@M

R@DÔÎE|�P>��=�D�Î�<>�Y;!<O�QP{F�CEDÔR@D C0
DGC Q JsP^�^=@JIC}H ÂoÎ�<>=@?}B!D�?E~G=@F@HL<>F2R@D���ÿ�DG=@HIJIJLD���Î�<>�Y;�P>ÎGCED��©R@D L Î�<>F�CEDGFq=�D��R�P{F�� S′ DGC�R@D��^B!<>?ER@�óD�
0D�ÎGC}H ÿ�� ∂′S̄(Li) R@D��Æ�}=@?Àÿ�P>Î�D��ÆDG�^B@?QP>�Q�E~�D��^;�P{?ÆJLD��ó�YHIF@HI��P{=³Ú7DõÚ³Î�DG;@C}HL<>F@F�DGJL�

Li R@D L Î�<>FqCEDGF�=���R�P{F�� S Í � <>�Y��D |λ| ∩ S(L) ⊂ L Ò Q F�ñ HIF�CEDG?E�ED�ÎGCEDþ;�P>� λ C}?QP{F��E� DG?E�QP{JLDG��DGFqC�DGC�ÒR0ñòP{;@?Eø��óJsP`Î�<>F�R³HIC}HL<>F c) Ò:�ED��.ÿ�DG=@HIJIJLD��ó�Q<>FqC^HIF�Î�<>�Y;@?ED��Q�}HIB@JLD�� Í � |�P>�q=�D�ÿ%DG=@HIJIJLD5R@D Q Î�<>?}?ED��};!<>F�RUR@<>F�Î
÷`=@Fy~GJL~G��DGFqC�F�<>FyF�=@J�R@D π1(S

′)
Í ïÔF7DGFUR@~�R³=@HICó��=�D S′ F�ñûD��EC^;�P>�ó=@F�D��};@|�øG?ED5DGCó��=�ñ HIJ�DõÚ�HL�ECED�=@F�D�ó=@JIC}H ÂoÎ�<>=@?}B�D¦HIF�Î�<>�Y;@?ED��E�}HIB@JLD C1 ⊂ S′ ∩ ∂M CEDGJIJLD¦�q=�D/ÎE|�P>��=�D/Î�<>�Y;!<O�QP{F�CED/R@D Q HIF�CEDG?E�ED�ÎGCEDWP{=

��<>HIF��.=@F�D�Î�<>�Y;!<O�QP{FqCED�R@D C1
R@Dóÿ´P4��<>F¦D��Q�EDGFqC}HLDGJIJLD<%Î�D���=@H:�}HIMOF@H`��DÆHLÎGH���=�Dó�}H Ŝ′ D��}CÔJLDÆ?EDG� öGCEDG��DGF�C=@F@HI� DG?E�EDGJ�R@D S′ Ò�JsP�;@?E~GHI��P{M DYR@D C1
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Î�D��NR@DG=³ÚWB!<>=@CE���E<>FqC^R³HL�EC}HIF�ÎGCE� Í Õ�ñòP{;@?Eø���JLD�JLDG�Y��D�� Í � Í �³Ò0HIJ�DõÚ³HL�}CEDÆ=@F�DY�^=@JIC}H ÂoÎ�<>=@?}B!D C ⊂ S(l̄) ;�P{??QP{;@;!<>?}C�÷.JsP>��=�DGJIJLD l̄ D��}C�DGF�;!<O�}HIC}HL<>F�;@?E~GCEDGF�R³=�DÔDGC�=@F�D©ÿ�DG=@HIJIJLD c R@D C D��}C�=@F5��~G?}HLR³HLDGF5<>=5=@F�DAÎ�<>=@?}B!D
;�P{?QP{B!<>JIHL�q=�D ÍBa <>CE<>F�� l̃ DGC c̃ R@D���?EDGJLDG� ~��AR@D l DGC c ��=@H0��ñ HIFqCEDG?E�ED�ÎGCEDGF�C Í � <>�Y��D l F�D�Î�<>F�C}HLDGFqCK;�P>�©R0ñòP{?EÎR@DÆÎ�<>�Y;@?ED��E�}HL<>FW� DG?E� c Ò l̃ DGC c̃ �iñ HIFqCEDG?E�ED�ÎGCEDGF�CNDGF¦=@FW�EDG=@J:;�<>HIF�C Í ù�H c D��}C�=@F/��~G?}HLR³HLDGF�Ò0<>FWDGF¦R@~�R³=@HIC��=�D c̃ �Q~G;�P{?ED.JLD��KR@DG=³ÚôB!<>=@CE�©R@D l̃ Í ù�H S(l) D��}C©Î�<>�Y;@?ED��E�}HIB@JLDOÒ�<>Fþ;!DG=@CKÎE|�<>HL�EHI?K=@Fþ��~G?}HLR³HLDGF`;!<>=@? c Ò³HIJF�<>=���?ED��}CEDÆR@<>F�Î^JLDÆÎ�P>�.<4� c D��}CÔ=@F�DÆÎ�<>=@?}B!D^;�P{?QP{B!<>JIHL�q=�D�DGC S(l̄) D��ECÔHIF�Î�<>�Y;@?ED��E�EHIB@JLD Í Õ�P{F��.Î�DÆÎ�P>��ÒJLD��NP{?}MO=@��DGF�CE�^R@DÆJsPL��F[R@D�JsP�;@?EDG=@� DYR@D�J´ñòP2.�?}��P{C}HL<>FU� Í � Í ��Ò!��<>FqC}?EDGFqCÆ�q=�DÆJLD��NP>R³|�~G?EDGF�Î�D��óR@D l̃ DGCR@D c̃ ��ñ HIF�CEDG?E�ED�ÎGCEDGFqCKDGF2=@F2�EDG=@J!;�<>HIF�C Í ïÔFôDGFþR@~�R³=@HIC©�q=�DÔJ´ñòP>R³|�~G?EDGF�Î�D��KR@D c̃ �E~G;�P{?EDÔJLD��©R@DG=³Ú�B!<>=@CE�R@D
l̃
Í

>/�CB ~�-/.	� t ��QT0� 'GH0�0� �"M120RQT0�&)+'*��h 	�?"$�!%� 	&q+	0 P(M)

Õ�P{F��.Î�DGC}CED��ED�ÎGC}HL<>F�Ò�F�<>=��NP{JIJL<>F��Ô;@?E~��QDGFqCEDG?�R0ñòP{=@C}?ED��.��P{F@HLøG?ED���R@DóR@~���F@HI? P(M)
Í Ù�F¦;�P{?}C}HLÎG=@JIHLDG?

F�<>=���P{JIJL<>F��KHIFqC}?E<�R³=@HI?EDóJLD��KÎ�<>F�R³HIC}HL<>F�� b1) DGC b2) Í � D��AF�<>=@� DGJIJLD��ÔR@~���F@HIC}HL<>F��ÔF�<>=��A�EDG?E<>F�CA=@C}HIJLD��ÔR�P{F��JsPÆ;@?EDG=@� DóR³=þC}|�~�<>?EøG��D � Í

Õ.DG=³Úfÿ%DG=@HIJIJLD�� R³HL�}C}HIF�ÎGCED�� l̃1
DGC l̃2

R0ñ =@F�D JsP{�YHIF�P{C}HL<>F M ~�<�R@~��}HL�q=�D L̃ ⊂ ∂M̃ �E<>FqC R³HICED��
C�5w1�M�=�r�?c87Es8:A@M �}H�ÎE|�P>ÎG=@F�DôR0ñûDGJIJLD���P`R@DG=³Ú B!<>=@CE�NB@HLDGF��ÆR@~���F@HL�óR�P{F�� M̃ DGCÆ�}H�JLDG=@?E��P>R³|�~G?EDGF�Î�D���R�P{F��
∂M̃ <>FqCWJLD��WR@DG=³Ú ��öG��D��WB!<>=@CE� Í �ÔF�D7JsP{�YHIF�P{C}HL<>F M ~�<�R@~��}HL��=�D L ∈ L(∂M) R@<>FqC[JsP�;@?E~GHI��P{M D
p−1(L) ⊂ ∂M̃ Î�<>F�C}HLDGFqC/R@DG=³Ú&ÿ%DG=@HIJIJLD��`B@HsP>� � �Y;@CE<>CED��-�EDG?QPUR³HICEDØ14O	O	KeG`1T5�3�A Í ÃÐP{?-DõÚ³DG�Y;@JLDWJLD¦B!<>?ER
R0ñ =@F7P{F@F�D�P{=7<>=yR0ñ =@F ?}=@B�P{FyR@D z�µ B@HI=��ND��E�QDGFqC}HLDGJ���=@H�F�D�Î�<>FqC}HLDGF�Có;�P>�^R@DYÎ�<>=@?}B�DY;�P{?QP{B!<>JIHL��=�D�D��}C
=@F�D5JsP{�YHIF�P{C}HL<>FkM ~�<�R@~��}HL��=�D5P{F@F�=@JsP{HI?ED Í �AF�D�JsP{�YHIF�P{C}HL<>F¸M ~�<�R@~��EHL�q=�D L �EDG?QP/R³HICED014O�14O	OPK]GR145Q3FA �}H LHIF�CEDG?E�ED�ÎGCED�C}?QP{F��E� DG?E�QP{JLDG��DGFqC�CE<>=@CED��óJLD��NJsP{�YHIF�P{C}HL<>F��ÆM ~�<�R@~��EHL�q=�D��ÆP{F@Fq=@JsP{HI?ED���DGC^CE<>=@CED��óJLD��^Î�<>=@?}B!D��
;�P{?QP{B!<>JIHL�q=�D��ÔR@D ∂M Í
Ù ���PÚy�PÛiÀ�ÌiÀQ��ÓÍÜu��Üu��� ET5Q8 λ K]OuALG`14r~5QO�1T8J5wE4O�v>6FEDS>6�M@5wI9KBA�r�A@M@Ke3F6�A^/�6�3�5 x�14OP8�GRA�M�U�E4O�ST5Q8J5wE4OBM a) A98 c) «14GRE43@M�GRA@M�14M�MNA93�8J5wE4OBM�M@Ke5Q/214OP8:A@M�MNE4OP8�6FI9Ke5�/21TGRA�O�8:A@M�¦

§ b) ∃η > 0 8:A�GINKBA@�g?�E4Ke3�87E4K�8o14OPOcAF14K�A�M�MNA9OP8J5wA9G E � i(∂E, λ) ≥ η «§ b1) G`1�GR14r~5�O�1s8J5JE4O^v>6FEDS]6@M@5wI9K	A λ A@M98o14Oc14O	O	KeG`1T5�3�A «
§ b2) GF¥ 5�O�8:A�3�MDAFUN8J5wE4O<S>A@M\1sS�;B6�3FA9O�U�A@M�Ss14OBM M̃ S>A[S>A�KTp�U�E4r�?�E4M914OP8:A�M�U�E4O	OcA�p>A@M[S4K�U�E4r�?�GR69rYA9OP87145Q3FA
S>A p−1(λ) Ss14O	M ∂M̃ A@M�8ÊM9E45J8u/D5wS>A@�uM9E45J8ÊG�¥ 1>S�;�6�3�A�O�U�A[S*¥ KeOcAutDA�Ke5�GQGRA l̃ ⊂ p−1(λ) SsE4OP8uGR1o?c3|E|°DAFUN8J5wE4OM@Ke3 ∂M A�M�8©KeOcAytDA�K]5QGQGRA�U�E4r�?�1>UN8:AD£

»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=��AP{JIJL<>F��AR@~�Î�<>=@;!DG?AÎ�DGC}CED�;@?EDG=@� DNDGF-;@JI=��}HLDG=@?E�©JLDG�Y��D��
>/�XW ���T���?"$0�&}+��X�� 	 '0���.���0H")Q!�����! '�O"$�!%� 	&q�� 	�� 	 /.'Q!���=1v0�&

� <>�Y��DGF	��<>F��Ô;�P{?AÎ�<>�Y;�P{?EDG?KJLD��AÎ�<>F�R³HIC}HL<>F�� b) DGC b1) Íæy�]�!�!�<Üu� ò �JÁP��� E45J8 λ KeOcA[GR14r~5QO�1T8J5wE4O�v>6FEDS]6@M@5wI9K	A�rYA�M@Ke3F6�Aq/�6�3�5 x�14OP8&GVA@MqU�E4O�S45J8J5wE4OBM a) A98 c) « 1TG`E43@MGVA@M�1�M@MNA�398J5JETOBM�M@Ke5�/21TOP8:A@M�M9E4O�8o6FI9Ke5Q/214GVA�OP8:A@MY¦
§ b) G`1LGR14r~5�Oc1T8J5JETO�v>6FEiS>6@M@5wI9K	A λ A@M98�14O�1TO	O	KeG`145Q3�A «§ b1) ∃η > 0 8:A�GI9K	A@�*?�E4Ke3�87E4K�8o14OPOcAF14K�A�M�MNA9OP8J5wA9G E � i(∂E, λ) ≥ η £

»�6�rYE4OBM98J3|1T8J5wE4Oc£ � <>�Y��DÆ=@F�D^JsP{�YHIF�P{C}HL<>F[��=@H�� ~G?}H`��DÆJLD���Î�<>F�R³HIC}HL<>F�� b) Ò b1) DGC b2) HIF�CEDG?E�ED�ÎGCEDÆC}?QP{F��ÀÂ� DG?E�QP{JLDG��DGF�C5CE<>=@CED���JLD���Î�<>=@?}B!D���;�P{?QP{B!<>JIHL�q=�D��iÒ�F�<>=����}=@;@;!<O�EDG?E<>F��5R�P{F���JsP[�}=@HICED-�q=�D λ HIFqCEDG?E�QD�ÎGCED
C}?QP{F��}� DG?E� P{JLDG��DGFqCACE<>=@CED��AJLD��KÎ�<>=@?}B!D��K;�P{?QP{B!<>JIHL�q=�D�� Í

H � z <>FqC}?E<>F���CE<>=@C�R0ñòP{B!<>?ERYJsP.Î�<>FqC}?QP{;!<O�E~KR@D b1 => b
Í ù�<>HIC λ =@F�DJsP{�YHIF�P{C}HL<>F5M ~�<�R@~��EHL�q=�D©��D��E=@?E~�D��=@H�� ~G?}H`��D5JLD��^Î�<>F�R³HIC}HL<>F�� a) Ò c) DGC^HIFqCEDG?E�QD�ÎGCED�C}?QP{F��}� DG?E� P{JLDG��DGFqC�CE<>=@CED��^JLD��ÆÎ�<>=@?}B!D��^;�P{?QP{B!<>JIHL�q=�D��*,



�}=@;@;!<O�E<>F�����=�D λ F�D5� ~G?}H`��Dô;�P>�óJsP/Î�<>F�R³HIC}HL<>F b) Í¼) J�DõÚ³HL�}CED2P{JL<>?E��=@F�D�JsP{�YHIF�P{C}HL<>F�P{F@F�=@JsP{HI?ED A ��=@H
F�ñ HIF�CEDG?E�ED�ÎGCED^;�P>� λ C}?QP{F��E� DG?E�QP{JLDG��DGFqC Íca <>=���P{JIJL<>F��K=@C}HIJIHL�EDG? A ;�<>=@?AÎ�<>F��EC}?}=@HI?EDOÒ�;!<>=@?KCE<>=@C ε > 0 Ò�=@FP{F@F�D�P{=-D��Q�EDGFqC}HLDGJ Eε CEDGJ���=�D i(λ, ∂Eε) ≤ ε

Í � D�ÎGH�Î�<>F�C}?ED�R³HI?QPYJsP�Î�<>F�R³HIC}HL<>F b1) Íù�<>HLDGF�C l̃1, l̃2 ⊂ p−1(A) R@DG=³Ú-ÿ%DG=@HIJIJLD��.B@HsP>� � �Y;@CE<>CED���Ò l̃+1 ⊂ l̃1
DGC l̃+2 ⊂ l̃2

R@DG=³Ú/R@DG�YH Â´M ~�<�R@~��}HL��=�D��
��=@H:<>F�C.JLDó��öG��DÆB!<>=@C ξ+ ,�F�<>CE<>F�� l1 Ò l2 Ò l+1 DGC l+2 JLD��Ô;@?E<{ð}DGCE~���R@D l̃1 Ò l̃2 Ò l̃+1 DGC l̃+2 �}=@? ∂M Í ù�<>HLDGF�C
A+

1
DGC A+

2
JLD��.JsP{�YHIF�P{C}HL<>F��NM ~�<�R@~��}HL��=�D��.�YHIF@HI��P{JLD��^Î�<>FqCEDGF�=�D��^R�P{F���JLD��NP>R³|�~G?EDGF�Î�D�� l̄+1 DGC l̄+2 R@D l+1DGC l+2 ÒiP�� D�Î�~G� DGF�C}=�DGJIJLDG��DGFqC A+

1 = A+
2
,�?QP>Î�Î�<>=@?EÎGHL�E�E<>F�� l+1 DGC l+2 R@D�ÿ´P4��<>FÆ÷KP�� <>HI? l+j ⊂ S(Aj)

Í � <>�Y��D
A+

1 ∪ A+
2 ⊂ A Ò F@H A+

1
Ò F@H A+

2
F�ñ HIFqCEDG?E�ED�ÎGCEDGF�C |λ| C}?QP{F��}� DG?E�QP{JLDG��DGF�C DGC

i(∂′S̄(A+
1 ), λ) = i(∂ ′S̄(A+

2 ), λ) = 0
Í

a <>=��.P{JIJL<>F��ÔÎ�<>F��}C}?}=@HI?EDÆ=@F�D^�^=@JIC}H ÂoÎ�<>=@?}B!D c+ �q=@H:D��}CA=@F¦��~G?}HLR³HLDGF�Ò�=@F�D^Î�<>=@?}B!D^;�P{?QP{B!<>JIHL�q=�DÆ<>=
B!<>?ER@Dô=@F�P{F@F�D�P{= <>=¸=@FU?}=@B�P{F R@D z�µ B@HI=��YD��E�EDGF�C}HLDGJKDGCY;�P{?�?QP{;@;�<>?}C�÷/JsP>��=�DGJIJLD A+

1 ∪ A+
2
D��}CYDGF

;!<O�}HIC}HL<>Fþ;@?E~GCEDGF�R³=�D Í
ù�H S = S̄(A+

1 ) ∪ S̄(A+
2 ) Î�<>F�C}HLDGFqCô=@F¸��~G?}HLR³HLDGF�<>=¸=@F�D`Î�<>=@?}B!D2;�P{?QP{B�<>JIHL��=�DOÒ�P{JL<>?E�5R0ñòP{;@?Eø��YJLDJLDG�Y��Dþ� Í � Í �¦DGCóJ´ñòP2.�?}��P{C}HL<>F � Í � Í ��Ò S Î�<>FqC}HLDGF�CY=@Fk��~G?}HLR³HLDGF <>=7=@F�D2Î�<>=@?}B!D5;�P{?QP{B!<>JIHL��=�D c+ � DG?E�

JLD���=�DGJ S F�D�Î�<>FqC}HLDGF�C�;�P>�^R0ñòP{?EÎôR@D�Î�<>�Y;@?ED��E�}HL<>FkR³HL�%ð}<>HIFqCÆR@D A+
1 ∪ A+

2

Í�ü ñ | � ;�<>C}|�ø��EDô��=�D λ � ~G?}H`��DJsP-Î�<>F�R³HIC}HL<>F c) DGCNHIF�CEDG?E�ED�ÎGCED5C}?QP{F��}� DG?E�QP{JLDG��DGFqC�CE<>=@CED��óJLD��^Î�<>=@?}B!D��^;�P{?QP{B!<>JIHL��=�D��^HI�Y;@JIHL��=�D5��=�D c+HIF�CEDG?E�ED�ÎGCED λ C}?QP{F��}� DG?E� P{JLDG��DGFqC Í � <>�Y��DF@H A+
1
Ò>F@H A+

2
F�ñ HIF�CEDG?E�ED�ÎGCED λ Ò{JLD�ÿ´P{HIC��q=�D A+

j
D��}C�P{?QP{C}HL<>F@F�DGJIJLD

R�P{F�� S(A+
j ) �P2.�?}��P{C}HL<>F/� Í ' Í ' � DGF�C}?QP2¯LF�DGFqC��q=�D c+ HIFqCEDG?E�QD�ÎGCEDKC}?QP{F��}� DG?E�QP{JLDG��DGF�C A+

1
<>= A+

2

Í Õ�ñòP{;@?Eø��
J´ñòP2.�?}��P{C}HL<>F[� Í � Í ��Ò�HIJ�DõÚ³HL�}CED�=@F�D�ÿ�P{�YHIJIJLDóR@D.ÿ%DG?}��~�� Fi ⊂ ∂M̃ B!<>?ER@~��K;�P{?KJLD���P>R³|�~G?EDGF�Î�D��ÔR@D^?EDGJLDG� ~��
R@D c+ CEDGJL�ó�q=�D ξ+ =

⋂

i

◦
Fi
Í � <>�Y��D ξ+ D��}CNJLD�B�<>=@C^R@D l̃+1 DGC^R@D l̃+2 Ò l+1 DGC l+2 HIFqCEDG?E�QD�ÎGCEDGFqC c+ Í*) J��ñûDGF¦�}=@HIC.�q=�DóÎE|�P>��=�DNÿ�DG=@HIJIJLDóR@D A+

1 ∪ A+
2
HIFqCEDG?E�QD�ÎGCED c+ C}?QP{F��E� DG?E�QP{JLDG��DGFqC Í ïÔF[PY��=-;@JI=��Ô|�P{=@C���=�D

S F�DóÎ�<>FqC}HLDGF�C�;�P>��R0ñòP{?EÎ^R@DóÎ�<>�Y;@?ED��E�}HL<>F¦� DG?E� c+ ��=@H��Q<>HICAR³HL�%ð}<>HIFqC.R@D A+
1 ∪ A+

2
R@<>F�Î A+

1 ∪ A+
2
D��}C

DGFþ;!<O�}HIC}HL<>F`;@?E~GCEDGF�R³=�D^;�P{?K?QP{;@;�<>?}CA÷ c+ Íù�H S D��}CóHIF�Î�<>�Y;@?ED��Q�}HIB@JLDþDGCóF�D2Î�<>F�C}HLDGFqCY;�P>�YR@DôÎ�<>=@?}B�D��Æ;�P{?QP{B!<>JIHL�q=�D���ÒÐR0ñòP{;@?Eø���JsP-;@?E<>;�<O�EHIC}HL<>F
� Í �OÒ�HIJ�DõÚ�HL�ECEDY=@F7P{F@F�D�P{=k<>= ?}=@B�P{F7R@D z�µ B@HI=��ÆD��E�EDGFqC}HLDGJ E P�� D�Î ∂E ⊂ S

Í ù�H ∂E F�ñ HIFqCEDG?E�ED�ÎGCED5;�P>�
A+

1 ∪A+
2
C}?QP{F��}� DG?E�QP{JLDG��DGF�C�Ò!P{JL<>?E� i(∂E, λ) = 0 DGCÔ<>F¦P�JsP�Î�<>FqC}?QP>R³HLÎGC}HL<>F P�� D�Î^JsP�Î�<>F�R³HIC}HL<>F b1) ��=@H~GCQP{HICÔP{C}CEDGF�R³=�D Í

ù�H ∂E HIF�CEDG?E�ED�ÎGCED A+
1 ∪A+

2
C}?QP{F��}� DG?E�QP{JLDG��DGF�C�Ò>F�<>CE<>F�� c+ = ∂E

Í � <>�Y��D A+
1 ∪A+

2
F�D�Î�<>FqC}HLDGF�C�;�P>�

R0ñòP{?EÎ���R@D�Î�<>�Y;@?ED��E�}HL<>FW� DG?E� c+ Ò�JLD��.��öG��D��NP{?}MO=@��DGF�CE�N��=�D^JL<>?E�E��=�D c+ D��}C�=@FW��~G?}HLR³HLDGF�Ò!��<>FqC}?EDGF�C
��=�D A+

1 ∪A+
2
D��}CKDGFþ;!<O�}HIC}HL<>F`;@?E~GCEDGF�R³=�D^;�P{?©?QP{;@;�<>?}CÔ÷ c+ Ía <>=��©P�� <>F��©��P{HIF�CEDGF�P{FqCK=@F�D��ó=@JIC}H ÂoÎ�<>=@?}B�D c+ �q=@H!D��}C�=@F2��~G?}HLR³HLDGF�Ò³=@F�D�Î�<>=@?}B!D.;�P{?QP{B!<>JIHL�q=�D.<>=

B!<>?ER@D=@F5P{F@F�D�P{=�<>=Y=@FY?}=@B�P{F�R@D z�µ B@HI=���D��E�QDGFqC}HLDGJ�DGC�;�P{?�?QP{;@;!<>?}C�÷�JsP>��=�DGJIJLD l+1 ∪ l+2 D��}C�DGFY;!<O�}HIC}HL<>F
;@?E~GCEDGF�R³=�D Í� <>F��EHLR@~G?E<>F��YR@DG=³Ú7R@DG�YH Â�ÿ%DG=@HIJIJLD�� l̃−1 DGC l̃−2 R@D l̃1 DGC l̃2 CEDGJIJLD��Y�q=�D l̃+1 ∩ l̃−1 = ∅ DGC l̃+2 ∩ l̃−2 = ∅ ÍÙ�F¸�}=@HI�OP{FqC�=@Fk?QP{HL�E<>F@F�DG��DGF�C5P{F�P{JL<>MO=�DOÒ�<>FUÎ�<>F��EC}?}=@HICY=@F�D5�ó=@JIC}H ÂoÎ�<>=@?}B�D c− �q=@H©D��}CÆ=@Fk��~G?}HLR³HLDGF�Ò
=@F�D�Î�<>=@?}B!Dó;�P{?QP{B!<>JIHL��=�DÆ<>=¦B!<>?ER@Dó=@F P{F@F�D�P{=[<>=W=@F/?}=@B�P{F R@D z�µ B@HI=���D��E�EDGFqC}HLDGJ�DGC�;�P{?.?QP{;@;�<>?}CN÷
JsP>��=�DGJIJLD l−1 ∪ l−2 D��ECKDGF`;�<O�EHIC}HL<>Fþ;@?E~GCEDGF�R³=�D Í

ÃÐP{?QP{��~GC}?E<>F�� l̃1 DGC l̃2 ;�P{? R P�� D�Î l̃+j ⊂ l̃j(R
+) DGC l̃−j ⊂ l̃j(R

−)
Í � <>F��}HLR@~G?E<>F�� JLD��[�E=@HICED��

... < x−1 < x0 < x1 < ... DGC ... < y−1 < y0 < y1 < ... R@DôCE<>=���JLD��Æ?E~�DGJL��CEDGJL�Y�q=�DOÒ:;!<>=@?�CE<>=@C
n > 0 Ò l̃1(xn) DGC l̃2(yn) �E<>FqCR�P{F���=@F5��öG��D�?EDGJLDG� ~.R@D c+ DGC l̃1(x−n) DGC l̃2(y−n) �E<>F�C�R�P{F���=@Fô��öG��D?EDGJLDG� ~2R@D c− Í � <>�Y��D l+1 ∪ l+2 D��}CYDGFU;�<O�}HIC}HL<>Fk;@?E~GCEDGF�R³=�Dô;�P{?�?QP{;@;�<>?}C�÷ c+ Ò l̃+1 Ü?ED��E;�D�ÎGC}HI� DG��DGF�C
l̃+2 � HIFqCEDG?E�ED�ÎGCED�P{=`;@JI=��©=@F�D�ÿ%<>HL�KÎQ|�P>�q=�D^?EDGJLDG� ~^R@D c+ Í � DGC�P{?}MO=@��DGF�CÔD��}C�P{=��E�}H0�OP{JsP{B@JLD�;�<>=@? l−1 ∪ l−2DGC c− Ò!HIJÐDõÚ³HL�}CED�R@<>F�Î N0

CEDGJ���=�Dó;!<>=@? n ≥ N0
Ò xn Ò x−n Ò yn DGC y−n �E<>F�C�B@HLDGFWR@~���F@HL�iÒ0Î�DÆ��=@H��EDG?QP�}=�.�� P{FqC�;�<>=@?ÔJsP��}=@HICED Í�a <>CE<>F�� d(l(xn), l(yn)) JsP�R³HL�ECQP{F�Î�DóR@D l(xn) ÷ l(yn) ��D��}=@?E~�DÆ�}=@? c+ %�}H c+B!<>?ER@DÆ=@F[P{F@F�D�P{=7D��E�EDGFqC}HLDGJ�DGCN�}H l(xn) DGC l(yn) P{;@;�P{?}C}HLDGF@F�DGF�CÆ÷ôR@DG=³Ú¦Î�<>�Y;!<O�QP{FqCED��^R³H`
!~G?EDGF�CED��NR@D

c+ Ò�<>F`Î�<>Fq��HLDGF�R³?QP���=�D d(l(xn), l(yn)) = ∞ � Íù�=@;@;!<O�E<>F�� ��=�ñ HIJ DõÚ³HL�}CED ψ,ψ′ : N → N �}C}?}HLÎGCEDG��DGFqCâÎG?E<>HL�E� P{FqCED�� DGC CEDGJIJLD�� ��=�D
limψ(n)−→+∞ d(l(xψ(n)), l(yψ(n))) = 0 DGC limψ′(n)→+∞ d(l(x−ψ′(n)), l(x−ψ′(n))) = 0 %DGF¸;�P{?}C}HLÎG=³Â



JIHLDG?�Ò l1 DGC l2 �E<>F�C`Î�<>FqCEDGF�=�D��-R�P{F��þJsP7��öG��D[Î�<>�Y;!<O�QP{FqCED[Î�<>F@F�DõÚ@D[R@D ∂M � Í Ã�<>=@?`�EHI�Y;@JIH`��DG?þJLD��F�<>CQP{C}HL<>F���Ò�<>F¦�>P�Î�<>F��}HLR@~G?EDG?���=�D ψ(n) = ψ′(n) = n Ò���P{HL��JLDN?QP{HL�Q<>F@F�DG��DGFqC��q=@HÐ�}=@HIC�D��}CA�OP{JsP{B@JLDóDGFCE<>=@CED�M ~GF�~G?QP{JIHICE~ Í ù�<>HLDGF�C ζ > 0 DGC Ĩn DGC Ĩ−n R@D��^�QDGMO��DGFqCE��R@DYJL<>F@MO=�DG=@?E�ÆHIF³ÿ%~G?}HLDG=@?ED���÷ ζ ðÀ<>HIMOF�P{F�C
l̃1(xn)

÷ l̃2(yn) DGC l̃1(x−n) ÷ l̃2(y−n) Í Õ�ñòP{;@?Eø���JsP-Î�<>F�R³HIC}HL<>F a) Ò�;!<>=@? ζ �}=�.��QP{�Y��DGF�CY;�DGC}HIC�Ò:<>F¸P
i(Ĩn, λ̃) + i(Ĩ−n, λ̃) ≤ 2π

Í�ü PþÎ�<>=@?}B!D d̃n = Ĩn ∪ l̃1[x−n, xn] ∪ Ĩ−n ∪ l̃2[y−n, yn] B!<>?ER@DY=@F�DYR³HL�E��=�DR�P{F�� M̃ DGCN� ~G?}H`��D ∫

d̃n
dλ̃ ≤ 2π

Í Õ�ñòP{;@?Eø��óJsPþÎ�<>F�R³HIC}HL<>F c) Ò�Î�DGC}CED5Î�<>=@?}B�D�D��ECN|�<>��<>CE<>;�Dô÷2=@F ;!<>HIFqCR�P{F�� M̃ Í
z <>FqC}?E<>F��K;�P{?�J´ñòP{B��E=@?ER@D��q=�D�;!<>=@? n P>�E�ED9f.MO?QP{F�R d̃n F�DÔB!<>?ER@D.;�P>�R@D�R³HL�E��=�DÔR�P{F�� ∂M̃ Í ù�=@;@;!<{Â

�E<>F��AR@<>F�Î^��=�ñ HIJ�DõÚ�HL�ECED.=@F�D^�}=@HICEDNDõÚ³C}?QP{HICED�CEDGJIJLDó�q=�D d̃n B!<>?ER@D�=@F-R³HL�Q�q=�D D̃n ⊂ ∂M̃
ÍP� H Ú@<>F�� n0 ⊂ NDGCÔF�<>CE<>F�� c̃+n0

JsP�Î�<>�Y;�<O�QP{F�CED�R@D p−1(c+) ��=@H�Î�<>F�C}HLDGFqC l̃1(xn0)
Í ù�<>HLDGFqC ĉ+n0

DGC l̂1 R@D��Ô?EDGJLDG� ~���R@D c̃+n0DGC l̃1 P{=þ?EDG� öGCEDG��DGFqC�=@F@HI� DG?E�EDGJ H2 R@D.JsPYÎ�<>�Y;!<O�QP{FqCED^R@D ∂M �q=@H�Î�<>F�C}HLDGFqC l1 DGC l2 CEDGJL�K�q=�D ĉ+n0

DGC l̂1��ñ HIF�CEDG?E�ED�ÎGCEDGFqCNDGF/=@F/;!<>HIFqC x̂n0

Í Ã:<>=@? n ≥ n0
Ò�?EDGJLDG� <>F�� D̃n

DGF¦=@F/R³HL�Q�q=�D D̂n
�q=@H:Î�<>FqC}HLDGF�C x̂n0

Í�ü D
B!<>?ER/R@D D̂n

D��}C.Î�<>�Y;�<O�Q~óR0ñ =@F[�EDGMO��DGF�C.R@D l̂1 Ò�R0ñ =@FW�EDGMO��DGFqC�Î�<>FqCEDGF�=yR�P{F���=@F/?EDGJLDG� ~ l̂2,n R@D l̃2 DGCR@D�R@DG=³Ú`�EDGMO��DGF�CE� În DGC Î−n ?EDGJLDG� ~��KR@D Ĩn DGC Ĩ−n %Îõÿ¼��MO=@?EDó� Í � � Í

l̂2,n

ÎnÎ−n

l̂1

ĉ+n0

l̂1(xn0)

l̂1(x̂n)

l̂2,n(ŷn)

Ý �uß�Þ�� Í � } ü DNR³HL�E��=�D D̂n
Í

� <>�Y��D l(Î±n) −→ 0 DGC��q=�D�JsPAÿ%<>F�ÎGC}HL<>F5R³HL�}CQP{F�Î�D©DGFqC}?ED©R@DG=³Ú�M ~�<�R@~��EHL�q=�D��Ð;�P{?QP{��~GC}?E~�D���;�P{?�JLDG=@?E�JL<>F@MO=�DG=@?E�ÆD��}C^Î�<>F�� DõÚ³DOÒ ĉ+n0

HIFqCEDG?E�QD�ÎGCED l̂2,n DGF =@F7;�<>HIF�C ŷn CEDGJ��q=�D d(l̂1(xn0), ŷn) −→ 0
Í ïÔF7P2��=

;@JI=���|�P{=@CN��=�D c̃+n0

HIF�CEDG?E�ED�ÎGCED l̃2 DGF[=@F �QDG=@J�;�<>HIF�C�Ò ŷn �ED�;@?E<{ð}DGC}CEDYR@<>F�Î��}=@? l̃2(yn0)
Í ïÔF DGF R@~�R³=@HIC

��=�D d(l̃1(xn0), l̃2(yn0)) = 0 Î�D���=@H�Î�<>FqC}?ED�R³HICÔJLD.ÿ´P{HICK�q=�D l̃1 DGC l̃2 �Q<>FqCAR³HL�%ð}<>HIFqCED�� ÍÃ:<>=@? n P>�E�ED9f�MO?QP{F�R@��Ò dn = p(d̃n)
?EDG;@?E~��EDGFqCEDôR@<>F�Î�=@FU~GJLDG��DGFqC�F�<>FyF�=@J�R@D π1(∂M)

Í � <>�Y��D
d̃n
B!<>?ER@D.=@F`R³HL�E�q=�D�R�P{F�� M̃ Ò@R0ñòP{;@?Eø��KJLD.C}|�~�<>?EøG��D^R³=þJsP>Î�DGC�|W��ÔD�X � HIJ�DõÚ³HL�}CED.=@Fþ��~G?}HLR³HLDGF d′n CEDGJ���=�D

i(λ, d′n) ≤
∫

dn
dλ ≤ 2π Î�D^�q=@H�Î�<>F�C}?ED�R³HIC c) Í

ïÔF DGF R@~�R³=@HIC¸�q=�ñ HIJþDõÚ³HL�}CED ζ > 0 CEDGJþ��=�D d(l(xn), l(yn)) > ζ ;!<>=@?UCE<>=@C n ∈ N+ <>=
d(l(x−n), l(x−n)) > ζ ;!<>=@?ôCE<>=@C n ∈ N+ Í � <>F��}HLR@~G?E<>F��þ;�P{?`DõÚ@DG�Y;@JLD �q=�D d(l(xn), l(yn)) > ζ;!<>=@?^CE<>=@C n ∈ N+ Í*a <>=��óP{JIJL<>F��Æ��<�R³H`��DG?^JL~GM øG?EDG��DGF�C�R@D���P{?}MO=@��DGFqCE��R³=���÷+� Í �.JLDGHIF�DGHLR�P{� DGCÆ� Í
ù�<>=@CE<�W��.Juù]X�;!<>=@?NÎ�<>F��}C}?}=@HI?EDOÒ0;!<>=@? ε R@<>F@F�~OÒ0=@FyP{F@F�D�P{=y<>=[=@F[?}=@B�P{F R@D z�µ B@HI=��ND��E�QDGFqC}HLDGJ Eε CEDGJ��=�D i(∂Eε, λ) ≤ ε

Í
� <>�Y��D l+1 ∪ l+2 D��}CADGFþ;!<O�}HIC}HL<>F`;@?E~GCEDGF�R³=�D^;�P{?©?QP{;@;�<>?}C�÷ c+ Ò@<>F¦P³Ò³;�<>=@?KCE<>=@C i < j d
� Í JLD���� D�ÎGCEDG=@?E� d

dt
l+2 (yi)

DGC d
dt
l+1 (xi)

�E<>F�C�R³HI?}HIM ~��R³=ô��öG��DÔÎNb>CE~�R@D c+ �÷^� P�� <>HI?�JLDÔÎNb>CE~�R³=�ÿ�DG?}��~
Fi
R@D.J´ñòP2.�?}��P{C}HL<>F[� Í � Í � � ,

� Í JLD���Î�<>=@?}B!D�� l+1 [xi, xj ]
DGC l+2 [yi, yj ]

?EDG;@?E~��EDGFqCEDGF�C2JLDþ��öG��D/~GJL~G��DGF�CôR³= π1
?EDGJsP{C}H ÿ π1(M, c+)Ü?ED��};�D�ÎGC}HI� DG��DGF�C π1(M,E) JL<>?E�E��=�D c+ B!<>?ER@D�=@F/P{F@F�D�P{=/<>=þ?}=@B�P{F/R@D z�µ B@HI=�� E � Í� <>F��EHLR@~G?E<>F���CE<>=@CR0ñòP{B!<>?ER�JLDÔÎ�P>��<4� A+

1
D��}C�=@F�D�Î�<>=@?}B�DÔ�}HI�Y;@JLD Í ù�<>HLDGFqC l =@F�D©ÿ�DG=@HIJIJLDÔR@D A+

2
CEDGJIJLD

��=�ñ =@F[?EDGJLDG� ~ l̃ R@D l ÷ ∂M̃ Pô=@F[B!<>=@C ξ+ Î�<>�Y�^=@F7P�� D�ÎY=@F[?EDGJLDG� ~ Ã+
1
R@D A+

1
DGC g =@F ~GJL~G��DGFqCÆR@D

ρ(π1(M)) �q=@H�JsP{HL�E�ED Ã+
1
HIFq�OP{?}HsP{FqC�DGC�R@<>F�CÐJLD�;!<>HIFqC�@Ú³D�?E~G;@=@JL�}H ÿ�D��}C ξ+ Í{ü D���M ~�<�R@~��}HL��=�D�� gn l̃ ⊂ p−1(l)<>F�C�R@DG=³Ú�B!<>=@CE��Ò gnξ+ = ξ+ DGC ξn = gnξ− R�P{F�� ∂M̃ DGC (ξn)

Î�<>Fq� DG?}M D�� DG?E��JLDÔ;!<>HIFqC��@Ú³D�P{C}C}?QP>ÎGC}H ÿ�R@D
g
Í ïÔF2DGF2R@~�R³=@HIC©��=�DOÒ���=@HIC}CED�÷^DõÚ³C}?QP{HI?EDOÒ gn l̃ Î�<>Fq� DG?}M D.� DG?E��=@F�D�M ~�<�R@~��}HL�q=�D l̃′ ⊂ p−1(A+

2 ) HIFq�OP{?}HsP{FqCED;�P{? g Í@ü PÆÿ%DG=@HIJIJLD l′ = p(l̃′) D��}CKÎ�<>�Y;�P>ÎGCEDóR@<>F�Î A+
2 = l′

Í



ù�H A+
1 = A+

2
Ò�P{JL<>?E��Ò0Î�<>�Y��D d(l+1 (xi), l

+
2 (yi)) > ζ Ò A B!<>?ER@DY=@F[?}=@B�P{FyR@D z�µ B@HI=��ND��E�EDGF�C}HLDGJ EP�� D�Î i(∂E, λ) = i(A, λ) = 0

Í ù�HIF�<>F�Ò@R0ñòP{;@?Eø��J´ñòP2.�?}��P{C}HL<>F-� Í � Í �³Ò�HIJ!DõÚ³HL�}CEDÔ=@F`P{F@F�D�P{=2D��Q�EDGFqC}HLDGJ E CEDGJ
��=�D ∂E = A+

1 ∪A+
2
Ò�R@<>F�Î i(∂E, λ) = 0

Í
ù�H A+

1
F�ñûD��ECÆ;�P>�Æ=@F�D2Î�<>=@?}B!Dþ�}HI�Y;@JLDOÒÐR0ñòP{;@?Eø��YÎ�Dô��=@H;@?E~�Î�ø�R@DOÒ A+

1
DGC A+

2
�E<>FqC�R@D��Æ�YHIF@HI��P{=³Ú

DõÚ@Î�DG;@C}HL<>F@F�DGJL� Í � |�P>ÎG=@FUR0ñûDG=³ÚyÎ�<>F�C}HLDGFqC�P{=y��<>HIF��ó=@F�D�ÿ�DG=@HIJIJLD���=@H�F�ñûD��}CóHL�E<>JL~�DôR0ñòP{=�ÎG=@FUÎNb>CE~ Í ïÔFUP
P{JL<>?E�©J´ñòP2.�?}��P{C}HL<>FW�}=@HI�OP{FqCEDYd
�54m�4��²�ÌiÀQ��Ó ÜÊ� ò ��Üu�	A ETK]3<87E4K�8 ε′ > 0 �q5�G�A�p45�M98:A 0 < i < j 8:A�G�M�I9KBA�G�¥ ETOû1!GF¥ KeOûS>A�M<S]A�K4p(U�1�MM�K]5Q/214OP8QM�¦� 1�M�¤�¦

¹ d(l+1 (xi), l
+
2 (xj)) < ε′ A98 d(l+2 (yi), l

+
1 (yj) < ε′ «¹�GVA@M�/�AFUD8:A�K]3@M d

dt
l+1 (xi)

A98 d
dt
l+1 (xj)

M9E4O�8�S45Q3@5Rv>6@M�S4K�r�<9rYA�U!3s8:6~S>A c+ «¹ ∀k ∈ {i + 1, ..., j − 1} � l+1 (xk)
AN8 l+2 (yk)

Ou¥ 1@?s?�1T3�8J57A�O	OcA9OP8 ?�14M ª
[l+1 (xi), l

+
1 (xj)] ∪ [l+2 (yi), l

+
2 (yj)] ⊂ c+ £

� 1�M�¤F¤q¦
¹ d(l+1 (xi), l

+
2 (yj)) < ε′ A98 d(l+2 (yi), l

+
1 (xj) < ε′ «¹�GVA@M�/�AFUD8:A�K]3@M d

dt
l+1 (xi)

A98 d
dt
l+2 (yj)

MNE4OP8�ST5�3�5`v]6@M�S4K<r5<�r�A�U!3T8:6�S>A c+ «¹ ∀k ∈ {i + 1, ..., j − 1} � l+1 (xk)
AN8 l+2 (yk)

Ou¥ 1@?s?�1T3�8J57A�O	OcA9OP8 ?�14M ª
[l+1 (xi), l

+
2 (yj)] ∪ [l+2 (yi), l

+
1 (xj)] ⊂ c+ £r�ET87E4OBM�I9K	A~U�A�U�1�MqOÊ¥ 1@?>?�143F1��Q8�I9K	AqM@5 l1 A98 l2 MNE4OP8oSs14OBM�GR1Yr5<�r�A�U�E4r�?�E�MN14OP8:A~S>A ∂M £

»�6�rYE4OBM98J3|1T8J5wE4Oc£AÃ:<>=@?�C}?E<>=@� DG?�=@FYCEDGJ�Î�<>=@;@JLD i < j Ò�<>FY;@?E<�Î�ø�R@DÔR@DJsP.��P{F@HLøG?EDA�E=@HI�>P{F�CED Í � <>�Y��D A+
1Î�<>F�C}HLDGFqC�=@F�D�ÿ�DG=@HIJIJLD���=@H³F�ñûD��}C:HL�E<>JL~�DR0ñòP{=�ÎG=@F�ÎNb>CE~OÒ>HIJ�DõÚ³HL�}CED�=@F�;�<>HIF�C x ⊂ A+

1 ∩c+ CEDGJ@�q=�ñ =@F�D�}=@HICEDR@D;!<>HIFqCE�R@D l+1 ∩ c+ �}HIC}=�~��©÷NMqP{=�ÎQ|�D�R@D x Î�<>Fq� DG?}M D�� DG?E� x DGC���=�ñ =@F�D��}=@HICEDÔR@DÔ;!<>HIFqCE�R@D l+1 ∩ c+ �}HIC}=�~��
÷YR³?E<>HICEDÆR@D x Î�<>Fq� DG?}M D�P{=��E�}H�� DG?E� x Í � <>F��EHLR@~G?E<>F���R@DG=³Úþ;!<>HIFqCE� a = l+1 (xl)

<>= l+2 (yl)
DGC b = l+1 (xs)<>= l+2 (ys)

�}HIC}=�~��^R@D�;�P{?}CóDGCóR0ñòP{=@C}?ED5R@D x DGC^CEDGJL�ó�q=�D d(a, b) < ε′ DGCó��=�D ∀k ∈ {l + 1, ..., s − 1} Ò
l+1 (xk)

DGC l+2 (yk)
F�ñòP{;@;�P{?}C}HLDGF@F�DGFqCA;�P>�K÷ [a, b] ⊂ c+

Í ù�H�JLD��� D�ÎGCEDG=@?E� d
dt

(l1 ∪ l2)|a DGC d
dt

(l1 ∪ l2)|b �Q<>FqCR³HI?}HIM ~��KR³=2��öG��D�ÎNb>CE~�R@D c+ Ò@P{JL<>?E�©<>Fþ;@?EDGF�R i = l DGC j = s
Í ù�HIF�<>FþHIJ�DõÚ³HL�}CED�=@Fô;!<>HIFqC c = l+1 (xt)

<>=
l+2 (yt)

R@D [a, b] CEDGJ��q=�D ∀k ∈ {l + 1, ..., t− 1} − {s} Ò l+1 (xk)
DGC l+2 (yk)

F�ñòP{;@;�P{?}C}HLDGF@F�DGFqC�;�P>�A÷ [a, b]
Í

ïÔFô;@?EDGF�R`P{JL<>?E� j = t DGC i = l �}H�JLD���� D�ÎGCEDG=@?E� d
dt

(l1 ∪ l2)|a DGC d
dt

(l1 ∪ l2)|c �E<>F�C�R³HI?}HIM ~��©R³=2��öG��D.ÎNb>CE~R@D c+ DGC i = s �}HIF�<>F ÍïÔF P P{HIF��}H i, j � ~G?}H`��P{FqC JLD�� R@DG=³Ú ;@?EDG�YHLøG?ED�� Î�<>F�R³HIC}HL<>F�� DGC =@F �EDGMO��DGF�C ;�P{?}�YH
[l+2 (xi), l

+
2 (xj)], [l

+
2 (yi), l

+
2 (yj)], [l

+
1 (xi), l

+
2 (yj)]

DGC [l+2 (yi), l
+
1 (xj)]

�q=@H@F�D©Î�<>F�C}HLDGFqC©P{=�ÎG=@F�R@D�� l+1 (xk)DGC l+2 (yk)
;!<>=@? k ∈ {i+ 1, ..., j − 1} Íz <>FqC}?E<>F�����=�D.JsP�C}?E<>HL�}HLøG��D�;@?E<>;@?}HL~GCE~óD��}CA�QP{C}HL�Àÿ´P{HICED�R�P{F��AÎQ|�P>ÎG=@F/R@D��KR@DG=³Ú`Î�P>� Í � <>�Y��D�J´ñòP>R³|�~õÂ

?EDGF�Î�DR@D l̃1∪ l̃2 R�P{F�� ∂M̃ D��EC�=@F�DÎ�<>=@?}B!D�R@D�� <>?ER�P{F�ÒODGJIJLD�B!<>?ER@D�=@F�R³HL�E��=�D�ÿ%DG?}��~ O ⊂ ∂M̃
Í¼z <>FqC}?E<>F��

��=�D�;!<>=@?�CE<>=@C g ∈ ρ(π1(M)) Ò�J´ñòP>R³|�~G?EDGF�Î�D�R@D l̃1∪l̃2 F�ñ HIFqCEDG?E�ED�ÎGCED�;�P>��J´ñòP>R³|�~G?EDGF�Î�D�R@D g(l̃1∪l̃2) Í � <>�Y��D
l1
DGC l2 �E<>F�C�R@D���M ~�<�R@~��}HL��=�D����}HI�Y;@JLD����q=@H�F�DA��ñ HIFqCEDG?E�ED�ÎGCEDGF�C�;�P>��C}?QP{F��}� DG?E�QP{JLDG��DGFqC�Ò l̃1∪ l̃2 DGC g(l̃1∪ l̃2)F�DK�iñ HIFqCEDG?E�ED�ÎGCEDGF�C�;�P>� Í ù�H�JLD���P>R³|�~G?EDGF�Î�D���R@D l̃1∪ l̃2 DGC�R@D g(l̃1∪ l̃2) ��ñ HIF�CEDG?E�ED�ÎGCEDGFqC�Ò l̃1 DGC g(l̃1) <>FqCP{JL<>?E�JLD��KR@DG=³Úþ��öG��D��AB�<>=@CE� Í ïÔF`DGF-R@~�R³=@HICÔ��=�D g2 �@Ú@D.JLD��AR@DG=³Ú2B�<>=@CE�ÔR@D l̃1 Í$c =@HIC}CEDó÷YDõÚ�C}?QP{HI?EDOÒ�JsPY�}=@HICED

g2(l̃1)
Î�<>Fq� DG?}M DÆ� DG?E�K=@F�D^M ~�<�R@~��EHL�q=�D l̃ ⊂ p−1(A+

1 ) R@<>FqC�JsPY;@?E<{ð}D�ÎGC}HL<>F l ⊂ ∂M D��}C�Î�<>�Y;�P>ÎGCED Í � D�ÎGH
Î�<>F�C}?ED�R³HICAJ´ñ | � ;!<>C}|�ø��EDN��=�D A+

1
D��}C©=@F-�YHIF@HI��P{J�DõÚ³Î�DG;@C}HL<>F@F�DGJ Í

Õ.P{F���JLDKÎ�P>� I ÒOF�<>CE<>F�� c̃+ JLDK?EDGJLDG� ~ÔR@D c+ ��=@H�HIFqCEDG?E�QD�ÎGCED l̃1 DGF l̃+1 (xi)
DGC g JL~GJL~G��DGFqCR@D ρ(π1(M))CEDGJ��q=�D g(l̃+1 (xj)) ⊂ c̃+ %Îõÿ Í ��MO=@?EDô� Í � � Í Õ�ñòP{;@?Eø��ÆÎ�D���=@H�;@?E~�Î�ø�R@DOÒ:<>FkP O ⊂ g(O) <>= g(O) ⊂ O

Í
ÃÐP{?�Î�<>F��}C}?}=�ÎGC}HL<>F�ÒOJ´ñ =@F�R@D���R@DG=³ÚYP{?EÎ�� [l+1 (xi), l

+
1 (xj)]

Ò [l+2 (yi), l
+
2 (yj)]

F�D©Î�<>FqC}HLDGF�C�P{=�ÎG=@F�R@D�� l+1 (xk)
Ò

l+2 (yk)
;�<>=@? k ∈ {i + 1, ..., j − 1} Í ù�H�J´ñòP{=@C}?EDYP{?EÎÆÎ�<>FqC}HLDGFqC l+1 (xk)

<>= l+2 (yk)
P{JL<>?E� ∃h ∈ ρ(π1(M))CEDGJL�.��=�D g(O) ∩ h(O) 6= ∅ ��=�D g(O) 6⊂ h(O) DGC.�q=�D h(O) 6⊂ g(O)

Í ïÔFWDGF[R@~�R³=@HIC.��=�DNJ´ñòP>R³|�~G?EDGF�Î�D
R@D g(l̃1 ∪ l̃2) HIF�CEDG?E�ED�ÎGCEDNJ´ñòP>R³|�~G?EDGF�Î�DóR@D h(l̃1 ∪ l̃2) Î�D���=@H�Î�<>F�C}?ED�R³HICAJLD.;�P{?QP{MO?QP{;@|�DN;@?E~�Î�~�R@DGF�C ÍÕ�P{F��.JLDYÎ�P>� II Ò!J´ñ =@F R@D��NR@DG=³ÚWP{?EÎ�� [l+1 (xi), l

+
2 (yj)]

Ò [l+2 (yi), l
+
1 (xj)]

F�D�Î�<>FqC}HLDGF�C^;�P>� l+1 (xk)
F@H



l̃1(xi)

g(l̃1(xj))

c̃+

g(l̃1 ∪ l̃2)

Ý �uß�Þ�� Í � } � HIMO=@?ED�;�<>=@?AJLD�Î�P>�K<4� g(O) ⊂ O

l+2 (yk)
DGC�JLD©��öG��DK?QP{HL�Q<>F@F�DG��DGFqC©�q=�DAR�P{F���JLDKÎ�P>� I ;�DG?}��DGC�R0ñûDGF5R@~�R³=@HI?EDA��=�DKJ´ñòP{=@C}?EDAF�DKJLD���Î�<>FqC}HLDGFqC;�P>�©F�<>F-;@JI=�� Í

� <>�Y��D�J´ñ HIJIJI=��EC}?EDóJsP���MO=@?ED�� Í '³Ò!Î�D�Î�<>=@;@JLD i, j �OP�F�<>=��.;!DG?}��DGC}C}?EDYR@D�Î�<>F��}C}?}=@HI?ED�J´ñòP{F@F�D�P{= <>=WJLD?}=@B�P{F-R@D z+µ B@HI=��KD��Q�EDGFqC}HLDGJ Eε ÎQ|�DG?EÎE|�~ Í� <>�Y��D l1 ∪ l2 F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� λ Ò�P{JL<>?E� ∃ε(λ) CEDGJ��q=�D��}H l+k Ü;!<>=@? k = 1 <>= 2 � Î�<>F�C}HLDGFqCÆ=@F

l1(xi)

l1(yj)
l2(xj)

l2(yi)

l1(xi)
l1(xj)

l2(yi) l2(yj)

� P>� )

� P>� )�)

Ý �Üß�Þ�� Í ' } �AF`DõÚ@DG�Y;@JLD�;!<>=@?KÎE|�P>ÎG=@F/R@D��AR@DG=³ÚþÎ�P>�K;�<O�E�EHIB@JLD��
;!<>HIFqCA÷�R³HL�}CQP{F�Î�DNHIF³ÿ%~G?}HLDG=@?ED^÷ ε(λ) R0ñ =@F�D.ÿ�DG=@HIJIJLD�Î�<>�Y;�P>ÎGCED d R@D λ Ò�P{JL<>?E�K<>=þB@HLDGF lk = d Ò@<>=þB@HLDGF l+k�};@HI?QP{JLD^�}=@? d ÍÕ�P{F��ÐJLDÎ�P>� ) Ò>Î�<>�Y��D A+

1
F�ñûD��}CÐ;�P>�Ð=@F�D�M ~�<�R@~��}HL�q=�DÎ�<>�Y;�P>ÎGCEDOÒO;!<>=@? ε′ < ε(λ) F@H [l+1 (xi), l

+
1 (xj)]F@H [l+2 (yi), l

+
2 (yj)]

F�ñ HIF�CEDG?E�ED�ÎGCEDGFqCKR@DKÿ%DG=@HIJIJLD�Î�<>�Y;�P>ÎGCED.R@D λ Í ïÔFôDGFôR@~�R³=@HIC�q=�DA;�<>=@? ε′ �}=�.��QP{�Y��DGF�C;!DGC}HIC�Ò i([l+1 (xi), l
+
1 (xj)], λ) ≤ ε

2
DGC i([l+2 (yi), l

+
2 (yj)], λ) ≤ ε

2

Í Õ�ñòP{;@?Eø���=@F¸?E~��}=@JICQP{C�R@D0W ù�|i{�XoÒ
JLD��ÆÎ�<>=@?}B�D��Æ�}HI�Y;@JLD�� l+1 [xi, xj ] ∪ [l+1 (xi), l

+
1 (xj)]

DGC l+2 [yi, yj] ∪ [l+2 (yi), l
+
2 (yj)]

B�<>?ER@DGF�Có=@F¸P{F³Â
F�D�P{=`;@?E<>;@?EDG��DGF�CÔ;@JL<>F@M ~ Eε %Îõÿ Í ��MO=@?ED^� Í ' � CEDGJ��q=�D i(∂Eε, λ) ≤ ε

Í � <>�Y��DNJLD��K� D�ÎGCEDG=@?E� d
dt
l+1 (xi)DGC d

dt
l+1 (xj)

�E<>F�C�R³HI?}HIM ~��5R³=���öG��D`ÎNb>CE~`R@D c+ ÒÐ;!<>=@? ε′ �E=�.��QP{�Y��DGFqC5;�DGC}HIC�JLD���Î�<>=@?}B�D��5�}HI�Y;@JLD��
∂1Eε = l+1 [xi, xj ] ∪ [l+1 (xi), l

+
1 (xj)]

DGC ∂2Eε = l+2 [yi, yj] ∪ [l+2 (yi), l
+
2 (yj)]

�Q<>FqC`R@D��þ��=�P>�}H Â
M ~�<�R@~��}HL��=�D���R@D ∂M Í ù�<>HLDGF�C Ẽε ⊂ M̃ =@FW?EDGJLDG� ~YR@D Eε DGC ∂̃1Eε

DGC ∂̃2Eε
JLD���R@DG=³ÚWÎ�<>�Y;�<O�QP{F�CED��NR@D

�E<>F2B!<>?ER Í � <>�Y��D ∂̃jEε D��}C=@F�D���=�P>�}H Â´M ~�<�R@~��}HL�q=�D.R@D ∂M̃ Ò³DGJIJLD�D��}C=@F@H ÿ�<>?}��~G��DGFqCK;@?E<�ÎE|�DY%DGF2ÿ�<>F�ÎõÂ
C}HL<>FþR@D ε′ � R0ñ =@F�DÔM ~�<�R@~��}HL��=�D c̃j R@D ∂M̃ Í�ü ñ | � ;!<>C}|�ø��ED d(l+1 (xi), l

+
2 (yi)) > ζ DGF�C}?QP2¯LF�DN��=�D c̃1 6= c̃2

DGC



<>F`DGF-R@~�R³=@HICÔ�q=�D Eε D��}CK=@F-P{F@F�D�P{=¦D��E�EDGF�C}HLDGJ ÍÕ�P{F�� JLD Î�P>� )�) Ò Î�<>�Y��D A+
1

F�ñûD��}C ;�P>� =@F�D M ~�<�R@~��}HL��=�D Î�<>�Y;�P>ÎGCEDOÒ ;!<>=@?
ε′ < ε(λ) �}=�.��QP{�Y��DGF�CÔ;!DGC}HIC�Ò i([l+1 (xi), l

+
2 (yj)], λ) ≤ ε

4
DGC i([l+2 (yi), l

+
1 (xj)], λ) ≤ ε

4

Í�ü P�Î�<>=@?}B!D
c = l+1 [xi, xj] ∪ [l+1 (xj), l

+
2 (yi)] ∪ l+2 [yi, yj ] ∪ [l+2 (yj), l

+
1 (xi)]

B!<>?ER@DY=@F ?}=@B�P{FyR@D z�µ B@HI=�� E′ε%~G� DGF�C}=�DGJIJLDG��DGFqC��}HIF@MO=@JIHLDG? � CEDGJ�q=�D i(∂E′ε, λ) ≤ ε
2

Í Ã:<>=@?�JLD��^?QP{HL�Q<>F��Æ~G� <���=�~�D��óR�P{F��óJLD5Î�P>� ) Ò�Î�D
?}=@B�P{F�R@D z+µ B@HI=���D��}C�D��E�EDGF�C}HLDGJ Í � <>�Y��D M D��}C�<>?}HLDGF�CQP{B@JLDOÒqHIJ�DõÚ³HL�}CED©R@DG=³Ú�Î�<>;@HLD���R³HL��ðÀ<>HIF�CED���R@D c R@<>F�CJsP�?E~G=@F@HL<>F/B!<>?ER@D^=@FWP{F@F�D�P{=Ø%~G� DGFqC}=�DGJIJLDG��DGFqCN�EHIF@MO=@JIHLDG? � Í Õ�ñòP{;@?Eø���W ù�|i{�XoÒ�Î�D���R@DG=³Ú/Î�<>;@HLD��ÔB�<>?ER@DGF�C=@F-P{F@F�D�P{=¦D��E�EDGFqC}HLDGJ�F�<>F-�}HIF@MO=@JIHLDG? Eε CEDGJ���=�D i(λ, ∂Eε) ≤ ε

Í
ïÔF
P¦��<>FqC}?E~-R�P{F���JLD���R@DG=³Ú¸Î�P>����=�D2;�<>=@?�CE<>=@C ε ÒÐHIJADõÚ³HL�}CED2=@F&P{F@F�D�P{=�D��E�QDGFqC}HLDGJ Eε CEDGJK��=�D

i(∂Eε, λ) ≤ ε Î�DN��=@H�Î�<>FqC}?ED�R³HICAJsP�Î�<>F�R³HIC}HL<>F b1) Í

HIH � Ý ��F/R@Dó��<>FqC}?EDG?.JsP�Î�<>F�C}?QP{;�<O�E~�R@D b) => b1)
Ò�F�<>=���P{JIJL<>F���;@?E<>=@� DG?.=@F-?E~��}=@JICQP{C�=@F¦;�DG=/;@JI=��

ÿ�<>?}C:��=@H�F�<>=��:�QDG?QPA=@C}HIJLD�;�P{?ÐJsPA�E=@HICED Í �ÔF�D�JIHI�YHICED�M ~�<>��~GC}?}HL��=�D©R@D�B�<>?ER@�ÐR0ñòP{F@F�D�P{=³ÚóF�ñûD��EC:;�P>�:CE<>=>ð}<>=@?E�
P{F@F�=@JsP{HI?EDOÒ�CE<>=@CEDõÿ�<>HL�A<>F-P�d
æy�]�!�!��ÜÊ� ò � ï �q� E45wA9OP8 λ KeOcAYG`1Tr�5QO�1T8J5wE4O+v]6FEDS>6@M�5JINKBALr�A@M�K]3�6�A�I9Ke5�M91T8J5�M�tN145J8�G`1+U�E4O�S45J8J5wE4O c) A98\5�O	¹8:A�3@MNA�UN8:A�8J3|1TOBM@/�A93�MN14GRA9rYA9OP8�87ETKe8:A@MqGVA@M�U�E4Ke3DC�A@M�?�1T3|1>C�E4G�5wI9K	A@M�AN8 (An)

KeOcA�M@Ke5Q8:A�S>Aqr~K]G`8J5�¹|U�E4Ke3NC�A@M�8:A�GQGVA
I9K	A An CFE43FS>A�KeO�1TO	OcAF14K<E4K^KeO<3�KBCF1TO�S>A����>C�5QK>M�A@M@MNA�OP8J57A�G*A98yINKBA (An)

U�E4O	/�A93Jv>A�v]6FE4r�698J3�5JI9K	A�r�A�OP8
/�A93�MzKeOcA�GR14r~5�O�1s8J5JE4O~v>6FEDS]6@M@5wI9K	A A I9Ke5gOu¥ 5QOP8:A�3@MNAFUN8:A©?B1�M |λ| 8J3|1TOBM@/�A93�MN14GRA9rYA9OP8 « 14GRE43@M A A@M�8&14O	OPK]GR145Q3FA6|A�OY?B143�8J5wU9KeG�57A�3 λ OÊ¥ A�M�8u?B1�M�14O�14OPO	K]GR145Q3FA�¨T£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>CE<>F�� S(A) JsP��}=@?Àÿ�P>Î�D�DG�óB@?QP>�E�E~�D�;�P{? A ,@;!<>=@? n P>�E�ED9f�MO?QP{F�R0Ò An ⊂ S(A)

Í
ù�H S(A) D��}CHIF�Î�<>�Y;@?ED��E�}HIB@JLDóDGC©F�D�Î�<>FqC}HLDGF�CA;�P>�KR@D�Î�<>=@?}B!D��©;�P{?QP{B!<>JIHL�q=�D��g,�P{JL<>?E�KJLD�� An �E<>F�CKR@D��JsP{�YHIF�P{C}HL<>F���P{F@F�=@JsP{HI?ED�� Í ù�<>HLDGF�C S̃(A) ⊂ ∂M̃ =@Fk?EDGJLDG� ~þR@D S(A) DGC F̃ =@F R@<>��P{HIF�Dôÿ�<>F�R�P{��DGFqCQP{J

;!<>=@?óJ´ñòP>ÎGC}HL<>F R@D π1(S(A)) �}=@? S̃(A)
Í ù�<>HLDGF�C l̃1,n DGC l̃2,n R@DG=³Ú ÿ%DG=@HIJIJLD���B@HsP>� � �Y;@CE<>CED��YR@D p−1(An)CEDGJIJLD����q=�D l̃1,n HIFqCEDG?E�QD�ÎGCED F̃ ,��q=@HIC}CED�÷�DõÚ³C}?QP{HI?EDOÒ�<>F/;�DG=@C��}=@;@;!<O�EDG?Ô��=�DNJsP��}=@HICED (l̃1,n)

Î�<>F�� DG?}M DÆ� DG?E�
=@F7?EDGJLDG� ~ l̃1 R0ñ =@F�DYÿ�DG=@HIJIJLD l1 R@D A Í Õ�ñòP{;@?Eø��óJ´ñòP2.�?}��P{C}HL<>F¸� Í � Í �³Ò��q=@HIC}CEDô÷`DõÚ³C}?QP{HI?EDOÒ�JLD��^ÿ�DG=@HIJIJLD�� l̃2,n�E<>F�CYÎ�<>FqCEDGFq=�D���R�P{F��ó=@FU��öG��Dô?EDGJLDG� ~ S̃(A)′ ⊂ ∂M̃

Í � <>�Y��D2JLD��ÆB!<>=@CE�óR@D�� l̃2,n Î�<>Fq� DG?}M DGF�C�� DG?E�JLD��óB�<>=@CE�ÆR@D l̃1 ⊂ S̃(A) ÒÐP{JL<>?E�^JsP-�}=@HICED (l̃2,n)
Î�<>Fq� DG?}M Dô� DG?E�óJLD�?EDGJLDG� ~ l̃2 ⊂ S̃(A)′ R0ñ =@F�D�ÿ%DG=@HIJIJLD l2R@D A ��=@H:P�JLD���R@DG=³Ú`��öG��D��AB!<>=@CE�Ô��=�D l̃1 Í ù�H S̃(A) = S̃(A)′ P{JL<>?E� l̃1,n DGC l̃2,n �E<>FqC.Î�<>FqCEDGF�=�D���R�P{F��

S̃(A)
Í � <>�Y��D l̃1,n DGC l̃2,n �E<>FqCAB@HsP>� � �Y;@CE<>CED��iÒ�Î�D�ÎGH�Î�<>F�C}?ED�R³HICÔJLD.ÿ´P{HICA��=�D�J´ñòP>R³|�~G?EDGF�Î�D^R@D S̃(A) R�P{F��

M̃ D��}CÔ=@F¦R³HL�E��=�DL�P2.�?}��P{C}HL<>F � Í � Í � � R@<>F�Î S̃(A) 6= S̃(A)′ DGC l̃2 6= l̃1
Í ïÔF/DGFWR@~�R³=@HIC���=�D A D��}CÔ=@F�D

JsP{�YHIF�P{C}HL<>F/M ~�<�R@~��}HL��=�DNP{F@Fq=@JsP{HI?ED Í

ù�H S(A) D��EC�Î�<>�Y;@?ED��E�}HIB@JLDÔ<>=�Î�<>FqC}HLDGF�C�=@F�DAÎ�<>=@?}B�DA;�P{?QP{B�<>JIHL��=�DOÒqR0ñòP{;@?Eø���JLD©JLDG�Y��DÔ� Í � Í �³ÒqHIJ�DõÚ�HL�ECED=@F�D��ó=@JIC}H ÂoÎ�<>=@?}B�D C ;�P{?�?QP{;@;!<>?}C^÷ôJsP>��=�DGJIJLD A D��}CNDGFW;!<O�}HIC}HL<>F[;@?E~GCEDGF�R³=�D�DGC�CEDGJIJLDY��=�D C Î�<>F�C}HLDGFqC
=@F�� � �}CEøG��D`P>R³�YHL�Q�}HIB@JLD-R@Dþ��~G?}HLR³HLDGF�� C0

<>= =@F�D`Î�<>=@?}B!Dþ;�P{?QP{B!<>JIHL�q=�D C0
ÜJsP[�}=@HICED`R@D`JsPW;@?EDG=@� D

~GCQP{F�C©JsP^��öG��D�R�P{F��JLD��©R@DG=³Ú2Î�P>��Ò³<>F`PóR@<>F@F�~.JLD���öG��D.F�<>�eP{=þ� � �}CEøG��D�P>R³�YHL�E�}HIB@JLD�DGCK÷óJsPóÎ�<>=@?}B!D
;�P{?QP{B!<>JIHL�q=�D � Í � <>�Y��D A D��}C�DGF/;!<O�}HIC}HL<>F¦;@?E~GCEDGF�R³=�D�;�P{?Ô?QP{;@;!<>?}C.÷ C Ò�;�<>=@? n P>�E�QD9fóMO?QP{F�R An D��}C~GMqP{JLDG��DGF�CÆDGF7;�<O�}HIC}HL<>Fy;@?E~GCEDGF�R³=�D�;�P{?N?QP{;@;!<>?}CÆ÷ C �P2.�?}��P{C}HL<>F�� Í � Í � � Í Õ�ñòP{;@?Eø��^JLDYÿ�P{HICó� Í � Í ��Ò AnF�ñûD��}CÔ;�P>�A=@F�DÆÎ�<>=@?}B!DN;�P{?QP{B!<>JIHL�q=�D Í ù�H�JsP�JL<>F@MO=�DG=@?�R@D��ÔÎ�<>�Y;!<O�QP{FqCED��.R@D An − C F�ñûD��}C�;�P>�AB!<>?}F�~�D-,
HIJ�DõÚ³HL�}CED^=@F�D��}=@HICED�R0ñòP{?EÎ�� (kn) ⊂ An − C CEDGJL���q=�D l(kn) −→ ∞ Í �ÔF�Dó�>P{JLDG=@?NR0ñòP>R³|�~G?EDGF�Î�D�;!<>=@?.JsP
CE<>;!<>JL<>MOHLD^R@D���P{=��ER@<>?|
 R@DóÎ�DGC}CED^�}=@HICEDNR0ñòP{?EÎ���Î�<>FqC}HLDGF�C.=@F�D�JsP{�YHIF�P{C}HL<>FWM ~�<�R@~��}HL��=�DN��=@H�F�ñ HIFqCEDG?E�QD�ÎGCED
;�P>� C Ò@Î�D��q=@H�Î�<>F�C}?ED�R³HICAJLD�ÿ´P{HICK�q=�D A D��}CKDGF-;�<O�}HIC}HL<>Fþ;@?E~GCEDGF�R³=�D^;�P{?K?QP{;@;!<>?}CÔ÷ C Í) J�DõÚ³HL�}CEDYR@<>F�Î�=@F�D�Î�<>F��}CQP{F�CED K ��=@H���P¼ð}<>?EDYJsPôJL<>F@MO=�DG=@?óR@D��NÎ�<>�Y;!<O�QP{F�CED��^R@D An − C

Í ù�<>HIC c=@F�DþÎ�<>�Y;!<O�QP{FqCED-R@D C0
,ÐR0ñòP{;@?Eø��YJLD���| � ;�<>C}|�ø��ED��Æÿ´P2¯LCED����}=@? λ Ò |λ| HIFqCEDG?E�ED�ÎGCED`C}?QP{F��}� DG?E�QP{JLDG��DGFqC c Í� <>�Y��D A F�ñ HIFqCEDG?E�QD�ÎGCED^;�P>� |λ| C}?QP{F��}� DG?E� P{JLDG��DGFqC�Ò |λ| ∩ S(A) ⊂ A

Í �AF�DN�Q<>=��ÀÂ´JsP{�YHIF�P{C}HL<>F-�YHIF@HI��P{JLD
R@D A HIFqCEDG?E�ED�ÎGCED�R@<>F�Î c C}?QP{F��}� DG?E�QP{JLDG��DGF�C Í ù�<>HLDGFqC l =@F�D^ÿ%DG=@HIJIJLDÆR@D^Î�DGC}CED��E<>=��}Â´JsP{�YHIF�P{C}HL<>F¦�YHIF@HI��P{JLD%DGF/;�P{?}C}HLÎG=@JIHLDG? l D��}CÔ=@F�D�ÿ�DG=@HIJIJLDN?E~�ÎG=@?}?EDGF�CEDÆR@D A �q=@H�HIFqCEDG?E�ED�ÎGCED c C}?QP{F��}� DG?E�QP{JLDG��DGF�C � DGC l̃ =@F/?EDGJLDG� ~R@D l ÷ ∂M̃ Ò!F�<>CE<>F�� (c̃j)j∈Z

JLD��óÎ�<>�Y;�<O�QP{F�CED��óR@D p−1(C) �q=�D l̃ HIFqCEDG?E�ED�ÎGCED5�}=�Î�Î�D��E�}HI� DG��DGF�C Í*a <>CE<>F��



l̃[−p, p] JLD��QDGMO��DGFqCKR@D l̃ ��=@H�ð}<>HIFqC c̃−p DGC c̃p ,�JsP^JL<>F@MO=�DG=@?ÔR@D l̃[−p, p] D��}C��P¼ðÀ<>?E~�D.;�P{? 2Kp
Í � <>�Y��D

An
Î�<>Fq� DG?}M D�M ~�<>��~GC}?}HL�q=�DG��DGF�C^� DG?E� A Ò!;!<>=@? n P>�E�ED9f�MO?QP{F�RW=@F�DÆÿ%DG=@HIJIJLD ãn R@D p−1(An)

HIFqCEDG?E�QD�ÎGCED
c̃−p

DGC c̃p DGC ãn[−p, p] Î�<>F�� DG?}M D.;�<>=@?�JsP^CE<>;�<>JL<>MOHLD�R@D��.P{=��ER@<>?|
-� DG?E� l̃[−p, p] Í ù�<>HLDGFqC En =@FþP{F@F�D�P{=<>=¦=@F-?}=@B�P{F[R@D z+µ B@HI=���D��E�EDGF�C}HLDGJ:B!<>?ER@~N;�P{? An DGC Ẽn JLDó?EDGJLDG� ~ÆR@D En R@<>F�C.JLD^B!<>?ER-Î�<>F�C}HLDGFqC ãn ,��<>F�C}?E<>F��Ô��=�D ã′n = ∂Ẽn − ãn
HIFqCEDG?E�ED�ÎGCEDÆP{=��E�}H c̃t ;!<>=@?©CE<>=@C t ∈ {−p, . . . , p} ÍÕ�ñòP{;@?Eø���JLDYÿ�P{HIC�� Í � Í ��Ò ∂an D��}CNDGF[;!<O�}HIC}HL<>F[;@?E~GCEDGF�R³=�D�;�P{?�?QP{;@;!<>?}Có÷ C Í ù�H p(c̃t) ⊂ C0

Ò0<>F R@~õÂ
R³=@HIC�R@D2JsP[;@?EDG=@� D`R³=kÿ�P{HIC�� Í � Í �7�q=�D c̃t �E~G;�P{?ED2JLD���R@DG=³ÚkB!<>=@CE��R@D ãn DGC�R@<>F�Îþ��=�D ã′n HIF�CEDG?E�ED�ÎGCED
c̃t
Í ù�H p(c̃t) F�ñûD��}Cþ;�P>�2=@F���~G?}HLR³HLDGF(F@H�=@F�DWÎ�<>=@?}B!DW;�P{?QP{B�<>JIHL��=�DOÒ©Î�<>�Y��D l D��ECô?E~�ÎG=@?}?EDGF�CED DGC2HIF³ÂCEDG?E�ED�ÎGCED c C}?QP{F��E� DG?E�QP{JLDG��DGFqC�Ò�HIJKDõÚ³HL�}CED c̃t1 DGC c̃t2 CEDGJL����=�D t1 < t < t2

DGC5�q=�Dþ;!<>=@? s ⊂ [t1, t2]
Ò

p(c̃s) ⊂ C0 ⇔ s ⊂ {t1, t2}
Í Ã:<>=@? n P>�Q�ED9f�MO?QP{F�R0Ò ãn HIFqCEDG?E�ED�ÎGCED c̃t1 DGC c̃t2 Ò�R@<>F�Î ã′n JLD��NHIF�CEDG?E�ED�ÎGCEDP{=��E�EH�DGC�JLD���Î�<>�Y;�<O�QP{F�CED���B�<>?}F�~�D�� k̃ DGC k̃′ R@D ãn− (c̃t1 ∪ c̃t2) DGC ã′n− (c̃t1 ∪ c̃t2) �Q<>FqC�|�<>��<>CE<>;!D���R�P{F��

M̃ ?EDGJsP{C}HI� DG��DGFqC�÷ c̃t1 ∪ c̃t2 Íù�H S D��}C�Î�<>�Y;@?ED��E�}HIB@JLDOÒ <>F�;�DG=@C�ÎQ|�<>HL�}HI?�;!<>=@? C0
=@F�� � �}CEøG��DKP>R³�YHL�E�EHIB@JLDKR@D��~G?}HLR³HLDGF�� Í>a <>CE<>F�� S′JsPó�}=@?Àÿ´P>Î�DA<>B@CEDGFq=�D�DGF2R@~�Î�<>=@;�P{FqC S JLDKJL<>F@MYR@D C0
DGCDGF5?ED�Î�<>JIJsP{F�C©JLDKJL<>F@MYR@DAÎQ|�P>�q=�D.Î�<>�Y;!<O�QP{FqCED.R@D

B!<>?ERÆP{HIF��EHqÿ�<>?}��~�D�=@FÆR³HL�E��=�D�R@D M ��=�ñûDGJIJLD�B�<>?ER@D Í � <>�Y��D C0
D��EC�=@F�D�� � �}CEøG��D�P>R³�YHL�Q�}HIB@JLDOÒ{JsPA�}=@?Àÿ´P>Î�D

S′ P{HIF��}H!Î�<>F��}C}?}=@HICED��KD��}C�E<>HIC=@F�D.�};@|�øG?EDOÒ³�E<>HIC=@F�D��E=@?Àÿ�P>Î�D�HIF�Î�<>�Y;@?ED��E�}HIB@JLD Í Õ�ñòP{;@?Eø��JsPó?EDG��P{?E��=�D���=@H�}=@HIC�JLDÆJLDG�Y��DY� Í � Í �OÒ��EH S′ D��}CÔ=@F�D��};@|�øG?EDOÒ!<>F¦;�DG=@C.;@?EDGF�R³?ED C = C0
DGC�J´ñû~GC}=�R@DÆ;@?E~�Î�~�R@DGFqCED�R³=WÎ�P>�

p(c̃p) ⊂ C0
�E=�.�C�;�<>=@?�Î�<>F�ÎGJI=@?ED Í ù�H S′ D��}CÐ=@F�DK�}=@?Àÿ´P>Î�DHIF�Î�<>�Y;@?ED��E�}HIB@JLDOÒ k̃ DGC k̃′ �E<>F�C�|�<>��<>CE<>;�D���R�P{F��

p−1(S′) ?EDGJsP{C}HI� DG��DGFqC�÷ c̃t1 ∪ c̃t2 Í ïÔF`DGF-R@~�R³=@HICA��=�D��}H c̃p HIF�CEDG?E�ED�ÎGCED k̃ ��P{HL�©;�P>� k̃′ P{JL<>?E� k Î�<>FqC}HLDGFqC=@FþP{?EÎ.R@DÔÎ�<>�Y;@?ED��E�EHL<>Fô� DG?E� C Í � <>�Y��D c̃p HIF�CEDG?E�ED�ÎGCED k̃ DGC©Î�<>�Y��D A D��}CDGF5;!<O�}HIC}HL<>Fô;@?E~GCEDGF�R³=�D.;�P{?
?QP{;@;!<>?}CÔ÷ C Ò³HIJ�DGF-R@~�Î�<>=@JLD^�q=�D k̃′ HIF�CEDG?E�ED�ÎGCED c̃p Íù�H S D��}C.HIF�Î�<>�Y;@?ED��E�}HIB@JLDOÒ k̃ DGC k̃′ �E<>F�C�|�<>��<>CE<>;�D���R�P{F�� p−1(S′) ?EDGJsP{C}HI� DG��DGFqCÆ÷ c̃t1 ∪ c̃t2 DGC�<>FP{B!<>=@C}HICÔ÷ÆJsP���öG��DNÎ�<>F�ÎGJI=��EHL<>F Í

ïÔFy��HLDGF�CóR@DY;@?E<>=@� DG?Æ�q=�D ã′n HIF�CEDG?E�ED�ÎGCED2P{=��E�}H c̃t ;!<>=@?NCE<>=@C t ∈ {−p, . . . , p} Í Ù�FyHIFq� DG?E� P{FqC^JLD��?�b>JLD��NR@D ãn DGC ã′n <>FyR@~�R³=@HIC^R³= ��öG��D�?QP{HL�E<>F@F�DG��DGFqC��q=�D�JLD��^�EDG=@JLD��^Î�<>�Y;!<O�QP{FqCED��óR@D p−1(C) ��=�D
ã′n[−p, p] HIF�CEDG?E�ED�ÎGCED��E<>F�CNJLD�� c̃t P�� D�Î t ∈ {−p, . . . , p} ÍÊ) J���ñûDGF��}=@HICN��=�D�JsPôJL<>F@MO=�DG=@?^R@D ã′n[−t, t] D��}C;@JI=��;!DGC}HICED.�q=�D 2tK

Ígc =@HIC}CEDN÷ÆDõÚ�C}?QP{HI?EDOÒ ã′n[−t, t] Î�<>Fq� DG?}M DN;�<>=@?JsPóCE<>;�<>JL<>MOHLD�R@D��.P{=��ER@<>?|
/� DG?E�=@FP{?EÎ κ̃p ⊂ p−1(A)
Íu� P{HL�E<>F���Î�DGC}CEDóÎ�<>F��}C}?}=�ÎGC}HL<>FW;!<>=@?ÔÎQ|�P>�q=�D p ∈ N R@DN��P{F@HLøG?ED���=�D κp ⊂ κp+1

Í�ü D��
κp
�E<>FqC�P{JL<>?E��Î�<>F�CEDGFq=2R�P{F���=@F�Dÿ�DG=@HIJIJLD l̃′ R@D p−1(A) DGC l̃′ HIFqCEDG?E�ED�ÎGCEDÔCE<>=���JLD�� c̃p Ò p ∈ N

Í � <>�Y��D l D��EC=@F�D�M ~�<�R@~��}HL��=�DN?E~�ÎG=@?}?EDGF�CEDOÒ ∀p ∈ N Ò ∃p1, p2 ≥ p CEDGJL�A��=�D c̃−p1 DGC c̃p2 �E<>F�CÔÎ�<>FqCEDGF�=��.R�P{F�� p−1(C0)
Í

ïÔF-R@~�R³=@HICÔR@D.JsP�;@?EDG=@� DNR@D�J´ñòP2.�?}��P{C}HL<>FW� Í � Í ���q=�D l̃ DGC l̃′ <>FqCKJLD��AR@DG=³Ú2��öG��D��AB�<>=@CE� Íù�H l̃ = l̃′ Ò�P{JL<>?E�N;!<>=@? n P>�E�ED9f�MO?QP{F�R ãn DGC ã′n HIF�CEDG?E�ED�ÎGCEDGFqCÆ=@F ε Â´� <>HL�EHIF�P{M D�R@D l̃ Íg) J�DõÚ�HL�ECED�R@<>F�Î=@F¦;�DGC}HIC.�EDGMO��DGF�C Ĩn ⊂ ∂M̃ ��=@H�ð}<>HIFqC�JLD��.R@DG=³Ú-Î�<>�Y;�<O� P{FqCED���R³=¦B�<>?ER¦R@D Ẽn P�� D�Î Ĩn ∩ Ẽn = ∂Ĩn
Í

ü PY;@?E<{ðÀD�ÎGC}HL<>F¦R@D Ĩn �}=@? ∂M D��}CK=@F-P{?EÎNR@DNÎ�<>�Y;@?ED��Q�}HL<>F-� DG?E� An = ∂En
DGC©;�P{?AÎE|@HI?}=@?}MOHLDÆR@D En JLDJL<>F@MþR@DÆÎ�DGC.P{?EÎOÒ!<>FW<>B@C}HLDGFqC�=@FWR³HL�E�q=�DÆD��E�EDGF�C}HLDGJ Dn

R³HL�%ðÀ<>HIF�C�R@D En DGC.R@<>F�C.JLD^B!<>?ER/D��ECÔ|�<>��<>CE<>;!D÷-=@F�D5Î�<>=@?}B!DôÎ�<>FqCEDGFq=�DþR�P{F��Æ=@F ε Â´� <>HL�}HIF�P{M D2R@D En Í�c =@HIC}CEDþ÷`DõÚ³C}?QP{HI?EDOÒ ∂Dn
Î�<>F�� DG?}M D2M ~�<>��~GC}?}H Â

��=�DG��DGFqCK� DG?E�=@F�D.JsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL��=�D L ∈ adh(M) DGCKR0ñòP{;@?Eø��©JLD�ÎG?}HICEøG?ED�R@D � P>�E�Q<>F�Ò L ;�<O�Q�Eø�R@D
=@F�DNÿ%DG=@HIJIJLD^|�<>��<�ÎGJIHIF@HL��=�D Í � <>�Y��D An Î�<>F�� DG?}M D^M ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E� A DGC��q=�D ∂Dn

D��}C�R³HL�%ð}<>HIFqC
R@D An = ∂En

Ò0Î�DGC}CED�JsP{�YHIF�P{C}HL<>F L F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� A C}?QP{F��}� DG?E� P{JLDG��DGFqC Í � <>�Y��D ∂Dn
;!DG=@C^öGC}?ED

|�<>��<>CE<>;!~YR�P{F���=@F ε Â´� <>HL�}HIF�P{M D�R@D An Ò!P{JL<>?E�N;�<>=@? i P>�E�ED9f�MO?QP{F�R0Ò ∂Dn
D��EC.R³HL��ðÀ<>HIF�CNR@D λ − A

Í ïÔF
DGF¸R@~�R³=@HIC���=�D L F�ñ HIF�CEDG?E�ED�ÎGCEDþ;�P>� |λ| C}?QP{F��}� DG?E� P{JLDG��DGFqC5DGCYDGFk;�P{?}C}HLÎG=@JIHLDG?���=�ñ HIJ©DõÚ�HL�}CED5=@F�Dôÿ�DG=@HIJIJLD|�<>��<�ÎGJIHIF@HL�q=�D^R³HL�%ðÀ<>HIF�CEDNR@D |λ| Î�D��q=@H�Î�<>F�C}?ED�R³HICÔJLD.JLDG�Y��D^� Í � Í ' Íù�H l̃ ∩ l̃′ = ∅ Ò�P{JL<>?E� l̃ DGC l̃′ �E<>F�CKB@HsP>� � �Y;@CE<>CED��ADGC A D��ECÔP{F@Fq=@JsP{HI?ED Í

Ý ÎQ|�DG� <>F�����P{HIF�CEDGF�P{FqCJsP.;@?EDG=@� DÔR³=�HIH � Í ù�<>HIC λ =@F�DKJsP{�YHIF�P{C}HL<>FôM ~�<�R@~��}HL�q=�DK��D��}=@?E~�DA��=@H��QP{C}HL�Àÿ´P{HICJsP�Î�<>F�R³HIC}HL<>F c) DGCÔHIFqCEDG?E�ED�ÎGCEDóC}?QP{F��}� DG?E�QP{JLDG��DGF�C.CE<>=@CED��AJLD���Î�<>=@?}B�D��Ô;�P{?QP{B!<>JIHL�q=�D�� Í ù�=@;@;!<O�E<>F��Ô��=�D λF�DA� ~G?}H`��DK;�P>� b1) Ò HIJ�DõÚ�HL�}CED�P{JL<>?E��=@F�DÔ�}=@HICED (En)
R0ñòP{F@F�D�P{=³Úô<>=5R@D©?}=@B�P{F���R@D z�µ B@HI=���D��Q�EDGFqC}HLDGJL��CEDGJIJLD

��=�D i(∂En, λ) −→ 0
ÍJc =@HIC}CEDþ÷-DõÚ³C}?QP{HI?EDOÒ (∂En)

Î�<>F�� DG?}M D2M ~�<>��~GC}?}HL�q=�DG��DGF�C�� DG?E�Æ=@F�DôJsP{�YHIF�P{C}HL<>F
M ~�<�R@~��}HL��=�D A �q=@H©F�ñ HIF�CEDG?E�ED�ÎGCEDþ;�P>� λ C}?QP{F��}� DG?E�QP{JLDG��DGF�C Í Õ�ñòP{;@?Eø��YJ´ñòP2.�?}��P{C}HL<>F�;@?E~�Î�~�R@DGF�CEDOÒ A D��EC
P{F@F�=@JsP{HI?EDOÒ�Î�DN��=@H�Î�<>FqC}?ED�R³HIC b) Í



>/�?e �������! 	�#"$�!%� '&)�� ' /.	Q!���=120�&q0H"qGH%���Nh��Gw"v�=�	GH�#"$�T%� S+	0
∂M̃

Ã:<>=@?���F@HI?.JsP�;@?EDG=@� DYR@DÆJsP�;@?E<>;�<O�EHIC}HL<>F[� Í �³Ò�F�<>=��NP{JIJL<>F��.��<>F�C}?EDG?N�q=�DóJ´ñû<>FW;�DG=@C.?EDG�Y;@JsP>Î�DG?�=@F�D
R@D��KÎ�<>F�R³HIC}HL<>F�� b) <>= b1) ;�P{?AJsPYÎ�<>F�R³HIC}HL<>F b2) Í
æy�]�!�!�<Üu� ö �JÁP��� E45J8 λ KeOcA[GR14r~5QO�1T8J5wE4O�v>6FEDS]6@M@5wI9K	A�rYA�M@Ke3F6�Aq/�6�3�5 x�14OP8&GVA@MqU�E4O�S45J8J5wE4OBM a) A98 c) « 1TG`E43@MGVA@M�U�E4OcS45Q8J5wE4OBM b) � b1) M9ETOP8o6FINK]5Q/214GVA�OP8:A@M�ªYGR1^U�E4O�ST5Q8J5wE4O+M@Ke5�/21TOP8:A~¦

b2)
G�¥ 5�OP8:A93�MDAFUN8J5wE4OØS>A@M�1sS4;�6�3�A�O�U�A@M�Ss14OBM B̃ S]A^S>A�KTp�U�E4r�?�E�MN14OP8:A@M�U�E4O	OcAFp]A@M�S4KmU�E4r�?�GR69rYA9OP87145Q3FA

S>A p−1(λ) Ss14OBM ∂M̃ A@M�8©M9E45J8-/D5wS>A@�-MNE45Q8©GF¥ 1sS�;�693FA�OcU�A~S*¥ K]OcA-tNA9K]5QG�GVA l̃ ⊂ p−1(λ) SsE4OP8-GR1�?�3|EF°NAFUD8J5JE4O+M@Ke3
∂M A@M�8yK]OuA©tDA�Ke5�GQGVA�U�E4r�?�1sUN8:AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£KH � z <>F�C}?E<>F��5;�P{?ôJ´ñòP{B��}=@?ER@DW��=�D b2) => b)

Í ù�<>HIC λ =@F�D-JsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL�q=�D
��D��}=@?E~�DÔ�q=@H��QP{C}HL�Àÿ´P{HIC�JLD���Î�<>F�R³HIC}HL<>F�� a) Ò b2) DGC c) Íea <>=���P{JIJL<>F����E=@;@;�<O�EDG?��q=�ñ HIJ�DõÚ�HL�ECED©=@F�DAJsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�D5P{F@Fq=@JsP{HI?ED A ��=@H�F�ñ HIFqCEDG?E�QD�ÎGCED5;�P>� λ DGCÆP{B!<>=@C}HI?�÷`=@F�D�Î�<>F�C}?QP>R³HLÎGC}HL<>F Í ù�<>HLDGFqC l̃1, l̃2 =@F�D;�P{HI?EDÆR@D^M ~�<�R@~��}HL��=�D���B@HsP>� � �Y;@CE<>CED���Î�<>F�CEDGFq=�D���R�P{F���=@FW?EDGJLDG� ~óR@D A , l̃1 DGC l̃2 �E<>FqC.Î�<>FqCEDGF�=�D��NR�P{F��JLD��AP>R³|�~G?EDGF�Î�D�� F̃1

DGC F̃2
R@DNR@DG=³ÚþÎ�<>�Y;!<O�QP{FqCED��ÔR@D ∂M̃ − p−1(λ)

Í
ù�H F̃1 = F̃2

P{JL<>?E� F̃1
Î�<>FqC}HLDGFqCA=@F�D.;�P{HI?ED�R@D�M ~�<�R@~��}HL��=�D��B@HsP>� � �Y;@CE<>CED��iÒ�÷ó� P�� <>HI? (l̃1, l̃2)

Í ù�H F̃1 6=
F̃2
Ò¼R0ñòP{;@?Eø��ÐJsP�Î�<>F�R³HIC}HL<>F b2) Ò F̃1∩F̃2

D��}C:=@F�D�M ~�<�R@~��}HL��=�D c̃ ��=@H¼ð}<>HIFqCÐJLD��:B!<>=@CE�:R@D l̃1 ,{<>FYP.P{JL<>?E� l̃1 6= c̃<>= l̃2 6= c̃ R@<>F�Î F̃1
<>= F̃2

Î�<>F�C}HLDGFqC�=@F�D;�P{HI?EDAR@DM ~�<�R@~��}HL��=�D���B@HsP>� � �Y;@CE<>CED���Ò�÷.�QP�� <>HI? (l̃1, c̃)
<>= (l̃2, c̃)

Í
Õ�P{F��ÐJLD���R@DG=³ÚÆÎ�P>�iÒ{<>F�;!DG=@C�R@<>F�Î��E=@;@;�<O�EDG?���=�D F̃1

Î�<>FqC}HLDGF�C�R@DG=³ÚóM ~�<�R@~��}HL��=�D��ÐB@HsP>� � �Y;@CE<>CED���Ò>F�<>CE<>F��
JLD�� l̃3 DGC l̃4 Í ù�H�JLD���R@DG�YH Â´M ~�<�R@~��}HL��=�D�� l̃+3 DGC l̃+4 P{HIF��}H!�q=�D l̃−3 DGC l̃−4 �E<>FqCKP>� � �Y;@CE<>CED��R�P{F�� F̃1

Ò�<>F5;!DG=@C�Ò
Î�<>�Y��D�R�P{F���JsP�;@?EDG=@� DYR³=¦H � R@D^JsP5;@?E<>;!<O�}HIC}HL<>F � Í �+%Î�P>�.<4� limψ(n)−→+∞ d(l(xψ(n)), l(yψ(n))) = 0DGC limψ′(n)→+∞ d(l(x−ψ′(n)), l(x−ψ′(n))) = 0 � Ò�Î�<>F��}C}?}=@HI?EDN=@F/��~G?}HLR³HLDGF µ ⊂ F1

Î�DN��=@H�Î�<>FqC}?ED�R³HIC c) Íù�HIF�<>F�Ò0Î�<>F��}HLR@~G?E<>F��N;�P{?.DõÚ@DG�Y;@JLD�JLD�Î�P>��<4� l̃+3 DGC l̃+4 F�D��E<>F�C�;�P>�.P>� � �Y;@CE<>CED��NR�P{F�� F̃1
Í ù�<>HIC F̂1

=@F
?EDGJLDG� ~NR@D F̃1

P{=-?EDG� öGCEDG��DGFqCA=@F@HI� DG?E�QDGJ�R@D�JsPYÎ�<>�Y;!<O�QP{F�CED^R@D ∂M ��=@H�Î�<>FqC}HLDGF�C F1
,�Î�<>�Y��D l̃+3 DGC l̃+4F�DÆ�E<>FqC�;�P>��P>� � �Y;@CE<>CED���R�P{F�� F̃1

Ò F̂1
Î�<>F�C}HLDGFqC^R@D��Ô?EDGJLDG� ~�� l̂+3 DGC l̂+4 R@D l̃+3 DGC l̃+4 ��=@H:<>F�C�R@D��AB!<>=@CE�

R³HL�}C}HIF�ÎGCE� Í�ü PÆ;@?E<{ðÀD�ÎGC}HL<>Fþ�}=@? ∂M R0ñ =@F�D.M ~�<�R@~��EHL�q=�D l̂ ⊂ F̂1
�q=@H�ðÀ<>HIF�C©JLD�B�<>=@C©R@D l̂+3 ÷ÆÎ�DGJI=@H�R@D l̂+4 D��}C

=@F�D.ÿ�DG=@HIJIJLD.|�<>��<�ÎGJIHIF@HL�q=�DóR³HL�%ðÀ<>HIF�CEDNR@D |λ| Í � D�ÎGH�Î�<>FqC}?ED�R³HICAJLDNJLDG�Y��D^� Í � Í ' ÍHIH � z <>FqC}?E<>F��YDGF���F b) => b2)
Í ïÔFk;!<>=@?}?QP{HICÆ��<>F�C}?EDG?��q=�D5JsP¦Î�<>F�R³HIC}HL<>F b2) D��}CÆF�P{C}=@?EDGJIJLDG��DGFqC�QP{C}HL�}ÿ�P{HICEDó;�P{?ÔJsP5JsP{�YHIF�P{C}HL<>FW��D��}=@?E~�D�R@Dó;@JIHL�E�QP{M D�R0ñ =@F�DÆ��~GC}?}HL�q=�DóM ~�<>��~GC}?}HL�q=�DG��DGF�C���F@HLD Í � <>�Y��D

JsP5;@?E<>;@?}HL~GCE~ b2) F�D��EDG?QP5;�P>�.=@C}HIJIHL�E~�D�R�P{F��.JsP5;@?EDG=@� DYR³=WC}|�~�<>?EøG��D Ý Ò!Î�DGC}CEDÆHI�Y;@JIHLÎ�P{C}HL<>F b) => b2);!DG=@C�P{JL<>?E��öGC}?EDÔR@~�R³=@HICED�R³=ôC}|�~�<>?EøG��D ÝÆÍ>a <>=���P{JIJL<>F���F�~�P{F@��<>HIF��©DGF5R@<>F@F�DG?�B@?}HLøG� DG��DGFqC©=@F�DA;@?EDG=@� D
R³HI?ED�ÎGCED Í ù�<>HLDGFqC λ =@F�DKJsP{�YHIF�P{C}HL<>F5M ~�<�R@~��}HL��=�D©��D��}=@?E~�DA�q=@H�� ~G?}H`��DKJLD���Î�<>F�R³HIC}HL<>F�� a), b) DGC c) %DGC�R@<>F�Î
b1)

R0ñòP{;@?Eø��KJsPó;@?E<>;�<O�EHIC}HL<>F/� Í � � Ò F̃1
DGC F̃2

R@DG=³ÚþÎ�<>�Y;�<O�QP{F�CED��AR@D ∂M̃ − p−1(λ) R@<>FqC©JLD��AP>R³|�~G?EDGF�Î�D����ñ HIF�CEDG?E�ED�ÎGCEDGFqCYDGC Fj JsPþ;@?E<{ð}D�ÎGC}HL<>FkR@D F̃j �E=@? ∂M Í�ü D��ó�}=@?Àÿ´P>Î�D�� F̃1
DGC F̃2

Î�<>F�C}HLDGF@F�DGFqCYR@DG=³Ú7R@DG�YH
M ~�<�R@~��}HL��=�D�� l̃+1 DGC l̃+2 R@<>FqCþJLD��`P>R³|�~G?EDGF�Î�D��`�iñ HIFqCEDG?E�ED�ÎGCEDGF�C Í ù�H l+1 DGC l+2 F�DW�E<>FqC2;�P>�2;@?E<>;@?EDG��DGF�C
|�<>��<>CE<>;!D��Ô�E=@? ∂M Ò�DGF/P{;@;@JIHL��=�P{FqC�JsP���~GC}|�<�R@DN=@C}HIJIHL�E~�DóR�P{F��AJsPY;@?EDG=@� D^R³=-HIH � R³=-JLDG�Y��Dó� Í � Í �OÒ�<>FÎ�<>F��}C}?}=@HICóR�P{F���=@F � <>HL�}HIF�P{M D�R@D l+1 ∪ l+2 =@F�D��E=@HICEDYR0ñòP{F@F�D�P{=³Ú[<>=7R@D�?}=@B�P{F��^R@D z�µ B@HI=��^D��E�EDGF�C}HLDGJL�
En

P�� D�Î i(λ, ∂En) −→ 0 Ò���P{HL�5<>F&F�D-;!DG=@C�HLÎGH�MqP{?QP{FqC}HI?þ��=�D ∂En D��}C5;@JL<>F@M ~ Íü D`C}|�~�<>?EøG��DWR@D
J´ñòP{F@F�D�P{=0|Wû�qP�X � F�<>=���;!DG?}��DGC�F�~�P{�Y��<>HIF���R0ñûDGF�R@~�R³=@HI?EDK=@F�DA�}=@HICED���R0ñòP{F@F�D�P{=³Ú�D��E�EDGF�C}HLDGJL� E′n CEDGJIJLDK��=�D
i(λ, ∂E′n) −→ 0 Ò!Î�Dó��=@H�Î�<>FqC}?ED�R³HIC b1) Í!ü D��.R@DG�YH Â�ÿ�DG=@HIJIJLD�� l̃+1 DGC l̃+2 �EDÆ?EDGJLøG� DGF�CNR@<>F�Î�P{=W?EDG� öGCEDG��DGF�C
=@F@HI� DG?E�EDGJ H2 R@D�JsP/Î�<>�Y;�<O� P{FqCED2R@D ∂M ��=@H�JLD��ÆÎ�<>FqC}HLDGF�C�DGFUR@DG=³Ú7R@DG�YH Â´M ~�<�R@~��}HL��=�D���P>� � �Y;@CE<>CED�� Í
Õ.DG=³Ú/CEDGJIJLD��^Î�<>=@?}B�D��.F�DÆ;!<>=@�>P{F�CNöGC}?EDY�E~G;�P{?E~�D����q=�D�;�P{?.=@F[?EDGJLDG� ~YR0ñ =@F�DÆÿ�DG=@HIJIJLDÆHL�E<>JL~�DYR@D λ Ò0<>F[DGFR@~�R³=@HIC���=�D F̃1∩ F̃2

Î�<>FqC}HLDGFqC�=@F�Dÿ�DG=@HIJIJLD c̃ R@DKÎ�D©C � ;!D Í ü P.;@?E<{ð}D�ÎGC}HL<>F c = p(c̃) R@D©Î�DGC}CED©ÿ�DG=@HIJIJLD©D��}C�=@F�Dÿ�DG=@HIJIJLDÔÎ�<>�Y;�P>ÎGCED.DGC�Î�<>�Y��DÔJLDÔ�}=@;@;!<>?}C�R@D λ D��}C�=@F�DÔJsP{�YHIF�P{C}HL<>F2?E~�ÎG=@?}?EDGFqCEDOÒ³Î�D�ÎGH�DGF�C}?QP2¯LF�D��q=�DAF@H F̃1F@H F̃2
F�ñûD��}C�=@FWC}?}HsP{F@MOJLD Í ù�H F̃1 ∩ F̃2

Î�<>F�C}HLDGFqC�=@F P{=@C}?EDÆ;�<>HIF�C�Ò0P{JL<>?E� F̃1 ∩ F̃2
Î�<>F�C}HLDGFqCN=@F�DÆ;�P{HI?ED�R@D

ÿ�DG=@HIJIJLD���B@HsP>� � �Y;@CE<>CED���Ò�Î�DK��=@H�Î�<>FqC}?ED�R³HICJsP�Î�<>F�R³HIC}HL<>F b) Í�ü D���Î�<>�Y;�<O�QP{F�CED�� F̃1
DGC F̃2

R@D ∂M̃ −p−1(λ)� ~G?}H`��DGF�CÔR@<>F�Î�JsP�Î�<>F�R³HIC}HL<>F b2) Í
� D�ÎGH�Î�<>F�ÎGJI=@CKJsP�;@?EDG=@� DNR@D�JsPÆ;@?E<>;!<O�}HIC}HL<>F/� Í �



>/�C� �� �"v0�1v&$0�Gw"$�T%� �� t 0�GRQ!0�&)EF0�.	�!Q!Q!0�&}�'%���%,GHQ!�! 	�!-/.	0�&
a <>=��2P{JIJL<>F��þDGF���F
R@<>F@F�DG?2=@F�D¦Î�<>F�R³HIC}HL<>F���=@H�;�DG=@Cô?EDG�Y;@JsP>Î�DG?2JsPyÎ�<>F�R³HIC}HL<>F c)

Í ù�H λ D��}Cô=@F�D
JsP{�YHIF�P{C}HL<>F7M ~�<�R@~��}HL��=�DY��D��}=@?E~�D5DGC l =@F�DYM ~�<�R@~��}HL�q=�D��}HI�Y;@JLDYF�<>FyÎ�<>�Y;�P>ÎGCEDOÒ:<>FyR@~���F@HIC^JsPþ��D��}=@?ED
∫

l
dλ Î�<>�Y��DóJsPYJIHI�YHICED�R@D��Ô��D��}=@?ED�� ∫

kn
dλ <4� kn D��}CA=@F�DÆ�}=@HICED^R@DÆ�EDGMO��DGF�CE��DG�óB�<�¯LCE~��.��=@H�CEDGF�R@DGF�C� DG?E� l Í � DGC}CED���D��}=@?EDN;�DG=@CAöGC}?EDNHIF���F@HLDNDGCKDGJIJLDND��}C©HIF�R@~G;!DGF�R�P{FqCEDÆR@D.JsPY�}=@HICED kn ÎQ|�<>HL�}HLD Í

æy�]�!�!�+Üu�V÷g�QÁ��\� 5 λ A@M98©KeOcA�GR14r~5QO�1T8J5wE4OLv>6FEiS>6@M@5wI9K	A�r�A@M@Ke3F6�A~I9K]5&MN1T8J5�M�tN145Q8©1TK4p�U�E4O�ST5Q8J5wE4OBM b) A98 c) �14GRE43@M�A�G�GVA�1LG`1�?�3FE@?�3�5w698:6�M�K]5Q/214O�8:A�¦
§ c1) 87E4K�8:A[tDA�Ke5�GQGRA�;�E4rYEDU9GH5�O	5wI9K	A l I9K]5qA@M98�U�E4OP8:A�O	K	A<S>14OBMYKeOcA�GH5�r~5J8:A�v]6FE4r�698J3�5JI9K	A+S>A�U�E4Ke3DC�A@MM@5Qr�?�GRA�M�/46�3@5 xoA ∫

l
dλ > 2π £

»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC l =@F�DYÿ�DG=@HIJIJLD�|�<>��<�ÎGJIHIF@HL�q=�D5CEDGJIJLD���=�D ∫

l
dλ ≤ 2π DGC l̃ =@F7?EDGJLDG� ~�R@D l R�P{F��

∂M̃ ,�R0ñòP{;@?Eø��JsP^Î�<>F�R³HIC}HL<>F c) Ò l F�ñûD��}C�;�P>��=@F�DAÿ�DG=@HIJIJLD�Î�<>�Y;�P>ÎGCED Í�a <>CE<>F�� l+ DGC l− R@DG=³Ú5R@DG�YH Â�ÿ�DG=@HIJIJLD��R³HL�%ð}<>HIFqCED��ÔR@D l DGC L+ DGC L− JLD��©JsP{�YHIF�P{C}HL<>F��Ô�YHIF@HI��P{JLD��AÎ�<>F�CEDGFq=�D��.R�P{F�� l̄+ DGC l̄− Íz <>FqC}?E<>F���CE<>=@C�R0ñòP{B!<>?ER���=�D L+ DGC L− F�ñ HIF�CEDG?E�ED�ÎGCEDGFqC;�P>� λ Í ù�HIF�<>F�HIJ�DõÚ�HL�}CEDK=@F5�EDGMO��DGF�C I ⊂ L+

CEDGJN��=�D ∫

I
dλ > 0

Í � <>�Y��D L+ ⊂ l̄+ Ò l+ Î�<>F�C}HLDGFqC`=@F�DWHIF���F@HICE~yR@D[�EDGMO��DGFqCE�þ;@?E<�ÎE|�D��/R@D I DGC
∫

l
dλ = +∞ Ò³Î�DN��=@H�Î�<>FqC}?ED�R³HICÔJ´ñ | � ;�<>C}|�ø��ED ∫

l
dλ ≤ 2π

Í
Õ�ñòP{;@?Eø��YÎ�Dô�q=@H�;@?E~�Î�ø�R@DOÒ���=@HIC}CED2÷-JLD��Æ?QP>Î�Î�<>=@?EÎGHI?�Ò�<>Fk;�DG=@C��}=@;@;!<O�EDG? l+ DGC l− R³HL�%ðÀ<>HIF�CED��YR@D λ Í� <>�Y��D λ � P{C}HL�Àÿ�P{HIC�JsPWÎ�<>F�R³HIC}HL<>F b) Ò�<>F¸R@~�R³=@HIC�R@D2JsP-;@?EDG=@� DþR³=¸H � R@DôJsP¦;@?E<>;!<O�}HIC}HL<>F�� Í �¦�q=�D l+DGC l− �E<>F�C�|�<>��<>CE<>;!D��5�E=@? ∂M %�}HIF�<>F&JLD��5P{?}MO=@��DGF�CE�ôR@D`JsP[;@?EDG=@� D-R³=�H � R@DþJsP ;@?E<>;�<O�}HIC}HL<>F�� Í �;!DG?}��DGC}CEDGFqCôR@Dþ;@?E<�R³=@HI?ED-;�<>=@?�CE<>=@C ε > 0 =@F&P{F@F�D�P{=
<>= =@F ?}=@B�P{F�R@D z+µ B@HI=��5D��E�EDGFqC}HLDGJ Eε CEDGJ��=�D i(λ, ∂Eε) ≤ ε � Íc) JÐDõÚ³HL�}CEDóR@<>F�ÎÆ=@F�D��}=@HICEDÆR@D��EDGMO��DGFqCE� In R@<>FqC.JsP5JL<>F@MO=�DG=@?�CEDGF�R¦� DG?E� 0 DGC���=@Hð}<>HIMOF�DGFqC l+ ÷ l− Í�ü <>?E�E�q=�D l D��EC�R�P{F��.=@F�DÆJIHI�YHICEDÆM ~�<>��~GC}?}HL�q=�DYR@D�Î�<>=@?}B!D��.�}HI�Y;@JLD���Ò In F�ñ HIFqCEDG?E�QD�ÎGCED;�P>�KR@D.?EDGJLDG� ~^R@D�ÿ%DG=@HIJIJLD�Î�<>�Y;�P>ÎGCEDóR@D λ DGC ∫

In
dλ −→ 0

Í � D�ÎGH�F�<>=��©;!DG?}��DGCAR@D�Î�<>F�ÎGJI=@?EDN��=�D.;!<>=@? nP>�E�QD9fÆMO?QP{F�R0Ò!JsP5;@?E<{ð}D�ÎGC}HL<>FyR@DÆJsPô?E~G=@F@HL<>F R@D In DGCNR@DÆJ´ñòP{?EÎYR@D l ��=@H�ð}<>HIFqCN�QD���R@DG=³Ú[DõÚ³C}?E~G�YHICE~���D��}C|�<>��<>CE<>;!D^÷�=@Fþ��~G?}HLR³HLDGF c CEDGJ���=�D i(λ, c) ≤ 2π
Í � D�ÎGH�Î�<>FqC}?ED�R³HICAJsP�Î�<>F�R³HIC}HL<>F c) Í
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) J ~GCQP{HIC�=@F�D�ÿ%<>HL��Ò�JL<>HIF^R�P{F���JsP�ÿ�<>?EöGC�Ò���P{HL��;@?Eø���R@D�JsP � ?QP{F�Î�DOÒ�=@F�D�ÎQ|�P{=@�YHLøG?ED�<4�^��HI�OP{HIC�;�P{HL�}HIB@JLDG��DGF�C
=@F�D�M DGFqC}HIJIJLD�ÿ�P{�YHIJIJLD Í@ü ñ =@F@HL��=�D�DGF³ÿ´P{FqCK�ED�;@?E<>��DGF�P{HICK�E<>=@� DGF�CAÎ�<>H`
!~.R0ñ =@F`Î�P{;@=�ÎQ|�<>F`?E<>=@M DOÒ@Î�D.�q=@H!JI=@H
P��>P{HIC©�OP{JI=þJLD��}=@?}F�<>�eR@D�Ã:DGC}HIC � |�P{;�DG?E<>F`ÓÔ<>=@M D Í ÓAD ð}<>HIMOF�<>F��ÀÂ´JLDNP{JL<>?E�K��=�ñ HIJ��E<>?}C©R@D�ÎE|�D9fNJI=@H´Ò�P2
!=@B@JL~
R@Dó�E<>F¦Î�~GJLøGB@?EDÆÎ�<>=@��?EDõÂoÎE|�Dõÿ Íc) J�;!<>?}CEDóP{=WÎNb>CE~ó=@F/;�P{F@HLDG?.R0ñû<O�}HLDG?�?EDG�Y;@JIH:R@DÆ�QP�� <>=@?EDG=³Ú/B@?EDGCFf�DGJL����=�ñ HIJ
��ñûDGF/�>P�;�<>?}CEDG?.÷��QP���øG?EDõÂ´MO?QP{F�R Í�ü D��ÔJL<>=@;��.P � P{F�C�~GCE~ÆR@DG;@=@HL�ÔJL<>F@MOCEDG�Y;���DõÚ³CEDG?}�YHIF�~��.DGF Ý JIJLDG��P{MOF�D
DGC z P{?EÎ�Õ�=@C}?E<>=`R@<>?}��P{F�CADGF2;@?}HL�E<>F�Ò³HIJ�P{?}?}HI� D��QP{F��DGF�Î�<>�^B@?ED�� Í	) J!C}HI?ED�JsP^B!<>B@HIF�DGC}CED�DGCJsP�ÎE|�DG��HIJIJLDGC}CED
ÎQ|�DG?}?ED~Ü��P{F@H ÿ�D��}CEDG��DGF�C�Ò�Î�DGC}CEDÔB!<>B@HIF�DGC}CEDÔF�DÔÎ�<>F@F�P{HIC;�P>��B@HLDGF2�QP^MO?QP{�Y��P{HI?ED � Í ù³P^��øG?EDõÂ´MO?QP{F�R0Ò@P{;@?Eø����=�ñ HIJ³JI=@H�P{HIC�<�
!DG?}C�JLD��Ð��HLÎGC}=�P{HIJIJLD���ÒO�E<>=@;!ø��ED�JLD���B@?EDGCFf�DGJL��DGF���ñûDõÚ@ÎGJsP{��P{FqCzd�^ P{|�Ò>HIJ � P���öG��D©R@D���B@?EDGCFf�DGJL�
ÎG?EDG=³Ú�_QÒ0;@=@HL�^DGF[M <��@CED�=@F Í ^ z P{HL��Ò!HIJ�F�ñ � P2;�P>�NR@DYJsP{�YHIF�P{C}HL<>F7M ~�<�R@~��}HL��=�DY��D��}=@?E~�D�R@DY;@JIHL�E�QP{M D�_��ED
;@JsP{HIF�CÀÂoDGJIJLDOÒ�Î�D-÷W��=�<>H©JLDþÃ�DGC}HIC � |�P{;�DG?E<>F�?E~G;�<>F�R dd^®<>=@;��iÒ!ðGñòP{HKR��¸JLD���~GMqP{?EDG?�DGF ÎE|�DG�YHIF���Ò�ðÀD2�OP{HL�
JLD��NÎQ|�DG?EÎE|�DG??_ Í � DG;�DGF�R�P{F�C�Ò�R@DG;@=@HL�ó�q=�D~{ Í �|�=@?E�}CE<>FUPô;@JsP{F�CE~��ED���MO?QP{HIF�D��Nÿ%DG?}C}HIJLD��iÒ�R@DYF�<>�^B@?EDG=��QD��
JsP{�YHIF�P{C}HL<>F��©M ~�<�R@~��}HL��=�D����D��}=@?E~�D��©��ñû~GB�P{C}CEDGF�CKJIHIB@?EDG��DGFqCAR�P{F��JsP^ÿ�<>?EöGC©DGC©JLD�Ã:DGC}HIC � |�P{;!DG?E<>F`ÓA<>=@M D
P{=@?QP{HICóB@HLDGF B�D��Q<>HIFyR0ñ =@F C}|�~�<>?EøG��D5;�<>=@?�ÿ´P{HI?EDYJLDYC}?}H Í �ÔDG=@?EDG=��EDG��DGF�C�Ò�DGF7�E<>?}CQP{FqCÆR@D�ÎE|�D9fô�QPô��øG?EDõÂ
MO?QP{F�R0Ò�HIJ.?EDGF�Î�<>FqC}?ED[JsP ÿ�~�D ��DGCQP{M DOÒ��=@H´Ò�;�<>=@?þ�E<>=@JsP{M DG?þ�QP7R@~GC}?ED��E�EDOÒ�JI=@H�ÿ�P{HICþR@<>F(R0ñ =@F�C}|�~�<>?EøG��D
��P{MOHL��=�D ÍÝ HIF��}H0~���=@HI;�~OÒ�JLD.Ã�DGC}HIC � |�P{;!DG?E<>F`ÓA<>=@M D.�ED���DGC©DGFþ�q=�öGCED.R@D��JsP{�YHIF�P{C}HL<>F��A��D��}=@?E~�D��©R@D�;@JIHL�E�QP{M D
R@<>F�C2� P[��øG?EDõÂ´MO?QP{F�R(D��}Cô�}HAÿ%?}HsP{F�R@D Í�z P{JI|�DG=@?EDG=��EDG��DGF�C�ÒJLD��ôJsP{�YHIF�P{C}HL<>F��`P{;@;�DG=@?E~�D��2<>FqCþÎ�<>=@?}=(�ED
?E~õÿ%=@MOHLDG?�R�P{F���JLD��Ð?E<>F�Î�D�� ÍOü D©Ã:DGC}HIC � |�P{;!DG?E<>FYCEDGFqCEDKR@DJLD���DGF�R@~GJL<>M DG?�DGC�=@F�DJI=@C}CED©D�
!?E< � P{B@JLDA��ñûDGF��}=@HIC�Ò
R�P{F���JsP>��=�DGJIJLD.JLDACEDG?}?}HIB@JLD.� ~GM ~GCQP{J�PóC�b>C�ÿ´P{HIC©R@DA?E~�R³=@HI?ED�DGFþÎQ|�P{?};@HLD.JLDKÿ%?E<�Î�R³=þÃ�DGC}HIC � |�P{;!DG?E<>F Í � DGJI=@H Â
ÎGH��ñûDGFUC}?E<>=@� D�ÿ�<>?}CÆDG�óB�P{?}?QP>�E�E~OÒÐR0ñ =@F�Dô;�P{?}Có;�P{?EÎ�D2��=�D5�Q<>Fy;!<O�}CEøG?}HLDG=@?Y�ED�?QP¼ÿ%?QP{HLÎE|@HIC�÷`��HI� D2P{JIJI=@?EDOÒ
R0ñòP{=@C}?ED^;�P{?}CK;�P{?EÎ�D^��=�ñ =@F-ÎG=@?E~OÒ�� <>HL�EHIF`��P{HL�KF�~�P{�Y��<>HIF���R@<>CE~^R0ñ =@F s.HIJ�ÿ%<>?}CKJI=@B@?}HL��=�DOÒ��QD�?QP{;@;@?E<�ÎQ|�D
HIF@F�<�Î�DG�Y��DGFqC Í	� <>?}CK|�DG=@?EDG=��EDG��DGFqC�Ò�JLD�Ã�DGC}HIC � |�P{;!DG?E<>F`DG�Y;!<>?}CED.CE<>=>ðÀ<>=@?E�KR³=���J�DGC=@F�DNP{HIMO=@HIJIJLDNDGCKP
C�b>C�ÿ´P{HIC�R@DÔC}?QP{F��Àÿ�<>?}��DG?K�E<>FôÎQ|�P{;�DG?E<>FþDGF^��HIJIC Í�ü D.ÎG=@?E~OÒ³��=�DÔJLD���?E<>B!D���F�ñ HIFqCE~G?ED��E�EDGF�C©MO=�øG?EDOÒ³��ñòP{;@;@?EøGCED
÷þ�iñû~GJL<>HIMOF�DG?ó��P{HL��Ò�C}?E<>=@�>P{F�CóJs÷þ=@F�D5<�Î�Î�P>�}HL<>FyR@D�?EDG�Y;@JIHI?Æ�QPþ;@HLDG=��ED��YHL�E�EHL<>F�Ò��E<>?}Có=@F�D�B!<>=@CEDGHIJIJLD�R@D
B@JsP{F�ÎNDGC©?EDGB�P{;@C}HL�QD^Ã:DGC}HIC\�.HIJICAÓA<>=@M DNJLD.|�~G?E<O�AR@D�Î�DGC}CED�|@HL�}CE<>HI?ED Íü D[Ã�DGC}HIC��.HIJICþÓÔ<>=@M DOÒ=@F(;�DG=
ÿ´P{C}HIMO=�~OÒ©��ñû~GCEDGF�R(R�P{F��2J´ñ |�DG?}B�D[DGC`�iñûDGF�R@<>?}Cþ;�P{HL�}HIB@JLDG��DGFqC ÍKÝ ��F
R0ñòP>Î�Î�<>?ER@DG?^P{=³Ú¦;�DG?E�E<>F@F�P{M D���R@D�Î�D�Î�<>FqCED�=@F[�YHIF@HI�ó=@� R0ñ HIFqC}HI�YHICE~OÒ0F�<>=��.F�D�R@~�ÎG?}HI?E<>F���;�P>�.JLD�Ã:DGC}HIC
�.HIJICÐDGF�R@<>?}�YH Í �AF�D�ÿ%<>HL��?E~G� DGHIJIJL~OÒ{HIJ��ED�R³HI?}HIM D�� DG?E�:�E<>Fó;�P{F@HLDG?�Ò¼J´ñû<>=@��?ED�DGC:R@~�Î�<>=@��?ED�P�� D�Î��EC}=@;�DG=@?Ð�q=�D�JLD��
B@?EDGCFf�DGJL�ÎG?EDG=³Ú5R@D��}C}HIF�~��©÷ó�QP���øG?EDõÂ´MO?QP{F�Rþ<>F�C�~GCE~Aÿ�<>?}CP{MOHICE~���;!DGF�R�P{FqCJsP^�EHLD��}CED�d�HIJL���Q<>FqC���P{HIFqCEDGF�P{FqC
HI�óB@?}HL�q=�~��^JLD���=@F��^R�P{F���JLD��óP{=@C}?ED��^R�P{F��^R@D��N;�<O�}HIC}HL<>F���ÿ%<>?}CNHI��P{MOHIF�P{C}HI� D��óDGC�ÿ�<>?}��DGFqC^CE<>=@CED��^�E<>?}CED��
R@D��OP{?}HL~GCE~��AR@DN;M¡{C}HL�E�EDG?}HLD�� Í Ù�JIJLD��A<>FqCAJ´ñòP{HI?KC}?Eø��ÔP{;@;!~GC}HL�E�QP{F�CED���Ò���P{HL�©JLD^Ã�DGC}HIC[�.HIJICÔ�ED�R@DG��P{F�R@Dó�}H��E<>F
C}|�~�<>?EøG��D^��P{MOHL�q=�D.ÿ�<>F�ÎGC}HL<>F@F�D^P{=��E�EH��}=@?KDGJIJLD�� Í

�Tñ
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Õ�P{F��2Î�D¦ÎE|�P{;@HIC}?EDOÒF�<>=��þP{JIJL<>F��ôF�<>=��5HIF�CE~G?ED��E�EDG?`÷yJsPyÎ�<>F�C}HIFq=@HICE~ R@D bR Í�a <>=��ôP{JIJL<>F��þR0ñòP{B!<>?ER~GCQP{B@JIHI?^R@D��N?E~��}=@JICQP{CE��M ~GF�~G?QP{=³Ú �}=@?.JLD��N�}=@?Àÿ´P>Î�D���;@JIHL�E�E~�D�� ÍÊa <>=��.��<>F�C}?EDG?E<>F��óDGF��}=@HICEDY��=�D P(M) D��ECJ´ñ HI��P{M DÔR@D bGF DGC�F�<>=���� DG?}?E<>F���Î�<>�Y��DGF�C�DGF5R@~�R³=@HI?EDA��=�D P+(M)/R D��}C�J´ñ HI��P{M DAR@D bR Í Ù�F���F5F�<>=����<>F�C}?EDG?E<>F��AJsP�Î�<>F�C}HIFq=@HICE~ÆR@D bR Í

B{��� D,.�12EF��GH0�&)NhQ!�!&M&$*�0�&)GH%� t 0H�,0�&
Õ�P{F���Î�DGC}CEDÔ�ED�ÎGC}HL<>F�ÒOF�<>=���P{JIJL<>F���;@?E~��EDGFqCEDG?��q=�DGJL��=�D���R@~���F@HIC}HL<>F���DGC�R³HI� DG?E��;@?E<>;@?}HL~GCE~���R@D����}=@?Àÿ´P>Î�D��

;@JIHL�E�Q~�D�� Í

�ÔF�DLM@Ke3�tN1sU�Az?cG�5�M�MD6�A R�P{F���=@F�DÆ�>P{?}HL~GCE~ M R@DYR³HI��DGF��EHL<>F 3 R@<>F�C�J´ñ HIFqCE~G?}HLDG=@?^D��EC��ó=@F@H�R0ñ =@F�D���~õÂC}?}HL��=�D�| � ;�DG?}B!<>JIHL�q=�D©Î�<>�Y;@JLøGCEDAD��}CÐ=@F�DP{;@;@JIHLÎ�P{C}HL<>F f : S →M R0ñ =@F�D©�}=@?Àÿ´P>Î�D S R�P{F�� M ��=@H�;!<O�E�Eø�R@D
JLD��©;@?E<>;@?}HL~GCE~��Ô�}=@HI�OP{FqCED���d

} JsP¦��~GC}?}HL�q=�D/<>B@CEDGFq=�D-DGF�C}HI?QP{FqC5DGF
P{?}?}HLøG?ED`JsPW��~GC}?}HL��=�Dþ;�P{?�ÎQ|�DG�YHIF�HIF�R³=@HICED`;�P{?�J´ñ HIF�ÎGJI=��}HL<>F
f(S) ⊂M D��}C©=@F�D���~GC}?}HL��=�D�| � ;!DG?}B�<>JIHL��=�D s �}=@? S ,} CE<>=@CÔ;!<>HIFqC�R@D S D��EC�Î�<>F�CEDGFq= R�P{F���J´ñ HIFqCE~G?}HLDG=@?^R0ñ =@F[P{?EÎ s Â´M ~�<�R@~��}HL��=�DóR@<>F�C.J´ñ HI��P{M D�;�P{? f D��EC=@F-P{?EÎ�M ~�<�R@~��EHL�q=�D�R@D M ,

} �}H c ⊂ S D��}C�=@F�DYÎ�<>=@?}B!D��}HI�Y;@JLDYÎ�<>FqCEDGF�=�D5R�P{F��N=@F�DY;�<>HIF�CED�R@D S DGCN��=�D c F�D�B�<>?ER@D�;�P>�NR@DR³HL�E�q=�D�R�P{F�� S P{JL<>?E� f(c) F�ñûD��ECK;�P>�©JIHIB@?EDG��DGFqCÔ|�<>��<>CE<>;�DÆ÷Æ=@F`;!<>HIFqCAR�P{F�� M Í

�ÔF�DÔP{;@;@JIHLÎ�P{C}HL<>F f̂ : H2 → H3 D��}C�=@F�D�P{;@;@JIHLÎ�P{C}HL<>F2;@JIHL�E�E~�DÔ�}H�CE<>=@C�;!<>HIFqCR@D H2 D��}C�Î�<>F�CEDGFq=þR�P{F��
J´ñ HIF�CE~G?}HLDG=@?ÔR0ñ =@F/P{?EÎ�M ~�<�R@~��}HL��=�D�R@<>FqCÔJ´ñ HI��P{M D�;�P{? f̂ D��}C©=@F/P{?EÎ�M ~�<�R@~��}HL��=�D�R@D H3 Íü D<GH5wA�K�S>A�?�G�5�M�MN1Dv>A R0ñ =@F�DôP{;@;@JIHLÎ�P{C}HL<>FU;@JIHL�E�E~�D f̂ D��}C^J´ñûDGF��QDG�^B@JLDôR@D��^;!<>HIFqCE�ÆR@D H2 ;�P{?óJLD��E��=�DGJL�
;�P>�E�QDÔ=@Fþ�EDG=@J�P{?EÎ.M ~�<�R@~��}HL��=�D�R@<>F�C©J´ñ HI��P{M DND��}C=@F`P{?EÎ.M ~�<�R@~��EHL�q=�D.R@D H3 Í³ü D.JIHLDG=`R@D�;@JIHL�E�QP{M D.R0ñ =@F�D
P{;@;@JIHLÎ�P{C}HL<>F/;@JIHL�E�E~�D�D��}C©=@F�D�JsP{�YHIF�P{C}HL<>F/M ~�<�R@~��EHL�q=�D�%Îõÿ Í W��|��9X � Í

�ÔF�D~M�K]3Qt91>U�Az?�GH5�M@MN6�A�1>C@M98J3|1T5Q8:A D��}CA=@F-C}?}HI;@JLDGC (f̂ ,Γ, ρ) <4� f̂ : H2 → H3 D��ECK=@F�DóP{;@;@JIHLÎ�P{C}HL<>F¦;@JIHL�ÀÂ
�E~�DOÒ Γ D��}C�=@Fô?E~��ED�P{=2R@D Isom(H2) DGC ρ : Γ → Isom(H3) D��}C�=@F�DA?EDG;@?E~��QDGFqCQP{C}HL<>F`R³HL�EÎG?EøGCED~Ü��P{HL��;�P>�F�~�Î�D��E� P{HI?EDG��DGFqCo��R@øGJLD � CEDGJIJLDÔ�q=�DA;�<>=@?�CE<>=@C g ∈ Γ Ò f̂ ◦ g = ρ(g)◦ f̂ DGC���=�DA�EH a ∈ Γ D��}C�=@F�DKHL�E<>��~GC}?}HLD;�P{?QP{B!<>JIHL�q=�DOÒ�P{JL<>?E� ρ(a) D��}CAP{=��E�}H0=@F�D.HL�Q<>��~GC}?}HLDN;�P{?QP{B!<>JIHL�q=�D Í

ü D��K�}=@?Àÿ´P>Î�D��©;@JIHL�E�E~�D��AP{B��EC}?QP{HICED��A�E<>F�CK?EDGJIHL~�D��ÔP{=³Úþ�}=@?Àÿ´P>Î�D��©;@JIHL�E�E~�D��KR@DNJsPÆ��P{F@HLøG?ED^�}=@HI�OP{FqCEDYd
ù�H ρ(Γ) F�ñòP5;�P>�.R@DÆCE<>?E�}HL<>F�Ò�JsPô�}=@?Àÿ�P>Î�Dó;@JIHL�E�E~�DYP{B��}C}?QP{HICED (f̂ ,Γ, ρ) ÿ%<>=@?}F@HIC�Ò0DGF¦;�P>�E�QP{F�C^P{=³Ú/�q=�<{ÂC}HLDGF�CE��Ò:=@F�Dô�E=@?Àÿ�P>Î�D5;@JIHL�E�E~�D g : S → M <4� S ≈ H2/Γ Ò M ≈ H3/ρ(Γ) DGCY<4� g D��}CÆJ´ñòP{;@;@JIHLÎ�P{C}HL<>F��=�<>C}HLDGFqCAR@D f̂ Íù�H f : S → M D��}C =@F�D �}=@?Àÿ´P>Î�D ;@JIHL�E�E~�DOÒ¦Î�<>F��}HLR@~G?E<>F�� R@D��»?EDG� öGCEDG��DGFqCE� HL�Q<>��~GC}?}HL�q=�D��

H2 → S DGC H3 → M
Í � D��Ô?EDG� öGCEDG��DGFqCE��ÿ�<>=@?}F@HL�E�EDGF�CÔR@D��Ô?EDG;@?E~��EDGFqCQP{C}HL<>F�� r : π1(S) → Isom(H2) DGC

� ì



R : π1(M) → Isom(H3) DGCKDGF`?EDGJLDG�OP{FqC f DGFþ=@F�DóP{;@;@JIHLÎ�P{C}HL<>F f̂ : H2 → H3 <>F`<>B@C}HLDGF�CA=@F�D��}=@?Àÿ´P>Î�D
;@JIHL�E�Q~�DNP{B��}C}?QP{HICED (f̂ , r(π1(S)), R ◦ f∗)

Í
Õ�P{F���JsPN�}=@HICEDKF�<>=���<>��DGC}C}?E<>F���J´ñòP>R{ð}D�ÎGC}H ÿ�P{B��}C}?QP{HICEDÔDGC�F�<>=����}=@;@;!<O�EDG?E<>F����q=�DAJLD����}=@?Àÿ´P>Î�D���;@JIHL�E�E~�D��

�P{B��}C}?QP{HICED�� � F�ñû<>FqCÔ;�P>�KR@D.CE<>?E�}HL<>F Í
a <>=��NR³HI?E<>F��ó�q=�ñ =@F�DY�}=@HICED�R@DY�}=@?Àÿ�P>Î�D��N;@JIHL�E�E~�D�� (f̂n,Γn, ρn)

Î�<>F�� DG?}M D�� DG?E�N=@F�DY�E=@?Àÿ�P>Î�DY;@JIHL�Q�E~�D��
(f̂∞,Γ∞, ρ∞) JL<>?E�E��=�D
Â Γn

Î�<>F�� DG?}M DNM ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E� Γ∞
,

Â�;!<>=@?©CE<>=@CEDN�}=@HICED an ∈ Γn
�q=@H�Î�<>F�� DG?}M DN� DG?E� a∞ Ò ρn(an) Î�<>Fq� DG?}M DN� DG?E� ρ∞(a∞) ,

Â f̂n Î�<>Fq� DG?}M DN� DG?E� f̂∞ �}=@?©CE<>=@CAÎ�<>�Y;�P>ÎGC Í

ù�<>HLDGF�C (f̂ ,Γ, ρ) =@F�D��}=@?Àÿ�P>Î�DK;@JIHL�E�E~�DOÒ L̂ ⊂ H2 �E<>F5JIHLDG=5R@DK;@JIHL�Q�QP{M DADGC P =@F�DAÎ�<>�Y;!<O�QP{FqCED.Î�<>F@F�DõÚ@D
R@D H2 − L̂ , f̂(P ) D��}CNÎ�<>F�CEDGFq=�DôR�P{F���=@F[;@JsP{F CE<>CQP{JLDG��DGFqCóM ~�<�R@~��EHL�q=�D ΠP

Í ÃÐP{?NJ´ñ HIFqCEDG?}��~�R³HsP{HI?EDôR@D
f̂ Ò�=@F�D�<>?}HLDGFqCQP{C}HL<>F-R@D H2 F�<>=���ÿ�<>=@?}F@HIC©=@F�D.<>?}HLDGFqCQP{C}HL<>F/R@D ΠP

DGCF�<>=��©F�<>CEDG?E<>F�� H+
P
Ü?ED��}; Í H−

P � JLDR@DG�YH ÂoD��};�P>Î�D�ÿ%DG?}��~�B!<>?ER@~.;�P{? ΠP
CEDGJ��q=�D.JsPÆ?E~G=@F@HL<>F-R0ñ =@F�DNB�P>�EDNR³HI?ED�ÎGCEDNR@D ΠP

DGCKR³=þ� D�ÎGCEDG=@?AF�<>?ÀÂ
��P{J@÷ ΠP

��=@Hq;!<>HIFqCED�� DG?E�:J´ñ HIFqCE~G?}HLDG=@?�R@D H+
P
Ü?ED��}; Í H−

P � D��}C�=@F�D�B�P>�ED�R³HI?ED�ÎGCED�R@D H3 Ü?ED��}; Í HIF�R³HI?ED�ÎGCED � Í
�ÔF�D��}=@?Àÿ´P>Î�D�;@JIHL�E�E~�D (f̂ ,Γ, ρ) R@D.JIHLDG=-R@D�;@JIHL�E� P{M D L̂ D��EC©=@F�D~M@Ke3�tN1sU�Az?cG�5�M�MD6�A�U�E4O	/�A�p>A �}H

� � ∃ε ∈ {+,−} CEDGJ���=�D.;�<>=@?©CE<>=@CEDóÎ�<>�Y;�<O�QP{F�CED P R@D H2 − L̂ Ò f̂(H2) D��}CKÎ�<>FqCEDGF�=�D^R�P{F�� Hε
P
,

� � J´ñ HIF�CE~G?}HLDG=@?ÔR@D C
f̂

=
⋂{Hε

Pi
/Pi

D��}C©=@F�DNÎ�<>�Y;!<O�QP{FqCEDNÎ�<>F@F�DõÚ@DNR@D H2 − L̂} F�ñûD��}CK;�P>�©��HLR@D Í

ù�H=@F�Dþ�}=@?Àÿ´P>Î�D2;@JIHL�E�E~�D (f̂ ,Γ, ρ) � P{C}HL�Àÿ�P{HIC 1) DGCY�}H int(C
f̂
) = ∅ Ò�<>F R³HI?QPW��=�D (f̂ ,Γ, ρ) D��ECÆ=@F�DM�K]3Qt91>U�Az?�GH5�M@MN6�A�1@?s?cG`1T8J57A Í

Õ�ñòP{;@?Eø��~WûÙ�; z XoÒ�JL<>?E�E�q=�D (f̂ ,Γ, ρ) D��}C�=@F�Dó�}=@?Àÿ´P>Î�Dó;@JIHL�E�E~�DÆÎ�<>Fq� DõÚ@DOÒ!J´ñòP{;@;@JIHLÎ�P{C}HL<>F f̂ D��ECA=@FW?EDG� öõÂCEDG��DGF�C Í
Õ�P{F���JsP[�}=@HICEDOÒ�;!<>=@?�CE<>=@CED/�}=@?Àÿ�P>Î�D`;@JIHL�E�E~�D (f̂ ,Γ, ρ) �q=�D`F�<>=���Î�<>F��}HLR@øG?EDG?E<>F���Ò�F�<>=���ÎQ|�<>HL�}HI?E<>F��J´ñû<>?}HLDGF�CQP{C}HL<>FUR@D H2 R@D�ÿ´P4��<>F ��=�D�;�<>=@?N=@F�DYÎ�<>�Y;!<O�QP{F�CED P R@D H2 − L̂ Ò f̂(H2) D��}C^Î�<>F�CEDGFq=�D5R�P{F��

H+
P

Í

æy�]�!�!� ï �QÁ��JÁP��Â ¥ A9OBMNA�r�C�GVA�S>A@M\M@Ke3�tN1sU�Ay?cG�5�M�MD6�A@M�U�E4O	/�AFp]A@MqAN8&1�?s?�GR1T8J5wA�M�A@M�8¼KeO�M9E4K]M@¹FA�OBMNA9rYC9GRA-tNA�3�r�6
S>A�G�¥ A9OBMNA�r�C�GVA�S>A@M�M�K]3Qt91>U�A@M�?�GH5�M@MN6�A�MN£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC (f̂n,Γn, ρn)

=@F�D©�}=@HICEDR@D��E=@?Àÿ�P>Î�D��Ð;@JIHL�E�Q~�D��:Î�<>F�� DõÚ³D���<>=�P{;@;@JsP{C}HLD����q=@H@Î�<>Fq� DG?}M D
� DG?E� (f̂∞,Γ∞, ρ∞)

Í]a <>=���P{JIJL<>F����}=@HI��?ED�Wûú<qï�Ò ü DG�Y��D��©�O�NDGC��³��X�;�<>=@?���<>FqC}?EDG?�q=�D f̂∞ D��}C�=@F�DÔ�}=@?ÀÂ
ÿ´P>Î�D`;@JIHL�E�Q~�D-Î�<>Fq� DõÚ@D¦<>=
P{;@;@JsP{C}HLD Íoa <>CE<>F�� L̂n JLD`JIHLDG=
R@D-;@JIHL�Q�QP{M D-R@D (f̂n,Γn, ρn)

DGC5Î�<>F��}HLR@~G?E<>F��
=@F�D5JsP{�YHIF�P{C}HL<>FkM ~�<�R@~��}HL��=�D L̂∞ ��=@H�D��}CóJsP`JIHI�YHICEDôR0ñ =@F�Dô�E<>=��ÀÂo�}=@HICEDôR@D (L̂n)

��=@H�Î�<>F�� DG?}M DôM ~�<>��~õÂ
C}?}HL��=�DG��DGFqC Í Õ�ñòP{;@?Eø���W � Ù���Ò@;�P{?QP{MO?QP{;@|�D~� Í �2X�JLD�JIHLDG=¦R@D�;@JIHL�E�QP{M DóR@D f̂∞ D��}CAÎ�<>F�CEDGFq=WR�P{F�� L̂∞ Í ù�<>HIC
x̂ ∈ H2 − L̂∞

,!;�<>=@? n ∈ N P>�E�ED9fYMO?QP{F�R0Ò�F�<>CE<>F�� P̂n JsPþÎ�<>�Y;�<O� P{FqCED�R@D H2 − L̂n
��=@H�Î�<>F�C}HLDGFqC x̂ Íü P^�}=@HICED f̂n(P̂n) Î�<>F�� DG?}M DÔ� DG?E� f̂∞(P̂∞) ÒqR@<>F�ÎOÒ��q=@HIC}CED�÷NDõÚ³C}?QP{HI?EDA=@F�DÔ�E<>=��ÀÂo�}=@HICEDOÒ H+

P̂n

Î�<>Fq� DG?}M D�� DG?E�
=@F`R@DG�YH ÂoD��};�P>Î�D H+

P̂∞

R@<>FqCKJLD.B!<>?ER`Î�<>F�C}HLDGFqC f̂∞(P̂∞)
Í � <>�Y��D f̂n(H2) Î�<>Fq� DG?}M DN� DG?E� f̂∞(H2) Ò�<>F-P

f̂∞(H2) ⊂ H+

P̂∞

Í!ü D���öG��D�?QP{HL�E<>F@F�DG��DGF�Có��ñòP{;@;@JIHL��=�P{FqCó÷5CE<>=@C�;!<>HIFqC x̂ ∈ H2 − L̂∞
Ò!<>F DGF[R@~�R³=@HIC

��=�D f̂∞ D��}CK=@F�D��}=@?Àÿ´P>Î�D�;@JIHL�E�E~�D�Î�<>F�� DõÚ³D^<>=/P{;@;@JsP{C}HLD Í
a <>=��©P{JIJL<>F����P{HIFqCEDGF�P{F�CAR@<>F@F�DG?JsPóR@~���F@HIC}HL<>F`R@DÔJsPóJsP{�YHIF�P{C}HL<>FþM ~�<�R@~��EHL�q=�DÔ��D��}=@?E~�D.R@D�;@JIHL�E�QP{M D

R0ñ =@F�DN�E=@?Àÿ�P>Î�D.;@JIHL�E�Q~�DNÎ�<>Fq� DõÚ@D (f̂ ,Γ, ρ)
Í

ù�<>HLDGF�C (f̂ ,Γ, ρ) =@F�DY�}=@?Àÿ´P>Î�D^;@JIHL�E�Q~�DÆÎ�<>F�� DõÚ³DY<>= P{;@;@JsP{C}HLDYR@DÆJIHLDG=[R@DÆ;@JIHL�E�QP{M D L DGC x̂ ⊂ H2 ,�=@F



?�GR14O�S>AqM@Ki?s?�E4398 DGF f̂(x̂) ;!<>=@? f̂(H2) D��}C.=@F/;@JsP{F[CE<>CQP{JLDG��DGF�CNM ~�<�R@~��EHL�q=�D Π
f̂(x̂)

��=@H�Î�<>FqC}HLDGF�C f̂(x̂)
DGC©B!<>?ER@D�=@F-R@DG�YH ÂoD��};�P>Î�D H+

f̂(x̂)

��=@H�Î�<>FqC}HLDGFqC f̂(H2)
Í ù�<>HIC k̂ ⊂ H2 =@F-P{?EÎ�M ~�<�R@~��}HL�q=�D�ÿ%DG?}��~�CEDGJ���=�D

f̂(k̂) HIF�CEDG?E�ED�ÎGCED`P{=y;@JI=��Æ=@F�D�ÿ%<>HL�ÆÎE|�P>��=�D5ÿ%DG=@HIJIJLDôR@D f̂(L̂) ,�=@F�D01@?s?c3|EDpT5�rY1T8J5wE4OL?�E4GH=DvsE4O�14GVA�S>A f(k̂)D��}C©=@F�D�ÿ�P{�YHIJIJLD���F@HLDU£ = {(x̂i,Πf̂(x̂i)
)/i = 0, . . . , p} �QP{C}HL�Àÿ´P{HL�QP{F�Cqd

} JLD�� x̂i �E<>FqCÔR@D��©;�<>HIF�CE�A<>?ER@<>F@F�~��ÔR@D k̂ ,} Π
f̂(x̂i)

D��EC©=@F`;@JsP{F-R@D��}=@;@;!<>?}CADGF f̂(x̂i)
,

} ;�<>=@?©CE<>=@C i = 1, . . . , p− 1 Ò Π
f̂(x̂i)

∩Π
f̂(x̂i+1) 6= ∅ ,

} �}H x̂i−1 = x̂i = x̂i+1
Ò�P{JL<>?E� Π

f̂(x̂i)
HIF�CEDG?E�ED�ÎGCED�J´ñ HIF�CE~G?}HLDG=@?óR@D H+

Π
f̂(x̂i+1)

− H+
Π

f̂(x̂i−1)

ÜJLD���;@JsP{F��
Π
f̂(x̂i)

�Q<>FqC#^®<>?ER@<>F@F�~��?_ � ,
} JsPÆ;@?E<{ðÀD�ÎGC}HL<>F¦R@D Π

f̂(x̂i)
∩Π

f̂(x̂i+1)
�}=@? f̂(H2) HIF�CEDG?E�ED�ÎGCEDNJLD��E<>=��}Â®P{?EÎNR@D k̂ �q=@H�ðÀ<>HIF�C x̂i ÷ x̂i+1

Í
ü ñûDGFqC}HLDG? p D��}CóJsP�GRE4O]v4K	A�Ke3 R@D5J´ñòP{;@;@?E<�Ú³HI��P{C}HL<>Fk;�<>J � M <>F�P{JLD Í&a <>CE<>F�� θ(Π

f̂(x̂i)
,Π

f̂(x̂i+1)
) J´ñòP{F@MOJLDHIF�CEDG?}F�DþR³=k�QD�ÎGCEDG=@?YP{F@MO=@JsP{HI?ED (H+

Π
f̂(x̂i)

− int(H+
Π

f̂(x̂i+1)
)) DGC�?EDG��P{?E��=�<>F��Y�q=�D2Î�DGC�P{F@MOJLD2D��}C�R@~���F@H

P{=��E�EH0;�<>=@?©=@F�DN�E=@?Àÿ�P>Î�D.;@JIHL�E�Q~�D�F�<>F`Î�<>Fq� DõÚ@D Í

ù�<>HLDGF�C (f̂ ,Γ, ρ) =@F�D.�}=@?Àÿ�P>Î�D�;@JIHL�E�Q~�DÔÎ�<>F�� DõÚ³D�R@D�JIHLDG=þR@D�;@JIHL�E�QP{M D L̂ DGC k̂ ⊂ H2 =@F`P{?EÎ�M ~�<�R@~��}HL��=�D
ÿ�DG?}��~ACEDGJ0��=�D f̂(k̂) HIFqCEDG?E�QD�ÎGCED.P{=2;@JI=���=@F�DÔÿ%<>HL�ÎQ|�P>�q=�DÔÿ�DG=@HIJIJLD�R@D f̂(L̂) ,�R0ñòP{;@?Eø���WûÙ�; z X!HIJ!DõÚ³HL�}CEDÔ=@F�DP{;@;@?E<�Ú�HI��P{C}HL<>F¦;�<>J � M <>F�P{JLDNR@D f̂(k̂)

Í
Ñ �>Ò&Ó¼À�ÌiÀQ��Óy� ü PY��D��}=@?EDNR@D.;@JIHL�E�QP{M D ∫

k̂
dλ̂ R@D k̂ D��}CKR@~���F@HLD�;�P{?�d

∫

k̂

dλ̂ = inf¤ p
∑

i=1

θ(Π
f̂(x̂i)

,Π
f̂(x̂i+1)

)

<4��£ R@~��}HIMOF�DNJ´ñûDGF��EDG�^B@JLDóR@D��AP{;@;@?E<�Ú³HI��P{C}HL<>F���;�<>J � M <>F�P{JLD��KR@D f̂(k̂)

Õ�ñòP{;@?Eø��+WûÙ�; z Ò��QD�ÎGC}HL<>F � Í �O��XoÒ�<>F�R@~���F@HIC5P{HIF��EH©=@F�Dþ��D��}=@?ED λ̂ C}?QP{F��}� DG?E�ED`P{= JIHLDG= R@Dþ;@JIHL�Q�QP{M D Í
Ã:<>=@?K<>B@CEDGF@HI?JsP^��D��E=@?ED�R@DÔ;@JIHL�E�QP{M D.R0ñ =@Fþ�EDGMO��DGF�C©C}?QP{F��}� DG?E�ED�P{=5JIHLDG=þR@D�;@JIHL�E�QP{M DOÒ³<>FôJLD.R@~�Î�<>=@;�D.DGF
�EDGMO��DGF�CE�KR@<>FqCAJLD��HI��P{M D��©;�P{? f̂ HIF�CEDG?E�ED�ÎGCEDGFqC.P{=þ;@JI=��=@F�D�ÿ%<>HL�©ÎQ|�P>�q=�D�ÿ�DG=@HIJIJLD�R@D.J´ñ HI��P{M D�R³=þJIHLDG=`R@D;@JIHL�E� P{M D�DGCA<>F-P¼ðÀ<>=@CEDNJLD��©��D��}=@?ED��AR@D.;@JIHL�Q�QP{M DNR@D�Î�D��K�EDGMO��DGF�CE� Í

Ý ��FYR@DÎ�<>FqC}?�b>JLDG?�J´ñûDG?}?EDG=@?�Î�<>�Y�YHL�ED©DGF�P{;@;@?E<�ÎE|�P{F�C�=@F�P{?EÎR@D f̂(H2) ;�P{?�R@D���P{;@;@?E<�Ú³HI��P{C}HL<>F���;!<{ÂJ � M <>F�P{JLD���Ò�F�<>=��:P{JIJL<>F���=@C}HIJIHL�EDG?�JsP©R@~���F@HIC}HL<>Fó�}=@HI�OP{FqCED\d�=@F�D�P{;@;@?E<�Ú³HI��P{C}HL<>FÆ;�<>J � M <>F�P{JLD�£ = {(x̂i,Πi)}R0ñ =@F/P{?EÎ f̂(k̂) D��EC©=@F�D (δ, ε) ¹|1@?s?�3FEDp45QrY1T8J5JETO �EH
Â max1≤i≤p−1 θ(Πi,Πi+1) < δ DGC
Â max1≤i≤p−1 dH2(x̂i, x̂i+1) < ε

Í

ü ñûDõÚ�HL�}CEDGF�Î�D.R0ñ =@F�D (δ, ε) Â®P{;@;@?E<�Ú�HI��P{C}HL<>F¦;!<>=@?�CE<>=@C©Î�<>=@;@JLD (δ, ε) Ò@DGCCE<>=@C©P{?EÎ k̂ D��}C�;@?E<>=@� ~�D.R�P{F��WûÙ�; z X Í@Ý ��F`R0ñû~GC}=�R³HLDG?AR@D��K�}=@HICED��AÎ�<>Fq� DG?}M DGFqCED��iÒ�F�<>=��AP{=@?E<>F��AB�D��E<>HIF`R@D (δ, ε) Â®P{;@;@?E<�Ú³HI��P{C}HL<>F���R@<>FqCJsPÆJL<>F@MO=�DG=@?�D��}C©B�<>?}F�~�D Í
æy�]�!�!� ï �JÁP��Üu�~� ET5wA�O�8 δ > 0 � ε > 0 � (f̂ ,Γ, ρ) KeOcA�M@Ke3�tN1sU�A~?�GH5�M@MN6�A+U�E4O	/4AFp>A�A98 k̂ ⊂ H2 K]Oû143FU
8J3F14OBM�/�A�3@MNA�14KÖG�57A�K�S]AY?�G�5�M�MN1Dv>A |λ̂| S>A (f̂ ,Γ, ρ) 8:A�G[I9K	A f̂(k̂) 5QOP8:A�3@MNAFUD8:A�14K0?�GHK]M�K]OuA�t9E45�M�U�;e1sINKBAtDA�Ke5�GQGRA^S]A f̂(|λ̂|) « 14GRE43@M�5QGoAFp45�M�8:A�KeOcA (δ, ε) ¹�1@?>?�3|Eip45�rY1T8J5wE4O¡S>A f̂(k̂) S>E4OP8�G`1�GRE4O]v4K	A�Ke3�A�M�8[rY1|°9ET3F6�A?�1T3 4

ε
(π
δ

+ 1)l(k) + 4(π
δ

+ 1) = B(ε, δ, l(k̂)) £



»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=���P{JIJL<>F�����<>FqC}?EDG?�Î�D�JLDG�Y��D;!<>=@? ε < log 3
2

Í � D�ÎGH�D��}C��}=�.��QP{F�C�;@=@HL�E��=�ñ =@F�D (δ, ε) ÂP{;@;@?E<�Ú�HI��P{C}HL<>FWD��}C©=@F�D (δ, ε′) Â®P{;@;@?E<�Ú³HI��P{C}HL<>F¦;�<>=@?©CE<>=@C ε′ ≥ ε
Í

ù�<>HLDGF�C x̂0, . . . , x̂p+1
R@D��ô;!<>HIFqCE�2R@D k̂ − |λ̂| CEDGJL�2��=�D {x̂1, x̂p+1} ⊂ ∂k̂ Ò���=�D p ≤ l(k̂)

ε
DGCô��=�D

d(x̂i, x̂i+1) ≤ ε ;!<>=@?�CE<>=@C i ∈ {0, . . . , p} ,��E<>HIC Π
f̂(x̂i)

=@F ;@JsP{F R@D��}=@;@;�<>?}CNDGF f̂(x̂i)
Í0ü Pþ;@?EDG�YHLøG?ED

~GCQP{;!D�R@D^JsP5;@?EDG=@� D�Î�<>F��}HL�}CEDY÷2P¼ðÀ<>=@CEDG?�R@D���;@JsP{F���R@D��}=@;@;!<>?}C.÷5JsP�ÿ�P{�YHIJIJLD (Π
f̂(x̂i)

) ð =��E��=�ñò÷5<>B@CEDGF@HI?=@F�DNP{;@;@?E<�Ú�HI��P{C}HL<>F/;�<>J � M <>F�P{JLD ÍBa <>=��ÔP{JIJL<>F��K~GC}=�R³HLDG?©JLD��©C}?E<>HL�KÎ�<>F���MO=@?QP{C}HL<>F��A;�<O�E�EHIB@JLD��;�<>=@? Π
f̂(x̂i)DGC Π

f̂(x̂i+1)

ÍBa <>CE<>F�� k̂i JLDN�E<>=��ÀÂ®P{?EÎ�R@D k̂ ��=@H³ðÀ<>HIF�C x̂i ÷ x̂i+1
Í

Â�Ã�?EDG�YHLDG?KÎ�P>��d Π
f̂(x̂i)

∩Π
f̂(x̂i+1)

6= ∅ DGC�JsPó;@?E<{ðÀD�ÎGC}HL<>FþR@D Π
f̂(x̂i)

∩Π
f̂(x̂i+1)

�}=@? f̂(H2) HIFqCEDG?E�QD�ÎGCED
J´ñòP{?EÎ k̂i ⊂ k̂

Í Õ�P{F��.Î�DGC}CEDóÎ�<>F���MO=@?QP{C}HL<>F�Ò {(x̂i,Πf̂(x̂i)
); (x̂i+1,Πf̂(x̂i+1))}

D��}CÔ=@F�DÆP{;@;@?E<�Ú�HI��P{C}HL<>F[;!<{Â
J � M <>F�P{JLDNR@D f̂(k̂i)

Í
Â�ù�D�Î�<>F�RþÎ�P>��d Π

f̂(x̂i)
∩Π

f̂(x̂i+1) = ∅ Í ù�<>HLDGF�C k̂i JLD��E<>=��KP{?EÎ�R@D k̂ ��=@H�ð}<>HIFqC x̂i ÷ x̂i+1
Ò y =@F2;�<>HIF�C

R@D k̂i DGC Π
f̂(ŷ)

=@Fy;@JsP{FUR@D��}=@;@;!<>?}CóDGF f̂(ŷ) ,�JLD���'-R@DG�YH ÂoD��};�P>Î�D�� H−

f̂(ŷ)

Ò H−

f̂(x̂i)

DGC H−

f̂(x̂i+1)

HIF�CEDG?ÀÂ
�ED�ÎGCEDGF�CNJsP2B!<>=@JLD b(f̂(ŷ), ε) ( b(f̂(ŷ), log 3

2 )
Í Õ�ñòP{;@?E~��YWk��P�X�Ü� <>HI?óP{=��Q�}HzWûú�?|X � Î�D���'þR@DG�YH ÂoD��};�P>Î�D��^F�D�E<>F�C�;�P>�R³HL�%ð}<>HIFqCE��R@<>F�Î Π

f̂(ŷ)
HIF�CEDG?E�ED�ÎGCED Π

f̂(x̂i)
<>= Π

f̂(x̂i+1)

Í ïÔF5��HLDGFqCR@DA��<>F�C}?EDG?©�q=�DÔCE<>=@C�;@JsP{F2R@D
�}=@;@;!<>?}C�DGF f̂(k̂) HIF�CEDG?E�ED�ÎGCED Π

f̂(x̂i)
<>= Π

f̂(x̂i+1)

Í � <>�Y��D©J´ñòP{?EÎ f̂(k̂i)
;�DG=@C�öGC}?EDÔ~GCEDGF�R³=�DGF�=@F5P{?EÎAR�P{F��

J´ñûDGF��EDG�óB@JLD^R@D��©;@JsP{F��AR@DN�}=@;@;!<>?}CKDGFþ=@F`;�<>HIF�CAR@D f̂(k̂i)
Ò@HIJ�DõÚ³HL�}CED ŷ ⊂ int(k̂) DGC©=@F`;@JsP{F-R@D��}=@;@;!<>?}C

Π
f̂(ŷ)

DGF f̂(ŷ) CEDGJ��q=�D {(x̂i,Πf̂(x̂i)
); (ŷ,Π

f̂(ŷ)); (x̂i+1,Πf̂(x̂i+1))}
D��}C©=@F�D^P{;@;@?E<�Ú³HI��P{C}HL<>F¦;�<>J � M <>F�P{JLD

R@D f̂(k̂i)
%Îõÿ Í W���Diù!Ò³;�P{?QP{MO?QP{;@|�D�' Í �4X � ÍÂ~��?E<>HL�}HLøG��D¦Î�P>��d Π

f̂(x̂i)
∩ Π

f̂(x̂i+1)
6= ∅ ��P{HL�5JsP[;@?E<{ð}D�ÎGC}HL<>F&R@D Π

f̂(x̂i)
∩ Π

f̂(x̂i+1)
�}=@? f̂(H2)

F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� f̂(k̂i)
Í ù�H0CE<>=@C�;@JsP{F`R@D.�}=@;@;!<>?}C©DGFþ=@F2;�<>HIF�CKR@D f̂(k̂i)

HIF�CEDG?E�ED�ÎGCED Π
f̂(x̂i)

<>= Π
f̂(x̂i+1)P{JL<>?E�Æ<>Fy;!DG=@C^C}?E<>=@� DG? ŷ DGC Π

f̂(ŷ)
Î�<>�Y��DôR�P{F��NJLD5Î�P>�^;@?E~�Î�~�R@DGF�C Í Õ.P{F��^JLD�Î�P>�ÆÎ�<>FqC}?QP{HI?EDOÒ:HIJ�DõÚ³HL�}CED

ŷ ∈ k̂ DGCK=@F-;@JsP{F-R@DN�}=@;@;!<>?}C Π
f̂(ŷ)

DGF f̂(ŷ) CEDGJL�A��=�D Π
f̂(ŷ)

F�ñ HIFqCEDG?E�ED�ÎGCED^;�P>� Π
f̂(x̂i)

F@H Π
f̂(x̂i+1)

Í�ü D��
;@JsP{F�� Π

f̂(x̂i)
DGC Π

f̂(ŷ)
�E<>F�CR�P{F���JsPÆÎ�<>F���MO=@?QP{C}HL<>F`R³=þR@DG=³Ú�HLøG��D.Î�P>�R@<>F�Î�HIJ�DõÚ³HL�}CED ẑ ⊂ k̂i

DGFqC}?ED x̂i DGC
ŷ CEDGJ���=�D {(x̂i,Πf̂(x̂i)

); (ẑ,Π
f̂(ẑ)); (ŷ,Πf(ŷ))} D��}CÔ=@F�DYP{;@;@?E<�Ú�HI��P{C}HL<>F[;!<>J � M <>F�P{JLD�R³=[�E<>=��ÀÂ®P{?EÎ�R@D k̂��=@H@ð}<>HIFqC x̂i ÷ ŷ Í Ù�F`ÿ´P{HL�QP{FqCÔJsP���öG��DÆÎE|�<O�ED^;�<>=@? Π

f̂(ŷ)
DGC Π

f̂(x̂i+1)
<>F/<>B@C}HLDGF�CÔ=@F�DÆP{;@;@?E<�Ú³HI��P{C}HL<>F

;!<>J � M <>F�P{JLD^R@D f̂(k̂i)
Í

� P{HL�E<>F���JsPAÎ�<>F��}C}?}=�ÎGC}HL<>F�ÎGH ÂoR@D��E�}=���;!<>=@?�CE<>=@CED���JLD���Î�<>�Y;!<O�QP{F�CED��:R@D k̂−{x̂1, . . . , x̂p}
Í Õ�P{F���ÎE|�P>��=�D

Î�<>�Y;!<O�QP{FqCEDÔR@D k̂−{x̂1, . . . , x̂p} Ò <>F5P�P¼ð}<>=@CE~AP{=Y;@JI=�� 3 ;�<>HIF�CE��ÒO<>F�<>B@C}HLDGF�C�R@<>F�Î©=@F�DAP{;@;@?E<�Ú�HI��P{C}HL<>F;!<>J � M <>F�P{JLD�R@<>FqC:JsP©JL<>F@MO=�DG=@?�D��}C�;@JI=���;!DGC}HICED���=�D 4p+4
ÍiÝ ;@;!DGJL<>F��ÀÂ´JsP {(x̂i,Πf̂(x̂i)

)/i = 0, . . . , 4p+4} Ía <>CE<>F�� k̂i ⊂ k̂ J´ñòP{?EÎÔM ~�<�R@~��}HL��=�D~%~G� DGFqC}=�DGJIJLDG��DGFqCA?E~�R³=@HIC÷^=@F�;!<>HIFqC � ��=@H�?EDGJIHLD x̂i ÷ x̂i+1
Í � <>�Y��D.<>F

;!DG=@C�~GCEDGF�R³?EDKJ´ñòP{?EÎ f̂(k̂i)
DGF�=@F5P{?EÎKR�P{F���J´ñûDGF��EDG�^B@JLD�R@D���;@JsP{F���R@DK�}=@;@;!<>?}C�DGF f̂(k̂i)

ÒqP{JL<>?E�iÒ ;!<>=@?�CE<>=@C
δ Ò HIJ�DõÚ³HL�}CED©R@D���;!<>HIFqCE� ŷj ⊂ k̂i

Ò 0 ≤ j ≤ q+1 CEDGJL����=�D ŷ0 = x̂i
Ò ŷq+1 = x̂i+1

Ò θ(Π
f̂(ŷj)

,Π
f̂(ŷj+1)) ≤ δ Ò

DGC q ≤ θ(Π
f̂(x̂i)

,Π
f̂(x̂i+1)

)

δ
≤ π

δ

Í Ù�F[Î�<>F��}C}?}=@HL�QP{F�C�R@D^CEDGJL�Ô;�<>HIF�CE�.R�P{F��ÔCE<>=���JLD�� k̂i Ò 0 ≤ i ≤ 4p + 3 Ò�<>F<>B@C}HLDGF�C^=@F�D (δ, ε) Â®P{;@;@?E<�Ú³HI��P{C}HL<>F R@<>FqCNJsP2JL<>F@MO=�DG=@?ÆD��}C�;@JI=���;!DGC}HICED���=�D (4p + 4)(π
δ

+ 1)
Í � <>�Y��D

p ≤ l(k̂)
ε
Ò@<>F/PÆJ´ñòP{;@;@?E<�Ú³HI��P{C}HL<>F/;!<>J � M <>F�P{JLD�?ED�ÎE|�DG?EÎQ|�~�D Í

ü P�;@?E<>;�<O�EHIC}HL<>F`�}=@HI�>P{F�CEDOÒ�R³=�D^÷^W���Diù>X0ÿ�<>=@?}F@HICK=@F�D�D��}C}HI��P{C}HL<>F¦R@D.J´ñûDG?}?EDG=@?AÎ�<>�Y�YHL�ED�JL<>?E�E��=�D.J´ñû<>F
P{;@;@?E<�ÎE|�DJsPÔ��D��}=@?EDR@D�;@JIHL�E�QP{M D�;�P{?�JsP��E<>�Y��DR@D���P{F@MOJLD���R³HLø�R³?ED���R0ñ =@F�DKP{;@;@?E<�Ú³HI��P{C}HL<>F�;!<>J � M <>F�P{JLD�d
Ù ���PÚy�PÛiÀ�ÌiÀQ��Ó ï �QÁ�Ä9Æ`Ç<�BÈÊÉ|Ë Ù ���PÚy�PÛiÀ�ÌiÀQ��Ó ò � õ ÏD�y� E45Q8 (f̂ ,Γ, ρ) KeOcAyM@Ke3Qt91sU@A*?�GH5�M@MN6�A�U�E4O	/�AFp]A�A98 k̂ ⊂ H2

KeO�143FUL8J3|14O	M@/�A�3@MNA�ª�M9E4OmG�57A�K!S>A�?�GH5�M@M91Dv>Ai£¼¤@GyAFpT5�M98:AYKeOcA�U�E4OBM98714OP8:AYK]O	5Q/�A�3@MNA9G�GVA K ��A98�KeOcAzt9ETO�UN8J5wE4O
s(δ) � 0 < s(δ) < 1 ��8:A�G�GVA@M�INKBA~M@5 {(x̂i,Πf̂(x̂i)

} A@M�8oKeOcA (δ, s(δ)) ¹�1�?s?�3FEDp45Qr�1s8J5JE4O(S>A�G�¥ 143|U f̂(k̂) ��14/�AFU



δ < π
2
��14GRE43�M

|
∑¤ θ(Π

f̂(x̂i)
,Π

f̂(x̂i+1)
)−

∫

k̂

dλ̂| < Kδ l(k̂)

Ù�F
�}=@HI�OP{FqC0W���Diù]XoÒ�F�<>=��2P{JIJL<>F��5=@C}HIJIHL�EDG?ôJsP ;@?E<>;!<O�}HIC}HL<>F¡' Í �-;!<>=@?�;@?E<>=@� DG?2JsPyÎ�<>FqC}HIFq=@HICE~[R@D/JsP
JsP{�YHIF�P{C}HL<>F/M ~�<�R@~��}HL��=�D.��D��}=@?E~�DNR@DN;@JIHL�E�QP{M D�R0ñ =@F�D^�E=@HICED�R@DN�}=@?Àÿ´P>Î�D��©;@JIHL�E�E~�D��©Î�<>F�� DõÚ³D�� Í
æy�]�!�!� ï �JÁP� ï ��� E45Q8 (f̂n,Γn, ρn)

K]OuA�M@Ke5Q8:A^S>A�M@Ke3�tN1sU�A@M�?�GH5�M@MN6�A@M�U�E4O	/4AFp>A@M<I9Ke5[U�E4OP/�A�3wv>A�/4A�3�M�K]OuA
M�K]3Qt91>U�A�?�G�5�M�MD6�A (f̂∞,Γ∞, ρ∞) « 14G`ET3�M (λ̂n)

U�E4O	/�A93Jv>A�?�E4Ke3YG`1+87E@?�ETG`E�vT5wA�tN1457C�GRA ∗ /�A93�MYKeOcA�G`1Tr�5QO�1T8J5wE4O
v>6�EDS>6@M�5JI9K	A~r�A@M�K]3�6�A λ̂∞ A98�E4O�A@M�8�Ss14O	M�G�¥ K]OcA�S>A@M�S]A�K4pLM�5Q8JKB1T8J5wE4OBM[M@Ke5�/�14OP8:A@M�¦

§ (f̂∞,Γ∞, ρ∞) A�M�8�KeOcA�M�K]3Qt91>U�A[?cG�5�M�MD6�AYU�ETO	/�AFp>A�A98 λ̂∞ A@M98oM91<G`14r~5QO�1T8J5wE4O�v>6FEiS>6@M@5wI9K	A�rYA�M@Ke3F6�A
S>A�?�G�5�M�MN1Dv>A «§ (f̂∞,Γ∞, ρ∞) A@M�8�KeOcAqM@Ke3�tN1sU�Az?�GH5�M�MN6�A~1@?s?�GR1T8J57A@� |λ̂∞| A@M98yGVA�G�57A�K+S]A�?cG�5�M�MN1Dv>A~S>A f̂∞ A98 λ̂∞ A�M�8
E>C98:A�OPKBA~A�O0r~K]OP5�M@M914OP8�U�;e1sI9K	AotDA�Ke5�GQGRA�S>A |λ̂∞| S*¥ K]OuA�r�A@M�K]3�A~S>A�»�5Q3F1sU~S>A�r�14M�MNA π £

»�6�rYE4OBM98J3|1T8J5wE4Oc£AÕ�ñòP{;@?Eø��:JLD�JLDG�Y��D�' Í � Í �OÒ (f̂∞,Γ∞, ρ∞) D��}C�=@F�D��}=@?Àÿ´P>Î�D�;@JIHL�Q�E~�D�Î�<>F�� DõÚ³D<>=YP{;@;@JsP{C}HLD Ía <>=��ÔP{JIJL<>F��A��<>FqC}?EDG?.�q=�D�CE<>=@CEDó�}=@HICEDNDõÚ³C}?QP{HICED^R@D (f̂n,Γn, ρn)
Î�<>FqC}HLDGFqC�=@F�DN�E<>=��}Âo�}=@HICED^��=@H��QP{C}HL�Àÿ´P{HIC

JsP�Î�<>F�ÎGJI=��}HL<>F¦R³=þJLDG�Y��DOÒ�Î�D�ÎGH�D��ECK~��q=@HI�OP{JLDGFqCÔP{=-JLDG�Y��D Í� <>F��EHLR@~G?E<>F��^=@F�D��E=@HICED�DõÚ³C}?QP{HICEDYCEDGJIJLD���=�D (|λ̂n|) Î�<>F�� DG?}M D�M ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E�N=@F�D�JsP{�YHIF�P¼ÂC}HL<>FþM ~�<�R@~��}HL��=�D L̂∞ ,@R0ñòP{;@?Eø��qW � Ù���Ò³;�P{?QP{MO?QP{;@|�D�� Í �2XoÒ L̂∞ Î�<>F�C}HLDGFqCÔJLD.JIHLDG=`R@D�;@JIHL�E�QP{M D�R@D f̂∞ Í ù�<>HIC
k̂ ⊂ H2 =@F�P{?EÎC}?QP{F��E� DG?E�EDK÷ L̂∞ CEDGJ���=�D f̂(k̂) HIF�CEDG?E�ED�ÎGCEDAP{=Y;@JI=���=@F�D�ÿ�<>HL��ÎE|�P>��=�Dÿ�DG=@HIJIJLD©R@D f̂∞(L̂∞) ,Î�<>�Y��D (|λ̂n|) Î�<>Fq� DG?}M D.M ~�<>��~GC}?}HL��=�DG��DGFqCÔ� DG?E� f̂(L̂∞) DGC©��=�D (fn)

Î�<>Fq� DG?}M D�� DG?E� f∞ Ò�;�<>=@? n P>�E�ED9fMO?QP{F�R0Ò f̂n(k̂) HIFqCEDG?E�ED�ÎGCED/P{= ;@JI=��Y=@F�D2ÿ�<>HL�YÎE|�P>��=�Dþÿ�DG=@HIJIJLDþR@D f̂(|λ̂n|)
Í©� H Ú@<>F�� δ < π

2
DGC ε < s(δ)DGC�Î�<>F��}HLR@~G?E<>F��iÒÐ;�<>=@?�ÎQ|�P>�q=�D n Ò:=@F�D (δ, ε) Â®P{;@;@?E<�Ú³HI��P{C}HL<>F (x̂i,n,Πf̂n(x̂i,n))

R@D f̂n(k̂) R@<>F�C�JsP¦JL<>F³ÂMO=�DG=@? p D��}C.;@JI=���;!DGC}HICEDY��=�DóJsP2Î�<>F��ECQP{FqCED B(δ, ε, l(k̂)) R³=[JLDG�Y��D�' Í � Í � Í Ù�Ú�C}?QP � <>F��N=@F�DY�E<>=��ÀÂo�E=@HICEDCEDGJIJLDó�q=�D�;!<>=@?KCE<>=@C i ≤ p Ò³JsP��}=@HICED (x̂i,n,Πf̂n(x̂i,n))
Î�<>Fq� DG?}M DÆDGCAF�<>CE<>F�� (x̂i,∞,Πf̂∞(x̂i,∞))

�QPYJIHI�YHICED Í
ïÔF-<>B@C}HLDGF�C.P{HIF��EH�=@F�D (δ, ε) Â®P{;@;@?E<�Ú³HI��P{C}HL<>F {(x̂i,∞,Πf̂∞(x̂i,∞))}

R@D f̂∞(k̂) R@D�JL<>F@MO=�DG=@?�HIF³ÿ%~G?}HLDG=@?EDÆ÷
p = B(δ, ε, l(k̂))

Í

�54m�4��²�ÌiÀQ��Ó ï �QÁ�� ò ��� 5 (f̂∞,Γ∞, ρ∞) A@M98&K]OcA�M@Ke3�tN1sU�A�?�GH5�M@MN6�A�U�E4O	/4AFp>A�14GRE43�M (λ̂n)
U�E4OP/�A�3wv>A�/�A�3@M�MN1

GR14r~5�Oc1T8J5JETO�v>6FEiS>6@M@5wI9K	A~r�A@M�K]3�6�A~S>A�?�GH5�M@M91Dv]A λ̂∞ £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F����q=�D (f̂∞,Γ∞, ρ∞) D��}CÆ=@F�D2�}=@?Àÿ�P>Î�D5;@JIHL�E�E~�DôÎ�<>Fq� DõÚ@DþDGCÆF�<>CE<>F�� λ̂∞ �QP
JsP{�YHIF�P{C}HL<>FþM ~�<�R@~��}HL��=�DÔ��D��E=@?E~�D�R@D�;@JIHL�E� P{M D Í Ó�P{;@;�DGJL<>F����=�D λ̂n Î�<>F�� DG?}M D�� DG?E� λ̂∞ �}H�;�<>=@?CE<>=@CKP{?EÎ
k̂ ⊂ H2 C}?QP{F��}� DG?E�EDN÷ |λ̂∞| Ò ∫k̂dλ̂n Î�<>F�� DG?}M D^� DG?E�

∫

k̂
dλ̂∞

Í
ù�<>HLDGF�C k ⊂ H2 =@F P{?EÎ�C}?QP{F��}� DG?E�ED�÷ |λ̂∞| DGC {(x̂i,n,Πf̂n(x̂i,n))}

JLD�� (δ, ε) Â®P{;@;@?E<�Ú�HI��P{C}HL<>F��Î�<>F��}C}?}=@HICED���ÎGH ÂoR@D��E�}=�� Í Ã:<>=@?�CE<>=@C i ≤ p Ò Π
f̂n(x̂i,n)

Î�<>F�� DG?}M DK� DG?E� Π
f̂∞(x̂i,∞)

Ò{R@<>F�Î;!<>=@? n P>�Q�ED9fMO?QP{F�R0Ò
∑p

i=1 |θ(Πf̂∞(x̂i,∞),Πf̂∞(x̂i+1,∞)) − θ(Π
f̂n(x̂i,n),Πf̂n(x̂i+1,n))| ≤ δ

Í ÕÆñòP{;@?Eø��êJsP ;@?E<>;�<O�}HIC}HL<>F ' Í �OÒ
|∑q−1

i=1 θ(Πf̂n(x̂i,n),Πf̂n(x̂i+1,n)) −
∫

k̂
dλ̂n| < Kδl(k̂) ;!<>=@? CE<>=@C n ∈ N

Í ïÔF P R@<>F�Î
|
∫

k̂
dλ̂∞ −

∫

k̂
dλ̂n| < 2Kδl(k̂) + δ

Í Ù�FWÿ´P{HL�QP{FqC�CEDGF�R³?ED δ � DG?E� 0 Ò0<>F[<>B@C}HLDGFqC ∫

k̂
dλ̂n →

∫

k̂
dλ̂∞

Í � D�ÎGH
~GCQP{F�CK��?QP{H�;�<>=@?©CE<>=@CÔP{?EÎ k̂ C}?QP{F��E� DG?E�ED^÷ |λ̂∞| Ò λ̂n Î�<>Fq� DG?}M D^� DG?E� λ̂∞ Í

a <>=���P{JIJL<>F���DGF��E=@HICED`~GC}=�R³HLDG?�JLDþÎ�P>��<4� (f̂∞,Γ∞, ρ∞) D��}CY=@F�D`�}=@?Àÿ´P>Î�D2;@JIHL�E�E~�D`P{;@;@JsP{C}HLD Í � <>��Â��DGF	��<>F��^;�P{?N��<>FqC}?EDG?��q=�D�JLD��Nÿ%DG=@HIJIJLD��^R³= JIHLDG=yR@DY;@JIHL�E� P{M D |λ̂∞| R@D (f̂∞,Γ∞, ρ∞) �Q<>FqCNCE<>=@CED��óR@D��ÿ�DG=@HIJIJLD���HL�E<>JL~�D���Ò0ÎOñûD��ECÀÂ®÷¼ÂoR³HI?ED���=�D�JLDG=@?E��;@?E<{ðÀD�ÎGC}HL<>F��ó�}=@? H2/Γ∞
�Q<>FqC^R@D��.ÿ�DG=@HIJIJLD���HL�E<>JL~�D�� Í � D�ÎGH�F�<>=��

;!DG?}��DGC}C}?QP`R@DYMqP{?QP{F�C}HI?ó��=�ñûDGFy�ó=@F@HL�E�QP{FqCÆÎE|�P>��=�DYÿ�DG=@HIJIJLD�R@D |λ̂∞| R0ñ =@F�D���D��}=@?ED�R@D�Õ�HI?QP>Î�R@DY;!<>HLR@�
π Ò�<>F¦<>B@C}HLDGFqC�B@HLDGF-=@F�DNJsP{�YHIF�P{C}HL<>F¦M ~�<�R@~��}HL�q=�D^��D��}=@?E~�DL%R@<>F�CÔJsP�;@?E<{ðÀD�ÎGC}HL<>F¦�}=@? H2/Γ∞

F�ñòP�;�P>�ÔP
;@?}HL<>?}H�=@F/�}=@;@;�<>?}CKÎ�<>�Y;�P>ÎGC � Í



�54m�4��²�ÌiÀQ��Ó ï �JÁP� ö ��Â E43�MNI9K	A (f̂∞,Γ∞, ρ∞) A@M�8�KeOcALM�K]3Qt91>U�A�?�GH5�M�MN6�A�1@?s?�GR1T8J57A@��GRA�GH57A�KØS>A�?�GH5�M@M91Dv]A
|λ̂∞| S>A f̂∞ A@M�8oU�E4OBM98J5Q8JK	6~S>AytNA9K]5QG�GVA@M�5�M9E4GV6�A@MD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ � |�<>HL�}HL�E�Q<>F��AR@DG=³Ú2;�<>HIF�CE�Ô�}=�Î�Î�D��Q�}H ÿ%�©R³HL�EC}HIF�ÎGCE� x̂i,∞ DGC x̂i+1,∞

DGCKF�<>CE<>F�� k̂i JLDN�E<>=��ÀÂP{?EÎ�R@D k̂ ð}<>HIMOF�P{FqC x̂i,∞ ÷ x̂i+1,∞
Í ù�<>HLDGF�C ŷ =@FW;�<>HIF�CNR@D int(k̂i) DGC (Π

f̂n(ŷ))
=@F�DY�}=@HICED�R@DÆ;@JsP{F���R@D

�}=@;@;!<>?}C^DGF f̂n(ŷ) ��=@H�Î�<>Fq� DG?}M D5� DG?E�N=@Fy;@JsP{F7R@D��}=@;@;!<>?}C Π
f̂∞(ŷ)

DGF f̂∞(ŷ) ,0;!<>=@? n P>�E�ED9fYMO?QP{F�R0Ò
ŷ P{;@;�P{?}C}HLDGF�C¦P{=ê�E<>=��}Â®P{?EÎ[R@D k̂ ?EDGJIHsP{F�C x̂i,n ÷ x̂i+1,n

Í � <>�Y��D {(x̂i,n,Πf̂n(x̂i,n))}
D��}Cþ=@F�D (δ, ε) ÂP{;@;@?E<�Ú�HI��P{C}HL<>F�Ò Π

f̂n(ŷ)
HIFqCEDG?E�QD�ÎGCED¦÷¦JsP¦ÿ�<>HL� Π

f̂n(x̂i,n)
DGC Π

f̂n(x̂i+1,n)
DGC θ(Π

f̂n(x̂i,n),Πf̂n(ŷ)) ≤ δ Ò
θ(Π

f̂n(ŷ),Πf̂n(x̂i+1,n)) ≤ δ
Í Ù�F ;�P>�E�QP{FqC¦÷kJsPkJIHI�YHICEDOÒA<>F <>B@C}HLDGFqC θ(Π

f̂∞(ŷ),Πf̂∞(x̂i,∞)) ≤ δ DGC
θ(Π

f̂∞(ŷ),Πf̂∞(x̂i+1,∞)) ≤ δ
Í � <>�Y��D (f̂∞,Γ∞, ρ∞) D��}CK=@F�DN�}=@?Àÿ´P>Î�D�;@JIHL�E�Q~�D^P{;@;@JsP{C}HLDOÒ�J´ñòP{F@MOJLDóR³HLø�R³?EDDGF�C}?ED R@DG=³Ú ;@JsP{F�� R@D �}=@;@;!<>?}C DGF R@D�� ;!<>HIFqCE� R³H`
0~G?EDGFqCE� P{;@;�P{?}C}HLDGFqC ÷ {0, π} R@<>F�Î

θ(Π
f̂∞(ŷ),Πf̂∞(x̂i,∞)) = 0 DGC θ(Π

f̂∞(ŷ),Πf̂∞(x̂i+1,∞)) = 0
Í � D�ÎGH2DGF�C}?QP{HIF�Dê��=�D�;!<>=@?kCE<>=@C�P{?EÎ

κ̂ ⊂ int(k̂i)
Ò i(κ̂, λ̂n) −→ 0

Í Ù�Fk?EDG;@?EDGF�P{FqC�JsP-R@~G��<>F��}C}?QP{C}HL<>F R@DôJsP/;@?E<>;!<O�}HIC}HL<>F � l R@D0Wûú<>�TXoÒ:<>F
DGF`R@~�R³=@HIC��q=�D int(k̂i) F�ñ HIFqCEDG?E�QD�ÎGCEDN;�P>�©JLD�JIHLDG=/R@D.;@JIHL�E�QP{M DNR@D f̂∞ ÍïÔFkP`P{HIF��}H���<>F�C}?E~5��=�DYJ´ñ HIF�CEDG?E�ED�ÎGC}HL<>F¸R@D k̂ P�� D�Î5JLDYJIHLDG=7R@D�;@JIHL�E�QP{M D�R@D f̂∞ D��}CóÎ�<>F�CEDGFq=�DôR�P{F��
{x̂i/i = 1 . . . p} Ò�DGF7;�P{?}C}HLÎG=@JIHLDG?�Ò:Î�DGC}CED�HIFqCEDG?E�ED�ÎGC}HL<>F P`=@F7Î�P{?ER³HIF�P{J���F@H Í � D�ÎGH�Î�<>F�ÎGJI=@CÆJsPþ;@?EDG=@� DôR@DJ´ñòP2.�?}��P{C}HL<>F Í

ïÔF[�QP{HIC���P{HIFqCEDGF�P{F�Có��=�D |λ̂∞| D��}C�Î�<>F��EC}HIC}=�~�DYR@D^ÿ�DG=@HIJIJLD���HL�E<>JL~�D�� ÍIÍ Ù�FW�^=@F@HL�Q�QP{FqCNÎQ|�P>�q=�DÆÿ�DG=@HIJIJLDR@D |λ̂∞| R0ñ =@F�DY��D��}=@?ED5R@DYÕÔHI?QP>Î�R@DY;�<>HLR@� π Ò�<>Fy<>B@C}HLDGFqCó=@F�DYJsP{�YHIF�P{C}HL<>FyM ~�<�R@~��}HL��=�D���D��}=@?E~�D λ̂∞%R@<>F�CKJLDN�}=@;@;!<>?}C©F�ñûD��}CK;�P>�APÆ;@?}HL<>?}H:Î�<>�Y;�P>ÎGC � Ía <>CE<>F�� r = inf{d(x̂1, x̂2)/x̂1
DGC x̂2

�E<>F�CAR@DG=³Ú2;�<>HIF�CE�AR³HL�}C}HIF�ÎGCE�KR@D k̂ ∩ |λ̂∞|} ,³R0ñòP{;@?Eø��JsPó;@?EDG=@� DR@D�J´ñòP2.�?}��P{C}HL<>FY' Í � Í �³Ò r > 0
Í ù�H {(x̂i,∞,Πf̂∞(x̂i,∞))}

D��}C�=@F�D (δ, ε) Â®P{;@;@?E<�Ú�HI��P{C}HL<>Fô�QP{C}HL�Àÿ´P{HL�QP{FqC ε < r Ò
<>F-P ∑q−1

i=1 θ(Πf̂∞(x̂i,∞),Πf̂∞(x̂i+1,∞)) =
∫

k̂
dλ̂∞

Í
Ù�Fy?EDG�Y;@JsP4��P{FqC�JsP`;@?E<>;�<O�}HIC}HL<>F(' Í ��;�P{?ÆÎ�DGC}CED5~GMqP{JIHICE~5R�P{F��^JsP`;@?EDG=@� D5R@D�J´ñòP2.�?}��P{C}HL<>FØ' Í � Í �/<>F

<>B@C}HLDGF�CAJ´ñòP2.�?}��P{C}HL<>F/�E=@HI�>P{F�CEDN�q=@H�Î�<>F�ÎGJI=@CÔJsPÆ;@?EDG=@� DNR³=`JLDG�Y��D�' Í � Í '<d
�54m�4��²�ÌiÀQ��Ó ï �JÁP�V÷g��Â 1YM@Ke5Q8:A (λ̂n)

U�E4O	/�A�3wv>A�/4A�3�M λ̂∞ Ss14OBM ML(H2) £
ÓÔDG��P{?E�q=�<>F�����=�D�R�P{F���JLD�Î�P>��<4� (f̂∞,Γ∞, ρ∞) D��}CNP{;@;@JsP{C}HLDOÒ0F�<>=��.F�ñòP�� <>F���;�P>�.��<>FqC}?E~���=�DÆJsP;@?E<{ð}D�ÎGC}HL<>F5R@D |λ̂∞| �}=@? H/Γ∞

D��EC�Î�<>�Y;�P>ÎGCED Í]a <>=���� DG?}?E<>F���F�~�P{�Y��<>HIF��R�P{F���JsP��}=@HICEDA�q=�DKÎOñûD��EC�B@HLDGF
JLD�Î�P>� Í

a <>=��þP{JIJL<>F��2��P{HIFqCEDGF�P{F�C`;@?E~�ÎGHL�EDG?þJsP7R@D��EÎG?}HI;@C}HL<>FêR@D (f̂∞,Γ∞, ρ∞) JL<>?E�E��=�D¦ÎOñûD��EC5=@F�DW�}=@?Àÿ´P>Î�D;@JIHL�E�Q~�DNP{;@;@JsP{C}HLD Í
æy�]�!�!� ï �JÁP�QÎc��� E45Q8 (f̂n,Γn, ρn)

K]OuA�M@Ke5Q8:A^S>A�M@Ke3�tN1sU�A@M�?�GH5�M@MN6�A@M�U�E4O	/4AFp>A@M<I9Ke5[U�E4OP/�A�3wv>A�/4A�3�M�K]OuA
M�K]3Qt91>U�A�?�G�5�M�MD6�AL1@?s?�GR1T8J57A (f̂∞,Γ∞, ρ∞) « 14GRE43�M~5QG©A�p45�M98:A�K]OcA�M@Ke3Qt91sU@A S ª�C�E43|S�v>6FEiS>6@M@5wI9K	A@��8:A�G�GVALI9KBA
H2/Γ∞

A@M98yGVA�SsE4K	C�GVA�S>A S AN8oI9K	A�GVA�G�57A�K+S>Az?cG�5�M�MN1Dv>A |λ̂∞| S>A f̂∞ MNA�?�3FE|°DA98w8:A�M@Ke3 ∂S ⊂ H/Γ∞
£g»�A

?�GHK]M ∂S A@M�8�U�E4r�?�1sUD8:£
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÙ�F`;@?EDG�YHLDG?AJIHLDG=�Ò@J´ñòP2.�?}��P{C}HL<>F/�}=@HI�OP{FqCED^�>PÆF�<>=��K;�DG?}��DGC}C}?EDNR@D^R@~���F@HI? S Í�54m�4��²�ÌiÀQ��Ó ï �JÁP� õ ��¥ ETKe8:A@M�GVA@M�U�E4r�?�E�MN14OP8:A@M�U�E4OPOcAFp>A@M�S>A H2− |λ̂∞| ETOP8&G`1Yr5<�r�A�5Qr�1iv>A�?�1T3 f̂∞ £
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÓÔP{;@;!DGJL<>F��CE<>=@C©R0ñòP{B�<>?ERþ��=�D.Î�<>�Y��D f̂∞ D��EC�=@F�D��}=@?Àÿ´P>Î�D�;@JIHL�E�E~�DOÒ�JsPó?ED��}C}?}HLÎGC}HL<>F`R@D
f̂∞

÷YÎQ|�P>�q=�DNÎ�<>�Y;!<O�QP{F�CED^Î�<>F@F�DõÚ@DNR@D H2 − |λ̂∞| D��}C©HIF>ðÀD�ÎGC}HI� D Íù�=@;@;!<O�E<>F�����=�D�J´ñòP2.�?}��P{C}HL<>F~' Í � Í ñF�ñûD��}C0;�P>���QP{C}HL�}ÿ�P{HICEDOÒ�HIJ DõÚ³HL�}CED�P{JL<>?E��R@DG=³Ú.Î�<>�Y;!<O�QP{FqCED���Î�<>F@F�DõÚ³D��
P̂ DGC P̂ ′ R@D H2−|λ̂∞| R@<>F�C�JLD���P>R³|�~G?EDGF�Î�D�����ñ HIF�CEDG?E�ED�ÎGCEDGFqC�DGC�R@<>FqC�JLD��ÐHI��P{M D���;�P{? f̂∞ �E<>F�C�R³H`
!~G?EDGF�CED�� Í) J�DõÚ³HL�}CED^R@<>F�Î^=@F/;!<>HIFqC ŷ Î�<>FqCEDGF�=WR�P{F��ÔJLDóB�<>?ER/R@DNJ´ñòP>R³|�~G?EDGF�Î�D�R@D P̂ CEDGJ���=�D f∞(ŷ) ⊂ f̂∞(P̂ ′) <>==@F�;!<>HIFqC ŷ Î�<>FqCEDGFq=2R�P{F���JLDAB�<>?ER�R@DKJ´ñòP>R³|�~G?EDGF�Î�D�R@D P̂ ′ CEDGJ��q=�D f̂∞(ŷ) ⊂ f∞(P̂ ) ,qÎ�D���R@DG=³Ú�Î�P>��~GCQP{F�C�}HI�YHIJsP{HI?ED��iÒ�F�<>=��óP{JIJL<>F��ó�EDG=@JLDG��DGFqCÆC}?QP{HICEDG?^JLD�;@?EDG�YHLDG? Í*a <>CE<>F�� l̂ JsPôÿ�DG=@HIJIJLD�R@D |λ̂∞| ��=@H�Î�<>FqC}HLDGF�C ŷ ,



R0ñòP{;@?Eø��ÔJsP�;@?EDG=@� DÆR@DNJ´ñòP2.�?}��P{C}HL<>F�' Í � Í �³Ò l̂ D��}CAHL�E<>JL~�D Í ù�<>HIC k̂ ⊂ H2 =@FWP{?EÎNM ~�<�R@~��}HL��=�D^C}?QP{F��}� DG?E�QDó÷
l̂ CEDGJ��q=�D k̂ ∩ |λ̂∞| = {y} ,0;!<>=@? n ∈ N Ò0Î�<>F��}HLR@~G?E<>F��^JLD�� (δ, ε) Â®P{;@;@?E<�Ú�HI��P{C}HL<>F�� (x̂i,n,Πf̂n(x̂i,n))

R@D
f̂n(k̂)

��=@H�<>FqCN~GCE~YÎ�<>F��}C}?}=@HICED��óP{= R@~GB@=@CNR@DóJsPô;@?EDG=@� DYR³=[JLDG�Y��DY' Í � Í '2DGC�F�<>CE<>F�� p = B(δ, ε, l(k̂))=@F/��P¼ðÀ<>?QP{F�C�R@D^JLDG=@?AJL<>F@MO=�DG=@? Í ÕÆñòP{;@?Eø��ÔJ´ñòP2.�?}��P{C}HL<>F�' Í � Íîë Ò�JsPY��D��}=@?EDóR@D^;@JIHL�E�QP{M Dó�}=@? k̂ CEDGF�R-� DG?E�=@F�D���D��}=@?ED.R@D.Õ�HI?QP>Î�R@DÔ;!<>HLR@� π DGC©R@D.�}=@;@;!<>?}C {y} Í ïÔFþDGF2R@~�R³=@HIC©J´ñûDõÚ³HL�}CEDGF�Î�D.R0ñ =@F i CEDGJ!��=�D (x̂i,n)DGC (x̂i+1,n)
Î�<>Fq� DG?}M DGF�CÔ� DG?E� y DGCA��=�D π

p
≤ θ(Π

f̂n(x̂i,n),Πfn(x̂i+1,n)) ≤ δ ;�<>=@? n P>�E�ED9f�MO?QP{F�R Í
ù�<>HIC ẑ JLD.;!<>HIFqCKR@D P̂ ′ CEDGJ���=�D f̂∞(ẑ) = f̂∞(y) ,³;!<>=@?ÎQ|�P>�q=�D n Ò ẑ D��}C©Î�<>F�CEDGFq=/<>=2B@HLDGF`R�P{F��©=@F�DÎ�<>�Y;!<O�QP{FqCED P̂ ′n R@D H2 − |λ̂n| <>=/B@HLDGF[R�P{F��ÔJLD���P>R³|�~G?EDGF�Î�D���R@DóR@DG=³Ú/Î�<>�Y;!<O�QP{F�CED���R@D H2 − |λ̂n| DGCF�<>=���F�<>CEDG?E<>F�� P̂ ′n J´ñ HIFqCE~G?}HLDG=@?KR@D�JsP^?E~G=@F@HL<>F2R@D��©P>R³|�~G?EDGF�Î�D��KR@D�Î�D��©R@DG=³Ú5Î�<>�Y;!<O�QP{FqCED�� Í � <>F��EHLR@~G?E<>F��=@F�D5�}=@HICED�DõÚ³C}?QP{HICED�CEDGJIJLD5�q=�D P̂n Î�<>Fq� DG?}M D5� DG?E�ó=@F�D��E<>=��ÀÂo�E=@?Àÿ�P>Î�D5<>=@� DG?}CED P̂ ′∞ R@D P̂ ′ %<>Fy;!DG=@C^;�P{?DõÚ@DG�Y;@JLDAÎQ|�<>HL�}HI?�=@F�DÔ�}=@HICEDKDõÚ³C}?QP{HICEDKCEDGJIJLDA��=�D |λ̂n| Î�<>F�� DG?}M DAM ~�<>��~GC}?}HL��=�DG��DGFqC � Í � <>�Y��D f̂n Î�<>F�� DG?}M D� DG?E� f̂∞ �E=@?©CE<>=@CAÎ�<>�Y;�P>ÎGCÔP{JL<>?E� f̂n(P ′n) Î�<>Fq� DG?}M DN� DG?E� f̂∞(P ′∞) ⊂ f̂∞(P ′)

Í
Õ�= ÿ�P{HIC �q=�D f̂∞(P̂ ′∞) Ò Π

f̂∞(x̂i,∞)
DGC Π

f̂∞(x̂i+1,∞)
Î�<>F�C}HLDGF@F�DGFqC f̂∞(ŷ) Ò DGC ��=�D

π
p
≤ θ(Π

f̂n(x̂i,n),Πf̂n(x̂i+1,n)) ≤ δ Ò³<>F2R@~�R³=@HIC©��=�DA;!<>=@? n P>�E�QD9fÔMO?QP{F�R0Ò Π
f̂n(x̂i,n)

<>= Π
f̂n(x̂i+1,n)

HIF�CEDG?ÀÂ
�ED�ÎGCED f̂n(P̂ ′n) C}?QP{F��E� DG?E�QP{JLDG��DGFqC Í � D�ÎGH�Î�<>FqC}?ED�R³HICKJsP�Î�<>F�� DõÚ�HICE~NR@D (f̂n,Γn, ρn)

DGCKP>ÎQ|�øG� D�JsPÆ;@?EDG=@� D�R@D
J´ñòP2.�?}��P{C}HL<>F Í

a <>=��©P{JIJL<>F��DGF��}=@HICED���<>FqC}?EDG?K��=�DAJLD��q=�<>C}HLDGF�C©R@D H2− |λ̂∞| ;�P{? Γ∞
;�<O�E�Qø�R@DÔR@DG=³Ú5Î�<>�Y;!<O�QP{F�CED��

Î�<>F@F�DõÚ@D�� Í
Ù�Ú�C}?QP � <>F���=@F�DK�E<>=��}Âo�}=@HICEDCEDGJIJLD©�q=�D |λ̂n| Î�<>F�� DG?}M DKM ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E��=@F�DJsP{�YHIF�P{C}HL<>F�M ~�<�R@~õÂ�}HL��=�D L̂∞ DGC�Î�<>F��}HLR@~G?E<>F���R@DG=³Úó;!<>HIFqCE� x̂, ŷ ⊂ H2−L̂∞ CEDGJL����=�D f̂∞(x̂) = f̂∞(ŷ)

Í4a <>CE<>F�� P̂x̂ DGC P̂ŷ JLD��Î�<>�Y;!<O�QP{FqCED���Î�<>F@F�DõÚ³D���R@D H2−|λ̂∞| ��=@H�Î�<>FqC}HLDGF@F�DGF�C x̂ DGC ŷ DGC��}=@;@;!<O�E<>F�����=�D H+

f̂∞(P̂x̂)
= H+

f̂∞(P̂ŷ)

,
��<>F�C}?E<>F��Ô��=�ñ HIJ�DõÚ�HL�ECED g∞ ∈ Γ∞

CEDGJ���=�D x̂ = g∞ŷ
Í

� <>�Y��D H+

f̂n(P̂x̂)

DGC H+

f̂n(P̂ŷ)

Î�<>Fq� DG?}M DGF�Cê� DG?E� H+

f̂∞(P̂x̂)

DGC
Î�<>�Y��D f̂n(P̂ŷ) ⊂ H+

f̂n(P̂x̂)

DGC
f̂n(P̂x̂) ⊂ H+

f̂n(P̂ŷ)

Ò Π
f̂n(x̂)

DGC Π
f̂n(ŷ)

��ñ HIFqCEDG?E�ED�ÎGCEDGF�C�;!<>=@? n P>�E�ED9fôMO?QP{F�RUDGC θ(Π
f̂n(x̂),Πf̂n(ŷ))

CEDGF�R
� DG?E� 0

Í ïÔFkDGF¸R@~�R³=@HICY�q=�D�JsP-R³HL�}CQP{F�Î�D d(Π
f̂n(x̂)∪Π

f̂n(ŷ))
(f̂n(x̂), f̂n(ŷ))

��D��}=@?E~�D2�}=@? Π
f̂n(x̂) ∪ Π

f̂n(ŷ)CEDGF�R7� DG?E� 0
Í � <>�Y��D d(Π

f̂n(x̂)
∪Π

f̂n(ŷ)
)(f̂n(x̂), f̂n(ŷ)) ≥ d

f̂n(H2)(f̂n(x̂), f̂n(ŷ))
DGCÆÎ�<>�Y��D f̂∞ D��EC^=@F

|�<>��~�<>��<>?};@|@HL�}��D5JL<�Î�P{J��}=@?�JLD�Î�<>�Y;@JL~G��DGFqCQP{HI?EDôR@D |λ̂∞| P{JL<>?E��Ò0;!<>=@? n P>�E�ED9fYMO?QP{F�R0Ò ∃an ∈ Γn
CEDGJ

��=�D dH2(anŷ, x̂) −→ 0
Í�ü D�� an R@~G;@JsP>Î�DGF�C ŷ R0ñ =@F�D-R³HL�}CQP{F�Î�D2B�<>?}F�~�DþR@<>F�ÎOÒ��q=@HIC}CED`÷¦DõÚ³C}?QP{HI?EDþ=@F�D�E<>=��}Âo�}=@HICEDOÒ (an) Î�<>Fq� DG?}M D^� DG?E�K=@F`~GJL~G��DGFqC a∞ ∈ Γ∞

Í ïÔF/PYP{JL<>?E� a∞ŷ = x̂
Í

ïÔFUDGF7R@~�R³=@HIC��q=�D5ÎE|�P>��=�D�;!<>HIFqC�R@D f̂n(H2 − |λ̂∞|) P-P{=y;@JI=��ÆR@DG=³Ú HI��P{M D��Æ?E~�ÎGHI;@?E<���=�D��ÆR�P{F��
H2/Γ∞

Í Õ.DÔJ´ñòP2.�?}��P{C}HL<>F�' Í � Í ñÆ<>F2R@~�R³=@HIC©�q=�ñ HIJ!DõÚ�HL�ECEDK=@F�D��}=@?Àÿ�P>Î�D S CEDGJIJLDÔ��=�D H2/Γ∞
D��}C�JLD�R@<>=@B@JLD

R@D S DGCK��=�D.JLD�JIHLDG=`R@D�;@JIHL�Q�QP{M D |λ̂∞| R@D f̂∞ �ED.;@?E<{ð}DGC}CEDN�}=@? ∂S ⊂ H2/Γ∞
Í

) J!F�<>=��?ED��}CED�÷ó��<>FqC}?EDG?A��=�D ∂S D��}C©Î�<>�Y;�P>ÎGCED Í ù�=@;@;!<O�E<>F��JLD.Î�<>FqC}?QP{HI?EDOÒ ∂S Î�<>FqC}HLDGF�CÔP{JL<>?E�©R@DG=³ÚR@DG�YH Â´M ~�<�R@~��}HL��=�D���P>� � �Y;@CE<>CED�� Í ù�<>HIC k̂ ⊂ S =@F�P{?EÎM ~�<�R@~��}HL�q=�D©��=@H>ð}<>HIFqC�Î�D���R@DG=³ÚYR@DG�YH Â´M ~�<�R@~��EHL�q=�D��g,JLDNR@<>=@B@JLD^R@D k̂ D��}C©=@F�D^Î�<>=@?}B!DN�}HI�Y;@JLD c ⊂ H2/Γ∞
�q=@H�B!<>?ER@D�=@F�D�;!<>HIFqCED^R@D H2/Γ∞

Í�ü ñ HI��P{M D^R@D c;�P{? f∞ D��}C f∞(k̂) DGCDGJIJLDÔD��EC�;�P{?EÎ�<>=@?}=@C©R@DG=³Ú�ÿ�<>HL� Íqü P^Î�<>=@?}B!D f∞(c) D��}C�R@<>F�ÎÔ|�<>��<>CE<>;!D.÷^=@F�;!<>HIFqCR�P{F�� H3/ρ∞(Γ∞) Ò Î�DA�q=@H�Î�<>F�C}?ED�R³HIC�J´ñ | � ;!<>C}|�ø��EDA��=�DJLD���~GJL~G��DGF�CE��;�P{?QP{B!<>JIHL��=�D���R@D Γ∞
�E<>FqC�DGFq� < � ~��

R�P{F��KR@D��A~GJL~G��DGFqCE�Ô;�P{?QP{B�<>JIHL��=�D��K;�P{? ρ∞ Í

B{�?> Y]%� 	+'�="$�!%� 	&q 	*�Gd0�&$&M���!1v0�&
Õ�P{F��ÔÎ�DGC}CEDó�ED�ÎGC}HL<>F�Ò�F�<>=��ÔP{JIJL<>F��Ô��<>FqC}?EDG?.�q=�D^JLD��AÎ�<>F�R³HIC}HL<>F�� a) Ò b) Ò b1) Ò b2) DGC c) �E<>F�CA� ~G?}H`��~�D��;�P{?.JsP5JsP{�YHIF�P{C}HL<>F[M ~�<�R@~��EHL�q=�DÆ��D��}=@?E~�D�R@DÆ;@JIHL�E�QP{M D�R0ñ =@F�D���~GC}?}HL��=�DóM ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD Í ÓADG� DõÂ

F�<>F��©CE<>=@CÔR0ñòP{B�<>?ER`�E=@?K�q=�DGJL��=�D��KR@~���F@HIC}HL<>F�� Í
ù�<>HIC σ =@F�D.��~GC}?}HL��=�D.| � ;�DG?}B!<>JIHL��=�D.M ~�<>��~GC}?}HL�q=�DG��DGF�Cz��F@HLDN�}=@? int(M) DGC ρ =@F�D.?EDG;@?E~��EDGF�CQP{C}HL<>F



P>�E�Q<�ÎGHL~�D©÷ σ Í ù�H ρ F�ñûD��}CÐ;�P>�Ð=@F�D���~GC}?}HL��=�D�ÿ%=�ÎE|��}HLDGF@F�DOÒOHIJ@DõÚ³HL�}CED�=@F�D�^=@JIC}H ÂoÎ�<>=@?}B!D λ(p) Î�<>?}?ED��E;�<>F�R�P{F�C
P{=³Ú¦;�<>HIF�CED���R@Dó?QP{F@M 1 R@D σ DGC.=@FW|�<>��~�<>��<>?};@|@HL�}��D h : M − (λ(p) ∪ ∂χ=0M) → N(ρ) P>�E�E<�ÎGHL~Æ÷
σ %Îõÿ Í R@~GB@=@C�R³=-ÎE|�P{;@HIC}?ED 2 � Í�ü P�?ED��}C}?}HLÎGC}HL<>FWR@D h ÷ ∂χ<0M − λ(p) D��}CA=@F�D^�}=@?Àÿ´P>Î�DN;@JIHL�E�Q~�DNÎ�<>Fq� DõÚ@D Íz =@F@HL�E�E<>F��NÎQ|�P>�q=�DYÿ%DG=@HIJIJLD�R@D λ(p) R0ñ =@F�DY��D��}=@?ED�R@DYÕÔHI?QP>Î�R@D���P>�E�ED π DGC^P¼ð}<>=@CE<>F��ó÷2Î�DGC}CEDY�ó=@JIC}H ÂÎ�<>=@?}B!D�;!<>F�R@~G?E~�D�JsP�JsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL��=�D.��D��}=@?E~�DNR@D�;@JIHL�Q�QP{M D�R@D h|∂χ<0M−λ(p)

,�<>F`<>B@C}HLDGFqC.P{HIF��}H
JsP�GR14r~5�Oc1T8J5JETO�v>6FEiS>6@M@5wI9K	A~r�A@M�K]3�6�A�S>A�?�GH5�M�M91iv>A R@D σ Í

a <>=��.P{JIJL<>F��Ô;@?E<>=@� DG?.��=�ñ =@F�D^JsP{�YHIF�P{C}HL<>FWM ~�<�R@~��}HL�q=�Dó��D��}=@?E~�DÆR@D^;@JIHL�Q�QP{M D^� ~G?}H`��DóJLD���Î�<>F�R³HIC}HL<>F��
a) Ò b1) DGC c) Í Õ�ñòP{;@?Eø��AJsPÆ;@?E<>;�<O�}HIC}HL<>F¦� Í �³Ò�Î�D�ÎGH�;!DG?}��DGCAR@D�Î�<>F�ÎGJI=@?ED ÍÙ ���PÚy�PÛiÀ�ÌiÀQ��Ó ï ��Üu�\� E45J8 λ GR1~G`1Tr�5QO�1T8J5wE4OYv>6FEiS>6@M@5wI9K	A�rYA�M@Ke3F6�A�S>Ay?cG�5�M�MN1Dv>A�S*¥ KeOcA[r�698J3�5JI9K	Azv]6FE4r�698J3�5�¹I9K	A�r�A�OP8�xyO	5wA\O�ETO�t@KBU�;sM�5wA�OPOcA σ M�K]3[G�¥ 5QOP8:6�3�5wA9K]3�S*¥ KeOcA�/21T3@57698:6�;>=@?BA93NCFETG�5wI9K	A�U�ETr\?B1sUN8:AqS]A�S45�r�A�O	M@5wE4O  « 1TG`E43@M λ /�6�3�5 x�AqGVA@M�U�ETO�S45J8J5JE4O	M[M�K]5Q/214O�8:A@M�¦§ 1�¨Y87E4K�8:A©tDA�Ke5�GQGVA©tDA�3�r�6�A�S>A λ 1YKeOY?BE45JS4Mq5�ODtD6�3�5wA9K]3�E4K06wvs14G&ª π «§ b1) G`1�GR14r~5�O�1s8J5JE4O^v>6FEDS]6@M@5wI9K	A~r�A@M@Ke3�6�A λ A@M98�14O�1TO	O	KeG`145Q3�A «§ U�¨ i(λ, ∂D) > 2π ?�E4Ke3�87E4K�8�S45�MNI9K	A�A�M�MNA9OP8J5wA9G D £
»�6�rYE4OBM98J3|1T8J5wE4Oc£ ü PYÎ�<>F�R³HIC}HL<>F�1�¨Ô��HLDGFqCÔR@D.JsPYR@~���F@HIC}HL<>F-R@D�JsPÆ��D��}=@?ED^R@D�;@JIHL�E�QP{M D Ía <>CE<>F�� λ(p) JsP/?E~G=@F@HL<>F�R@D��Æÿ�DG=@HIJIJLD��YR@Dô;�<>HLR@� π R@D λ Í ù�<>HIC ρ : π1(M) → Isom(H3) =@F�D2?EDõÂ;@?E~��EDGF�CQP{C}HL<>F¦P>�E�Q<�ÎGHL~�D�÷ σ ,³F�<>CE<>F�� C(ρ) J´ñûDGF�� DGJL<>;@;�DóÎ�<>Fq� DõÚ@DNR@D.J´ñûDGF��EDG�óB@JLD�JIHI�YHICEDNR@D ρ(π1(M)) DGCHLR@DGF�C}H`��<>F�� M̃ − p−1(λ(p) ∪ ∂χ=0M) ÷ C(ρ) DGFþ?EDGJLDG�OP{FqCÔ=@Fþ|�<>��~�<>��<>?};@|@HL�}��DÆP>�Q�E<�ÎGHL~N÷ σ Íü P�Î�<>F�R³HIC}HL<>F�U|¨.��HLDGFqC�R@D�JsP�ÿ�<>?}�^=@JLDóR@D���P{=��Q�ÀÂoú<>F@F�DGCÔP{;@;@JIHL�q=�~�D�÷�=@F-R³HL�Q�q=�DóD��E�EDGFqC}HLDGJ:�}HI�Y;@JIH Â
ÎGHsP{J Í ù�<>HIC D ⊂ M =@FkR³HL�E��=�D5D��E�QDGFqC}HLDGJs,:F�<>CE<>F�� D̃ ⊂ M̃ =@FU?EDGJLDG� ~ôR@D D Í � <>�Y��D2<>F PþHLR@DGFqC}H`��~
M̃ − p−1(λ(p) ∪ ∂χ=0M) DGC C(ρ) Ò³<>F2;�DG=@C©Î�<>F��}HLR@~G?EDG?K��=�D D̃ ⊂ C(ρ)

Í³z <�R³H`��<>F�� D̃ ;�P{?=@F�D�|�<>��<{Â
CE<>;@HLDKR@D©ÿ�P4��<>F���=�D ∂D̃ �E<>HIC�=@F�D©M ~�<�R@~��}HL��=�DKR@D ∂C(ρ) %�}H ∂D HIFqCEDG?E�ED�ÎGCEDA=@F�Dÿ%DG=@HIJIJLD©R@DK;�<>HLR@� π R@D λ Ò
D̃ ⊂ C(ρ) D��}C�=@FþR³HL�E��=�DKHLR@~�P{J´Ò³ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED.��=�ñ HIJ!P^=@F�D�;�<>HIF�CEDÔÎ�<>?}?ED��E;�<>F�R�P{F�CA÷^Î�DÔ;�<>HIF�C©R0ñ HIFqCEDG?E�ED�ÎõÂC}HL<>F � Í � <>F��}HLR@~G?E<>F���R@D����}=@HICED δn −→ 0 DGC εn −→ 0 DGC�R@D�� (δn, εn)

Â®P{;@;@?E<�Ú�HI��P{C}HL<>F�� {(xi,n,Πi,n)}i≤pnR@D ∂D CEDGJIJLD�����=�D {(xi,n,Πi,n)}i≤pn ⊂ {(xi,n+1,Πi,n+1)}i≤pn+1

Í ù�<>HIC V ⊂ H3 =@FY� <>HL�EHIF�P{M D©C}=@B@=@JsP{HI?ED
R@D ∂D̃ ,{�}H Πi−1,n∩Πi,n = Πi,n∩Πi+1,n

<>F�F�<>CEDG?QP Āi,n J´ñòP{?EÎ Πi−1,n∩Πi,n∩V Ò>�}HIF�<>F Πi−1,n∩Πi,n∩VDGC Πi,n ∩Πi+1,n ∩V �E~G;�P{?EDGF�C Πi,n ∩V DGFôC}?E<>HL��Î�<>�Y;!<O�QP{F�CED��©Î�<>F@F�DõÚ³D��DGC©<>F5F�<>CEDG?QP Ai,n Î�DGJIJLD�R@<>F�CJ´ñòP>R³|�~G?EDGF�Î�D Āi,n HIFqCEDG?E�ED�ÎGCED Πi−1,n
DGC Πi+1,n

Í Ã:<>=@? n �@Ú@~OÒ@F�<>CE<>F�� An =
⋃

i≤pn
Ā1,n

,@;�<>=@? n P>�E�ED9fMO?QP{F�R0Ò An D��}C�=@F�P{F@F�D�P{=&;@JL<>F@M ~OÒ�|�<>��<>CE<>;!D/÷ ∂D̃ Í ïÔF��ó=@F@HIC An R@D`JsP[��~GC}?}HL��=�D`HIF�R³=@HICED/;�P{?
JsP/JL<>F@MO=�DG=@?�R@D��YP{?EÎ���?ED�ÎGC}H`��P{B@JLD��g,Ð;�P{?YÎ�<>F��}C}?}=�ÎGC}HL<>F An D��}C�=@F�Dô�E=@?Àÿ�P>Î�DôJL<�Î�P{JLDG��DGFqCY?E~GMOJL~�DOÒ�Î�DGC}CED��~GC}?}HL��=�D�D��}CNR@<>F�Î�JL<�Î�P{JLDG��DGFqCóHL�E<>��~GC}?}HL�q=�D5÷ H2 %Îõÿ Í WûÓÔ<�X � Í ù�<>HIC c̃n ⊂ An

JsP`Î�<>=@?}B�D�|�<>��<>CE<>;!D�÷
∂D̃ �q=@H��YHIF@HI�YHL�QD�JsP`JL<>F@MO=�DG=@?^ÜHIJD��}CóP`;@?}HL<>?}H�;!<O�E�}HIB@JLD���=�D c̃n ∩ ∂An 6= ∅ � Í � <>�Y��D δn −→ 0 DGCÎ�<>�Y��D εn −→ 0 Ò An DGC ∂An Î�<>Fq� DG?}M Dô?ED��};!D�ÎGC}HI� DG��DGFqCY� DG?E� A∞ = V ∩ ∂C(ρ) DGC ∂A∞ ;�<>=@?ÆJsP
CE<>;!<>JL<>MOHLDNR@D��.P{=��ER@<>?|
 Í ïÔF-DGFþR@~�R³=@HICA��=�DOÒ@��=@HIC}CEDN÷�DõÚ�C}?QP{HI?ED.=@F�DN�Q<>=��ÀÂo�}=@HICEDOÒ c̃n Î�<>Fq� DG?}M D^� DG?E�©=@F�DÎ�<>=@?}B!D c̃∞ Í � DGC}CED�Î�<>=@?}B�D��YHIF@HI�YHL�ED�JsP^JL<>F@MO=�DG=@?KDGC�D��}C�HL�E<>CE<>;!D�÷ ∂D̃ Ò�<>FþPóR@<>F�Î c̃∞ = ∂D̃

Í � <>�Y��D
∂D̃ ∩ ∂A∞ = ∅ Ò�<>F-PÆ;!<>=@? n P>�Q�ED9f�MO?QP{F�R c̃n ∩ ∂An = ∅ Í ïÔF`DGF-R@~�R³=@HICA��=�D c̃n D��}C©=@F�DNM ~�<�R@~��}HL��=�D;!<>=@?©JsP���~GC}?}HL��=�DNR@D An Íü PÔÎ�<>=@?}B!D c̃n HIF�CEDG?E�ED�ÎGCED=@F�Î�DG?}CQP{HIFÆF�<>�óB@?ED©R0ñòP{?EöGCED���R@D An %Î�<>�Y;@CE~�D���P�� D�Î��ó=@JIC}HI;@JIHLÎGHICE~ � ÒOF�<>CE<>F��
θn
JsP^�Q<>�Y��D�R@D��©P{F@MOJLD��©R³HLø�R³?ED��©DõÚ³CEDG?}F�D��©R@D An DGFþÎE|�P>ÎG=@F�D�R@D.Î�D��©P{?EöGCED�� Í Õ�ñòP{;@?Eø��[WûÙ�; z XoÒ�JsPó�}=@HICED

(θn)
Î�<>Fq� DG?}M D�� DG?E� i(∂D, λ)

Í ù�<>HIC x̃n =@F2;!<>HIFqC©R@D c̃n Î�<>FqCEDGFq=/R�P{F���=@F�D�P{?}?EöGCED.R@D An ,�Î�<>F��EHLR@~G?E<>F���ÒÎ�<>�Y��D�R�P{F��\Wûú<qï�XoÒqJLDKÎNb>F�DAM ~�<�R@~��}HL��=�D D̃n
�}=@? c̃n HL�E�}=5R@D x̃n Í � DAÎNb>F�D D̃n

D��}C�=@FôR³HL�E�q=�DA�}HI�Y;@JIHLÎGHsP{J
%R@<>F�C�F�<>=��ÔF�<>CEDG?E<>F���J´ñòP{HI?ED tn � B!<>?ER@~^;�P{? c̃n Í � <>�Y��D c̃n D��}CÔ=@F�D^M ~�<�R@~��}HL��=�DN;!<>=@?ÔJsP���~GC}?}HL�q=�DÆR@D
An
Ò�J´ñòP{F@MOJLD�DõÚ�CEDG?}F�D.DGF2ÎE|�P>��=�D��E<>�Y��DGC©R@D D̃n

D��EC�;@JI=���;!DGC}HIC©�q=�DÔJ´ñòP{F@MOJLD.R³HLø�R³?ED�Î�<>?}?ED��E;�<>F�R�P{F�C Í Ù�F
P{;@;@JIHL��=�P{FqCóJsP5ÿ%<>?}�ó=@JLD�R@DL��P{=��E�}Âoú�<>F@F�DGCÆ÷2ÎE|�P>ÎG=@F7R@D��NC}?}HsP{F@MOJLD��NM ~�<�R@~��}HL�q=�D��^�q=@H�Î�<>�Y;!<O�EDGFqC D̃n

Ò
<>F�DGF5R@~�R³=@HIC��q=�D θn ≥ 2π+ tn

Í¦c =@HIC}CED�÷�DõÚ³C}?QP{HI?EDOÒ <>F�;!DG=@C��}=@;@;!<O�EDG?��q=�D x̃n Î�<>F�� DG?}M DA� DG?E��=@FY;�<>HIF�C
x̃ ⊂ ∂D̃

Í ù�<>HLDGFqC P̃ =@F�D�Î�<>�Y;!<O�QP{FqCED�Î�<>F@F�DõÚ@D�R@D ∂C(ρ)− p−1(λ) CEDGJIJLD.��=�D x̃ 6∈ P̃ Ò���=�D P̃ ∩ ∂D̃ 6= ∅DGC��q=�D5;!<>=@? n P>�E�ED9fôMO?QP{F�R P̃ ∩ An 6= ∅ DGC ỹ DGC ỹ′ R@DG=³Ú7;�<>HIF�CE�YR³HL�}C}HIF�ÎGCE��R@D P̃ ∩ ∂D̃ ,�F�<>CE<>F�� tJ´ñòP{HI?ED�R³=�C}?}HsP{F@MOJLDÔM ~�<�R@~��EHL�q=�D�R@DA�E<>�Y��DGCE� x̃ Ò ỹ DGC ỹ′ Í Ã:<>=@? n P>�Q�ED9fAMO?QP{F�R0Ò�JLDKC}?}HsP{F@MOJLD�M ~�<�R@~��}HL�q=�DÔR@D



�E<>�Y��DGCE� x̃n Ò ỹ DGC ỹ′ D��}CAÎ�<>FqCEDGF�=[R�P{F�� D̃n
DGC�P�=@F�DÆP{HI?ED^�}=@;!~G?}HLDG=@?EDó÷ t

2

Í Ù�F-ÿ�P{HL�QP{F�CACEDGF�R³?ED n � DG?E�J´ñ HIF���F@H´Ò�<>F/Î�<>F�ÎGJI=@CA�q=�D i(∂D, λ) ≥ 2π + t
2 > 2π

Í
z <>FqC}?E<>F���DGF���F���=�D λ � ~G?}H`��D©JsP.Î�<>F�R³HIC}HL<>F b1) ÍOz =@F@HL�E�E<>F�� ∂χ<0M

R0ñ =@F�D©��~GC}?}HL��=�D©| � ;!DG?}B�<>JIHL��=�D
Î�<>�Y;@JLøGCED.��=@H�F�<>=��©�EDG?}��HI?QPóR@DA?E~õÿ�~G?EDGF�Î�D.DGCÎ�<>F��EHLR@~G?E<>F��=@F�DAM ~�<�R@~��}HL��=�DÔ�}HI�Y;@JLD l ⊂ ∂M �q=@H�F�ñ HIFqCEDG?ÀÂ
�ED�ÎGCED�;�P>� λ C}?QP{F��E� DG?E�QP{JLDG��DGFqC Í ù�<>HIC l̃ ⊂ C(ρ) =@Fô?EDGJLDG� ~�R@D l ,@P{JL<>?E�©<>=2B@HLDGF l̃ D��}C=@F�D.M ~�<�R@~��}HL��=�D.R@D
H3 ÒO<>=�B@HLDGF l D��}C�=@F�Dÿ�DG=@HIJIJLDKR@D;!<>HLR@� π R@D λ Í ù�H l D��EC�=@F�DKÎ�<>=@?}B�D;�P{?QP{B!<>JIHL��=�DOÒ�P{JL<>?E��HIJ�R@~�Î�<>=@JLDÔR@DJsPM ~�<>��~GC}?}HLDÔR@D���;!<>HIFqCED���R@D σ %Îõÿ Í W z <�X � �q=�D l F�DK;�DG=@C�;�P>��öGC}?EDK=@F�Dÿ�DG=@HIJIJLDAR@DK;�<>HLR@� π R@D λ Í �AF�?EDGJLDG� ~
l̃ R@D l D��EC�R@<>F�ÎÆ=@F�DÆM ~�<�R@~��EHL�q=�DÆR@D H3 DGC�JLD��.R@DG=³Ú/B!<>=@CE��%R�P{F�� ∂H

3 � R@D l̃ �E<>FqC�Î�<>F³ÿ�<>F�R³=��NP�� D�ÎÆJLD;!<>HIFqC-�@Ú@D©R0ñ =@F5~GJL~G��DGF�C�;�P{?QP{B!<>JIHL�q=�DAR@D ρ(π1(M))
Í � D�ÎGH�D��}C�HI�Y;!<O�E�}HIB@JLDAÎ�P{?�=@F�DM ~�<�R@~��EHL�q=�DKR@D H3 P

R@DG=³ÚÆB�<>=@CE��R³HL�EC}HIF�ÎGCE� Í>ü P�JsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL�q=�D λ HIFqCEDG?E�ED�ÎGCEDKR@<>F�ÎCE<>=@CED���JLD���Î�<>=@?}B�D���;�P{?QP{B!<>JIHL��=�D�� Íù�<>HLDGF�C l̃1 DGC l̃2 R@DG=³ÚóM ~�<�R@~��}HL��=�D��ÐB@HsP>� � �Y;@CE<>CED����q=@H³F�ñ HIFqCEDG?E�QD�ÎGCEDGFqC�;�P>� p−1(λ) C}?QP{F��E� DG?E�QP{JLDG��DGFqCg,R0ñòP{;@?Eø��JsPÆM ~�<>��~GC}?}HLD�R@D��;!<>HIFqCED��KR@D σ Ò@P{=2��<>HIF��©=@F�D.R@D�Î�D��©R@DG=³ÚôM ~�<�R@~��EHL�q=�D���Ò l̃1 ;�P{?DõÚ@DG�Y;@JLDOÒ³F�D�EDÔ;@?E<{ð}DGC}CED.;�P>���E=@?�=@F�DÔÿ�DG=@HIJIJLD.R@DÔ;!<>HLR@� π R@D λ Í ù�H l2 = p(l̃2)
D��}C=@F�DÔÿ�DG=@HIJIJLD�R@D�;!<>HLR@� π R@D λ Ò³P{JL<>?E�JLD��KR@DG=³ÚþB!<>=@CE�AR@D l̃1 �E<>FqCÔÎ�<>F³ÿ%<>F�R³=���P�� D�ÎNJLDN;�<>HIF�C��@Ú³D^R0ñ =@F-~GJL~G��DGFqCÔ;�P{?QP{B�<>JIHL��=�D^R@D ρ(π1(M)) Î�D��=@H�D��}CKHI�Y;!<O�E�}HIB@JLDOÒ�Î�<>�Y��Dó<>F-J´ñòPY��=/P{=-;�P{?QP{MO?QP{;@|�Dó;@?E~�Î�~�R@DGFqC Í � <>�Y��D l̃1 DGC l̃2 ⊂ ∂C(ρ) F�ñ HIFqCEDG?ÀÂ�ED�ÎGCEDGF�C�;�P>� p−1(λ) Ò Î�DK�E<>F�C�R@D���M ~�<�R@~��}HL�q=�DAR@D H3 Í � <>�Y��DÔR@DG=³Ú�;!<>HIFqCE��R@D ∂H

3 �E<>FqC0ð}<>HIFqCE��;�P{?�=@F�D
=@F@HL��=�D�M ~�<�R@~��}HL�q=�D^DGCA�q=�D l̃1 DGC l̃2 �E<>FqCKB@HsP>� � �Y;@CE<>CED���Ò l̃1 = l̃2

Í ïÔF/P�P{HIF��EH���<>FqC}?E~ó�q=�D λ HIFqCEDG?E�QD�ÎGCEDC}?QP{F��}� DG?E� P{JLDG��DGFqCACE<>=@CED��AJLD��©JsP{�YHIF�P{C}HL<>F��.P{F@Fq=@JsP{HI?ED�� Í
Õ.D��KR@DG=³Ú2;�P{?QP{MO?QP{;@|�D��Ô;@?E~�Î�~�R@DGFqCE��Ò�<>F-R@~�R³=@HICA��=�D λ �QP{C}HL�}ÿ�P2¯LC b1) Í

B{�CB ����"$%ON�%�Q!%�(��T0�+	0 ML/R
Ó�P{;@;�DGJL<>F��KJsPYR@~���F@HIC}HL<>F-R@D R ��=@H�~GCQP{HICAR@<>F@F�~�DóR�P{F��©J´ñ HIFqC}?E<�R³=�ÎGC}HL<>F Í
ù�<>HLDGF�C λ, µ ∈ ML(∂M) ,0F�<>CE<>F�� λ′ Ü?ED��E; Í µ′ � JsPôJsP{�YHIF�P{C}HL<>F7M ~�<�R@~��}HL��=�D���D��}=@?E~�DY<>B@CEDGF�=�D�DGF?EDG�Y;@JsP4��P{F�CÔ;�P{? π JLD^;�<>HLR@�AR@D��©ÿ�DG=@HIJIJLD��AÎ�<>�Y;�P>ÎGCED��.R@D λ Ü?ED��}; Í µ � R@<>F�CAJLD�;!<>HLR@�ADõÚ@Î�ø�R@D π Í ïÔF¦R³HI?QP��=�D λ Î�<>F@MO?}=�Dó÷ µ ��<�R³=@JL< R Ò�DGC�<>F-F�<>CEDG?QP λRµ Ò��}H�DGCA�EDG=@JLDG��DGF�C��EH λ′ = µ′

Í ïÔF`F�<>CED λ̇ JsPYÎGJsP>�Q�EDR@D λ ��<�R³=@JL< R Í
ù�<>HLDGF�C (λn)

=@F�D5�}=@HICEDYR@DYJsP{�YHIF�P{C}HL<>F��ÆM ~�<�R@~��EHL�q=�D�����D��E=@?E~�D��NCEDGJIJLD���=�D (λ̇n)
CEDGF�Ry� DG?E� λ̇ R�P{F��

ML(∂M)/R DGC λ ∈ML(∂M) =@Fó?EDG;@?E~��EDGFqCQP{F�CÐR@D λ̇ ,�F�<>CE<>F�� λ(p) JsP©?E~G=@F@HL<>F�R@D��0ÿ�DG=@HIJIJLD��:Î�<>�Y;�P>ÎGCED��
R@D λ R@<>FqCKJLD.;!<>HLR@�KD��}CA;@JI=��©MO?QP{F�R`��=�D π Í ïÔF-P�P{JL<>?E�©J´ñòP2.�?}��P{C}HL<>F¦�}=@HI�>P{F�CED�d
�54m�4��²�ÌiÀQ��Ó ï � ï �JÁ��q� E457A�OP8 λ ∈ ML(∂M) AN8 λ′ 673�A@M:?Ê£ µ′ ¨^GVA�3�A:?�3�6@MNA9OP8714OP8[S>A λ̇ SsE4O�8z87E4K�8:A@M�GRA@M
tDA�Ke5�GQGRA�M<U�E4r�?�1sUN8:A@M0E4OP8qKeO!?�E45wS�M<5�OitN6�3�57A�K]3�ETK¢6wvs14G�ª π £ A E4Ke3�87E4K�8�1T3|U�M@5Qr�?�GVA k ⊂ ∂M 8:A�G�I9K	A
GVA@M�?�ET5�OP8QM^S>A k ∩ |λ̇| MNE4OP8�S>A@M�5QOP8:A�3@MNA�UN8J5JETOBM�8J3F14OBM�/�A�3@MNA@M@��E4OÖ1 ∫

k
dλ′ ≤ lim

∫

k
dλn

£©»�A�?�GHK]M��\M�5 kOÊ¥ 5QOP8:A�3@MNAFUD8:A�?B1�M�S>AytNA9K]5QG�GVA�U�E4r�?�1sUN8:AYS>A�?�E45wS�M π S>A λ′ ��1TG`E43@M ∫

k
dλn

U�E4O	/4A�3Jv]A~/�A�3@M ∫

k
dλ £

»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC k ⊂ ∂M =@FÆP{?EÎ�CEDGJ���=�D�JLD���;�<>HIF�CE��R@D k∩|λ̇| �E<>F�C�R@D���HIFqCEDG?E�ED�ÎGC}HL<>F��:C}?QP{F��}� DG?E�QD��g,J´ñûDGF��EDG�óB@JLD Vk,ε(λ) = {γ ∈ ML(∂M)/|
∫

k
dγ −

∫

k
dλ| < ε} D��}CY=@F � <>HL�}HIF�P{M D`R@D λ Í � <>�Y��D λ̇nÎ�<>F�� DG?}M DA� DG?E� λ̇ Òq;�<>=@?�CE<>=@C ε Ò ∃nε CEDGJ���=�DK;!<>=@?�CE<>=@C n ≥ nε

Ò ∃αn P�� D�Î αnRλ DGC λn ∈ Vk,ε(αn) Í ïÔFDGF�R@~�R³=@HIC��q=�DK;�<>=@? n ≥ nε
Ò | ∫

k
dαn−

∫

k
dλn| < ε

Í � <>�Y��D ∫

k
dλ′ ≤

∫

k
dα ;�<>=@?�CE<>=@C α ∈ML(∂M)�QP{C}HL�}ÿ�P{HL�QP{F�C αRλ Ò�<>F-<>B@C}HLDGF�C�P{HIF��}H ∫

k
dλ′ ≤ lim

∫

k
dλn

Í
ù�H k F�ñ HIFqCEDG?E�QD�ÎGCED^;�P>��R@D�ÿ�DG=@HIJIJLD^Î�<>�Y;�P>ÎGCEDÆR@DN;!<>HLR@� π R@D λ′ P{JL<>?E�A<>FWP ∫

k
dα =

∫

k
dλ ;�<>=@?ÔCE<>=@C

α CEDGJ��q=�D αRλ Í ïÔF/PYP{JL<>?E� ε > |
∫

k
dαn −

∫

k
dλn| = |

∫

k
dλ−

∫

k
dλn| ;!<>=@? n ≥ nε

Í Ù�F`;�P>�E�QP{F�CÔ÷ÆJsP
JIHI�YHICEDOÒ@HIJ���ñûDGF`�}=@HICK��=�D ∫

k
dλn

Î�<>F�� DG?}M D^� DG?E� ∫

k
dλ
Í

Õ�P{F��©JLDN��öG��DN<>?ER³?EDNR0ñ HLR@~�DOÒ�<>F/P^d
�54m�4��²�ÌiÀQ��Ó ï � ï ��Üu�y� E45J8 c KeOcA�U�ETK]3DC�AoM�5�r�?�GVAoU�E4r�?�1sUD8:A�I9Ke5POu¥ 5QOP8:A�3@MNAFUN8:Ag?B1�M λ(p) 8J3F14OBM�/�A�3@M914GVA�r�A�OP8 «GR1�M�K]5J8:A i(c, λn) U�E4O	/�A�3wv>A�/4A�3�M i(c, λ) £



»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�HqJLD��:;!<>HIFqCE�:R@D c∩|λ̇| �E<>F�C:R@D���HIFqCEDG?E�ED�ÎGC}HL<>F��ÐC}?QP{F��E� DG?E�ED���Ò>P{JL<>?E��HIJ��}=�.�CÐR@D�R@~�Î�<>=@;!DG?
c DGF/R@DG=³Ú/P{?EÎ��ÔDGCÔR0ñòP{;@;@JIHL��=�DG?ÔJ´ñòP2.�?}��P{C}HL<>F�' Í ' Í �ó÷�ÎE|�P>ÎG=@FWR@DNÎ�D��.P{?EÎ��K;!<>=@?A;@?E<>=@� DG?AJ´ñòP2.�?}��P{C}HL<>F' Í ' Í � Í� <>F��EHLR@~G?E<>F��^��P{HIF�CEDGF�P{FqCÆJLD�Î�P>�N<4� c ⊂ |λ̇| ÍÊa <>=��óP{JIJL<>F��^��<>FqC}?EDG?Æ�q=�DYCE<>=@CED��}=@HICED�DõÚ³C}?QP{HICED�R@D
(λn)

Î�<>FqC}HLDGFqC�=@F�D�E<>=��}Âo�}=@HICED�CEDGJIJLD���=�D i(c, λn) Î�<>F�� DG?}M D�� DG?E� i(c, λ) = 0
Í§c =@HIC}CED©÷ÔDõÚ�C}?QP{HI?ED�=@F�D�E<>=��ÀÂ

�}=@HICEDOÒ@<>F2;!DG=@CK�}=@;@;!<O�EDG?©�q=�D.JsPÆ�}=@HICED |λn| Î�<>Fq� DG?}M DNM D�<>��DGC}?}HL�q=�DG��DGF�C Í ù�<>HIC τ =@F2?E~��ED�P{=2ÿ�DG?}?E<���HsP{HI?ED��=@H©;�<>?}CED`CE<>=��YJLD�� λn ;!<>=@? n P>�E�ED9fþMO?QP{F�R�,�R0ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>F�' Í ' Í 'yÎGH ÂoR@D��E�E<>=���Ò λ D��}CY;!<>?}CE~�D
;�P{?5=@F&�E<>=��ÀÂ´?E~��QD�P{= ÿ�DG?}?E<���HsP{HI?ED/R@D τ Í ù�<>HLDGFqC b1 Ò b2 Ò ÍIÍIÍ Ò bp JLD��5B@?QP{F�ÎE|�D��2R@D τ ,�~GCQP{F�CôR@<>F@F�~�D/=@F�DJsP{�YHIF�P{C}HL<>FþM ~�<�R@~��}HL��=�D.��D��}=@?E~�D α ;�<>?}CE~�D.;�P{?=@Fþ�E<>=��ÀÂ´?E~��QD�P{=`R@D τ Ò�JsPó��D��}=@?ED bi(α) R0ñ =@F�D.C}?QP�� DG?E�EDR@D bi D��}CAHIF�R@~G;�DGF�R�P{F�CEDÆR³=/ÎE|�<>H Ú/R@D�JsP�C}?QP�� DG?E�ED Í Õ�ñòP{;@?Eø��KJ´ñòP2.�?}��P{C}HL<>F�' Í ' Í �OÒ��EH bi D��ECA=@F�DNB@?QP{F�ÎQ|�DR@D τ F�Dó;!<>?}CQP{FqCNP{=�ÎG=@F�DÆÿ%DG=@HIJIJLDÆR@D λ(p) Ò�P{JL<>?E� bi(λn) → bi(λ)

Í � <>�Y��D c D��}C.=@F�DNÿ�DG=@HIJIJLD�R@D λ Ò�DGJIJLDD��}C�;�<>?}CE~�D©;�P{?�=@F5�E<>=��ÀÂ´?E~��QD�P{=Yÿ%DG?}?E<i��HsP{HI?ED τc R@D τ Ò DGC�ÒO;!<>=@? n P>�E�QD9f©MO?QP{F�R0Ò i(c, λn) = 1
2

∑

j∈J bj(λn)<4� {bj , j ∈ J} D��}CKJ´ñûDGF��EDG�óB@JLDóR@D��ÔB@?QP{F�ÎE|�D���R@D τ − τc
�q=@H�HIF�CEDG?E�ED�ÎGCEDGFqC τc Í �ÔF�D�CEDGJIJLD^B@?QP{F�ÎE|�D bj F�D;!<>?}CEDóP{=�ÎG=@F�Dóÿ�DG=@HIJIJLDóR@D λ(p) Ò�R@<>F�ÎóR0ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>F�' Í ' Í �OÒ bj(λn) −→ bj(λ) = 0

Íc� HIF�P{JLDG��DGFqC�Ò
<>F-P i(c, λn) −→ 0 = i(c, λ)

Í
ù�<>HLDGF�C λ, µ ∈ ML(∂M) ,��}H λRµ Ò:P{JL<>?E� λ DGC µ <>FqCÆJLD5��öG��D5�}=@;@;!<>?}C Í � DGC}CED5?EDG��P{?E��=�D�F�<>=��;!DG?}��DGC�R@DR@~���F@HI?�JLD��E=@;@;�<>?}C |λ̇| R0ñ =@F�~GJL~G��DGF�C λ̇ R@D ML(∂M) Î�<>�Y��DJLD©�}=@;@;!<>?}C�R0ñ =@FY?EDG;@?E~��EDGFqCQP{F�CR@D λ̇ Ía <>CE<>F�� ML(∂M) J´ñûD��};�P>Î�DR@D��:JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D��:��D��}=@?E~�D����}=@? ∂M �^=@F@H@R@D�JsPKCE<>;!<>JL<>MOHLD

ÿ´P{HIB@JLD ∗ Í@ü <>?E�E��=�D ML(∂M)/R D��ECK�^=@F@H�R@DNJsPÆCE<>;�<>JL<>MOHLDN��=�<>C}HLDGFqC�Ò�<>F/PÆJsPÆ;@?E<>;@?}HL~GCE~^�E=@HI�>P{F�CEDYd
�54m�4��²�ÌiÀQ��Ó ï � ï � ï �L� E45J8 (λn)

K]OuA0M�K]5J8:A!S]A0GR14r~5�O�1s8J5JE4O	M^v>6FEiS>6@M@5wI9K	A@M!r�A@M�K]3�6�A@Mm8:A9G�GVA�I9K	A (λ̇n)U�ETO	/�A�3wv>A�/�A93�M λ̇ A98oI9K	A |λn| U�ETO	/�A�3wv>A�v>6�E4r�698J3@5wI9K	A�r�A�OP8�/�A93�M L « 14GRE43�M |λ̇| ⊂ L £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC x =@F�;!<>HIFqC2R@D |λ̇| Ò ε > 0 DGC k =@F�P{?EÎ`M ~�<�R@~��}HL��=�D`C}?QP{F��}� DG?E�EDW÷ |λ̇| Ò�R@DJL<>F@MO=�DG=@? ε DGCKR@<>F�C©J´ñ HIFqCE~G?}HLDG=@?AÎ�<>F�C}HLDGFqC x Í � <>�Y��D ∫

k
dλ′ > 0 Ò�R@D�J´ñòP2.�?}��P{C}HL<>F+' Í ' Í ��<>FþR@~�R³=@HICK��=�D

;!<>=@? n P>�E�ED9f2MO?QP{F�R ∫

k
dλn ≥

R

k
dλ′

2 > 0
Í ÃÐP{?�Î�<>F��E~���=�DGFqC k HIFqCEDG?E�ED�ÎGCED λn DGC x P{;@;�P{?}C}HLDGF�C5÷/=@F

ε Â´� <>HL�EHIF�P{M D�R@D |λn| Í Ù�F7Î�<>F��}C}?}=@HL�QP{FqCó=@F ?ED�Î�<>=@��?EDG��DGFqC�R@D |λ̇| ;�P{?óR@D���B�<>=@JLD��óR@D�?QP � <>F ε R@<>FqC^JLDÎ�DGF�C}?EDNP{;@;�P{?}C}HLDGFqC�÷ |λ̇| Ò@<>F2DGF`R@~�R³=@HICK��=�DOÒ�;�<>=@? n P>�E�ED9f.MO?QP{F�R0Ò |λ̇| P{;@;�P{?}C}HLDGFqC�÷ó=@F ε Â´� <>HL�}HIF�P{M D^R@D
|λn|

Í Ù�F2ÿ´P{HL�QP{F�CKCEDGF�R³?ED ε � DG?E� 0 Ò�<>F-Î�<>F�ÎGJI=@CA��=�D |λ̇| ⊂ L
Í

ü ñòP2.�?}��P{C}HL<>F0' Í ' Í ��;!DG?}��DGCAP{=��E�}H�R@DN��<>FqC}?EDG?Ô��=�D ML(∂M)/R D��}CK�E~G;�P{?QP{B@JLD Í
æy�]�!�!� ï � ï � ò ��Â ¥ A@M:?�1sU�A ML(∂M)/R A@M98©MD6:?�143F1>C�GVAD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC λn, λ DGC µ R@D���JsP{�YHIF�P{C}HL<>F��óM ~�<�R@~��EHL�q=�D�����D��E=@?E~�D��NCEDGJIJLD��N��=�D λ̇n Î�<>F�� DG?}M D÷5JsP�ÿ%<>HL�.� DG?E� λ̇ DGC�� DG?E� µ̇ ,�F�<>CE<>F�� λ(p) Ü?ED��}; Í µ(p) � JsP5?E~G=@F@HL<>F R@D���ÿ%DG=@HIJIJLD���Î�<>�Y;�P>ÎGCED��óR@D λ Ü?ED��}; Í
µ � R@<>FqC�JLDÆ;�<>HLR@��DõÚ@Î�ø�R@D π DGC λ′ Ü?ED��}; Í µ′ � JLDÆ?EDG;@?E~��EDGFqCQP{F�C^R@D λ̇ Ü?ED��}; Í µ̇ � R@<>F�C�CE<>=@CED���JLD��Ôÿ%DG=@HIJIJLD��Î�<>�Y;�P>ÎGCED���<>FqCó=@Fy;!<>HLR@�NHIF³ÿ�~G?}HLDG=@?Æ<>=U~GMqP{J�÷ π Í ù�<>HIC k ⊂ ∂M − λ(p) =@FUP{?EÎ5�}HI�Y;@JLD�C}?QP{F��}� DG?E�QD5÷
|λ| DGC�÷ |µ| CEDGJ��q=�D ∫

k
dλ < π ,�R0ñòP{;@?Eø��.J´ñòP2.�?}��P{C}HL<>F!' Í ' Í �OÒ ∫

k
dµ′ ≤ limn−→+∞

∫

k
dλn < π

Í ïÔF[DGF
R@~�R³=@HICK��=�D µ(p) ⊂ λ(p) DGC©DGFþHIFq� DG?E�QP{F�C©JLD��?�b>JLD��©R@D λ DGC µ Ò³<>Fþ<>B@C}HLDGFqC µ(p) = λ(p) Í Õ.D�J´ñòP2.�?}��P{C}HL<>F
' Í ' Í �ó<>F/R@~�R³=@HIC.~GMqP{JLDG��DGFqC��q=�D ∫

k
dµ =

∫

k
dλ ;�<>=@?ÔCE<>=@C�P{?EÎ k ⊂ ∂M − λ(p) Í � D�ÎGH�F�<>=��Ô;!DG?}��DGCÔR@D

Î�<>F�ÎGJI=@?EDN��=�D λ̇ = µ̇
Í

B{�XW ¨P0�Q!�#"$�!%� '&)0� �"M120 P(M)
0H" P+(M)

Ó�P{;@;�DGJL<>F��KCE<>=@CAR0ñòP{B�<>?ER`JLD��KR@~���F@HIC}HL<>F��ÔR@D P(M) DGCKR@D P+(M)
Í

ù�<>HIC λ ⊂ML(∂M) =@F�D�JsP{�YHIF�P{C}HL<>F/M ~�<�R@~��EHL�q=�D.��D��}=@?E~�D-,�Î�<>F��}HLR@~G?E<>F��KJLD��AÎ�<>F�R³HIC}HL<>F��A�}=@HI�OP{FqCED���d} P � JLD��ÿ%DG=@HIJIJLD��ÔR@D λ <>F�CA=@Fþ;!<>HLR@�©HIF³ÿ%~G?}HLDG=@?Ô<>=-~GMqP{J�÷ π ,} b) ∃η > 0 CEDGJ���=�DOÒ@;�<>=@?©CE<>=@C�P{F@F�D�P{=/D��E�EDGF�C}HLDGJ a Ò i(∂a, λ) ≥ η ,



} Î � i(λ, ∂D) > 2π ;!<>=@?©CE<>=@CAR³HL�E��=�D�D��E�EDGF�C}HLDGJ D ,
} R � HIJ0F�ñûDõÚ�HL�}CED.;�P>�AR0ñ |�<>��~�<>��<>?};@|@HL�}��D^DGF�C}?ED M DGC©=@F^��B@?E~NDGFþHIF�CEDG?}�>P{JIJLD��Ô�}=@?©=@Fþ;�P{FqCQP{JL<>F PCEDGJ��q=�D.JLDN�E=@;@;�<>?}CKR@D λ �E<>HIC©J´ñ HI��P{M D^R0ñ =@F�D^�ED�ÎGC}HL<>F-R³=^��B@?E~^P{=³ÂoR@D��E�E=��AR@D ∂P Ía <>CE<>F�� P(M) ⊂ ML(∂M) J´ñûDGF��EDG�óB@JLDôÎ�<>F��EC}HIC}=�~ôR@D��ÆJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��^��D��}=@?E~�D�����=@H�QP{C}HL�}ÿ%<>F�C�JLD��.Î�<>F�R³HIC}HL<>F�� a) Ò b) DGC c) DGC P+(M) J´ñûDGF��QDG�^B@JLDYÎ�<>F��}C}HIC}=�~�R@D��.JsP{�YHIF�P{C}HL<>F��.M ~�<�R@~��}HL�q=�D����D��}=@?E~�D��Ô�q=@H�� P{C}HL�Àÿ%<>F�C©JLD��KÎ�<>F�R³HIC}HL<>F�� b) Ò c) DGC d) ÍÕ�P{F��ÔÎ�DGC}CEDN�ED�ÎGC}HL<>F�Ò@F�<>=���P{JIJL<>F��K��<>FqC}?EDG?.��=�D.JsP�;@?E<{ðÀD�ÎGC}HL<>F P(M) →ML(M)/R D��}C©HIF>ðÀD�ÎGC}HI� D

DGC��q=�D2�E<>FUHI��P{M D2D��}C P+(M)/R Í � D�ÎGH©DGFqC}?QP{HIF�Dþ��=�D5ÎQ|�P>�q=�DþÎGJsP>�Q�ED λ̇ ∈ P+(M)/R Î�<>F�C}HLDGFqC�=@F
=@F@HL��=�D�~GJL~G��DGFqC�R@D P(M) ��=�D.F�<>=��©F�<>CEDG?E<>F�� λ′ DGCK��=�D��}H bGF D��}C©HIF>ð}D�ÎGC}HI� DOÒ�P{JL<>?E� bR D��}C©HIF>ð}D�ÎGC}HI� D Í
Õ.DY;@JI=���Ò�DGF7P>�E�E<�ÎGHsP{FqCÆÎ�DY?E~��}=@JICQP{C�P{= C}|�~�<>?EøG��D Ý %��=@H��EDG?QPþR@~G��<>F�C}?E~ôP{=UÎE|�P{;@HIC}?ED^� � <>F7<>B@C}HLDGF�C��=�D.J´ñ HI��P{M DNR@D bR D��}C P+(M)/R Í

� <>�Y��D a) + c) = > d) Ò P{JL<>?E� P(M) ⊂ P+(M)
Í ü ñ HIF>ðÀD�ÎGC}HI��HICE~ R@D J´ñòP{;@;@JIHLÎ�P{C}HL<>F

P(M) → P+(M)/R D��}CY=@F�D`Î�<>F��ED���=�DGF�Î�D`R³HI?ED�ÎGCED-R@D2JsP Î�<>F�R³HIC}HL<>F a) Í ù³PW�E=@?%ðÀD�ÎGC}HI��HICE~þ��HLDGFqC�R³=JLDG�Y��DN�E=@HI�>P{F�C�d
æy�]�!�!� ï � ò �JÁ���� E45J8 λ ⊂ P+(M) KeOcA�GR14r~5�Oc1T8J5JETO�v]6FEDS>6@M�5JINKBA�r�A@M@Ke3�6�A « GR1^G`1Tr�5QO�1T8J5wE4O<v>6FEiS>6@M@5wI9K	Ar�A@M�K]3�6�A λ′ E>C98:A9O	KBA�A�O^3FA�r�?�GR1T½i1TOP8P?�143 π GRA@M&?BE45JS4M�S>A@M*tDA�Ke5�GQGRA�M�U�E4r�?�1sUN8:A�M�S>A λ SsETOP8*GVA-?�E45wS�M[AFpsU@ÐFS>A
π 1�?s?�14398J5wA9OP8oª P(M) £
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÃÐP{?�R@~���F@HIC}HL<>F λ′ �QP{C}HL�Àÿ´P{HICAJLD��Ô;@?E<>;@?}HL~GCE~�� a) DGC b) Ò�HIJ:F�<>=��Kÿ´P{=@CÔR@<>F�Îó��<>FqC}?EDG?���=�D
i(λ, ∂D) > 2π ;�<>=@?�CE<>=@C�R³HL�Q�q=�DóD��E�EDGFqC}HLDGJ D Í�a <>CE<>F�� λ(p) JsP�?E~G=@F@HL<>F¦R@D��Aÿ�DG=@HIJIJLD���R@D λ �q=@H:<>FqC�=@F;!<>HLR@�K�}=@;!~G?}HLDG=@?Ô÷ π Íù�<>HIC D ⊂M =@F`R³HL�E�q=�D�D��Q�EDGFqC}HLDGJs,�<>F-P i(λ, ∂D) > 2π

Í ù�H ∂D F�ñ HIF�CEDG?E�ED�ÎGCEDN;�P>� λ(p) C}?QP{F��E� DG?E�QP¼Â
JLDG��DGF�C�Ò�P{JL<>?E� i(λ′, ∂D) = i(λ, ∂D) > 2π

Í
ù�H�J´ñ HIFqCEDG?E�ED�ÎGC}HL<>FUR@D ∂D DGC^R@D λ(p) D��}C�=@F ;!<>HIFqC x Ò!F�<>CE<>F�� c JsP5ÿ�DG=@HIJIJLD�R@D λ(p) �q=@H�Î�<>F�C}HLDGFqC x Íù�<>HIC V =@F2;!DGC}HIC�� <>HL�EHIF�P{M D�R@D c∪D , V D��}C�=@F2CE<>?ED��E<>JIHLR@D Í�a <>CE<>F�� D′ J´ñòP>R³|�~G?EDGF�Î�D�R@D ∂V − ∂M Ò D′

D��}C�=@F5R³HL�E��=�D©;@?E<>;@?EDG��DGF�C©;@JL<>F@M ~AR�P{F�� M ��=@H�F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� λ(p) R@<>F�Î i(∂D′, λ′) = i(∂D′, λ)
Í ù�H

D′ F�ñûD��}C�;�P>��D��E�QDGFqC}HLDGJ´Ò³P{JL<>?E� ∂D′ B�<>?ER@DA=@FôR³HL�Q�q=�D D′′ ⊂ ∂M
Í � <>�Y��D M D��}C�HI?}?E~�R³=�ÎGC}HIB@JLDOÒ D′∪D′′

B!<>?ER@D2=@F�D2B�<>=@JLD B ⊂ M Ò:DGC M = B ∪ V D��}C�=@F¸CE<>?EDþ�E<>JIHLR@D Í ÃÐP{?Y| � ;�<>C}|�ø��EDOÒ M F�ñûD��}CY;�P>��=@F
CE<>?ED��E<>JIHLR@DYR@<>F�Î D′ D��}C�D��E�EDGF�C}HLDGJ�DGC i(∂D′, λ) > 2π

Í � <>�Y��D i(∂D′, λ′) ≤ 2(i(∂D, λ′) − π) Ò!P{JL<>?E�
i(∂D, λ′) ≥ i(∂D′,λ′)

2 + π > 2π
Í

ù�H/J´ñ HIFqCEDG?E�ED�ÎGC}HL<>FíR@D ∂D DGC
R@D λ(p) D��}C
Î�<>F��}C}HIC}=�~�DçR@D R@DG=³Úe;!<>HIFqCE� x DGC y ÒôP{JL<>?E�&<>F P
i(λ′, ∂D) = 2π + i(λ − λ(p), ∂D)

Í�) J�D��}C2R@<>F�ÎW�}=�.��QP{F�C2R@D¦��<>F�C}?EDG?`�q=�D i(λ − λ(p), ∂D) > 0
Í

ù�=@;@;!<O�E<>F��ÆJLD5Î�<>F�C}?QP{HI?EDOÒ�<>FkP¦P{JL<>?E� λ ∩ ∂D = {x, y} Í ù�H x DGC y �E<>F�C�Î�<>F�CEDGFq=��YR�P{F���R@D��óÿ%DG=@HIJIJLD��R³HL�}C}HIF�ÎGCED�� c ⊂ |λ| DGC d ⊂ |λ| Ò�F�<>CE<>F�� V =@F-;!DGC}HICA� <>HL�EHIF�P{M D^R@D c ∪ d ∪D , V D��}CK=@F�D I Âw��B@?E~Æ�}=@?K=@F;�P{F�CQP{JL<>F Í�ü ñòP>R³|�~G?EDGF�Î�DóR@D ∂V − ∂M D��}C©=@F-P{F@F�D�P{=-;@?E<>;@?EDG��DGFqCA;@JL<>F@M ~ a ��=@H!F�ñ HIFqCEDG?E�ED�ÎGCED^;�P>� |λ| ÍÕ.D�JsPÆÎ�<>F�R³HIC}HL<>F b) Ò³<>FþR@~�R³=@HICK��=�D a D��}C;�P{?QP{JIJLøGJLDNP{=þB�<>?ER Í�) J!�iñûDGF��}=@HIC©�q=�D M D��EC�=@F I Âw��B@?E~��E=@?�=@F;�P{F�CQP{JL<>F P DGC���=�D |λ| D��}C�Î�<>F�CEDGFq=�D�R�P{F���=@F�D©�ED�ÎGC}HL<>F�R³=~��B@?E~AP{=³ÂoR@D��Q�}=���R@D ∂P Í Ã�<>=@?�CE<>=@CEDKÎ�<>�Y;�<{Â�QP{F�CED ∂iP R@D ∂P Ò�HIJ!DõÚ³HL�}CEDÔ=@FþR³HL�E�q=�D�D��E�EDGF�C}HLDGJ ∆ ⊂M = I ×P CEDGJ0��=�D (I × ∂P )∩ ∂∆ ⊂ I × ∂iP Í� <>�Y��D λ HIFqCEDG?E�ED�ÎGCEDACE<>=���JLD���R³HL�E��=�D���D��E�QDGFqC}HLDGJL�\%Î�<>F�R³HIC}HL<>F c) � Ò <>F�DGF5R@~�R³=@HIC��q=�D |λ| D��}C�=@F�DK�ED�ÎGC}HL<>FR³=���B@?E~5P{=³ÂoR@D��E�}=��NR@D ∂P Í � D�ÎGH�Î�<>F�C}?ED�R³HIC d) Ò�R@<>F�Î x DGC y P{;@;�P{?}C}HLDGF@F�DGFqC�÷ôJsP2��öG��DYÿ%DG=@HIJIJLD c R@D
λ(p) Í

ù�<>HIC V =@F�;!DGC}HIC�� <>HL�}HIF�P{M DKR@D c∪D ,q÷�F�<>=@� D�P{=�Ò�ÎOñûD��}C�=@F I Âw��B@?E~K�E=@?�=@FY;�P{FqCQP{JL<>F Í ù�H@JLD���� D�ÎGCEDG=@?E�CQP{F@M DGF�CE� dc
dt |x

DGC dc
dt |y

F�D.;�<>HIF�CEDGFqCK;�P>�KR³=þ��öG��D^ÎNb>CE~�R@D ∂D Ò�P{JL<>?E�©J´ñòP>R³|�~G?EDGF�Î�DNR@D ∂V − ∂M D��}C©JsP
?E~G=@F@HL<>F[R@DÆR@DG=³Ú¦P{F@F�D�P{=³Ú a1

DGC a2
R@<>FqC.JLD���B�<>?ER@�ÔF�ñ HIFqCEDG?E�QD�ÎGCEDGFqCN;�P>� λ Í�ü P5Î�<>F�R³HIC}HL<>F b) DGFqC}?QP{HIF�D��=�D a1

DGC a2
�E<>FqCÔ;�P{?QP{JIJLøGJLD���P{=/B�<>?ER Í � <>�Y��DÆP{=`;�P{?QP{MO?QP{;@|�Dó;@?E~�Î�~�R@DGFqC�Ò!<>F-DGF¦R@~�R³=@HICÔ��=�D M D��}C

=@F I Âw��B@?E~ó�}=@?©=@Fþ;�P{FqCQP{JL<>F P DGCK��=�D |λ| D��}C©=@F�D^�ED�ÎGC}HL<>F-R³=^��B@?E~^P{=³ÂoR@D��E�E=��AR@D ∂P ÍÃ:<>=@?�Î�<>F�ÎGJI=@?EDOÒ�HIJ�F�<>=��^?ED��}CEDô÷þC}?QP{HICEDG?ÆJLD�Î�P>�Æ<4� dc
dt |x

DGC dc
dt |y

;�<>HIF�CEDGFqCYR³=y��öG��DôÎNb>CE~�R@D ∂D Íù�<>HIC k =@F�D.Î�<>�Y;!<O�QP{FqCED.R@D c−{x, y} DGC V ′ =@F2;�DGC}HIC�� <>HL�}HIF�P{M D.R@D k ∪D ,qJ´ñòP>R³|�~G?EDGF�Î�D�R@D ∂V ′− ∂MD��}C=@F`R³HL�E��=�D.D��E�EDGF�C}HLDGJ D′ Í@ü ñ HIFqCEDG?E�QD�ÎGC}HL<>F/R@D ∂D′ DGCKR@D c D��}C©Î�<>F��}C}HIC}=�~�DNR@D.R@DG=³Ú2;�<>HIF�CE� x′ DGC y′ DGC



JLD��©� D�ÎGC}=�DG?E�ACQP{F@M DGFqCE� dc
dt |x′

DGC dc
dt |y′

F�D.;!<>HIFqCEDGF�CA;�P>�KR³=þ��öG��DNÎNb>CE~�R@D ∂D′ Í � D�ÎGH�F�<>=��©?QP{��øGF�D^÷ÆJsP
�}HIC}=�P{C}HL<>F/R³=-Î�P>�©;@?E~�Î�~�R@DGFqC�DGCKF�<>=��KÎ�<>F�R³=@HICÔ÷YJsPÆ��öG��DNÎ�<>F�ÎGJI=��}HL<>F Í

ù�H&J´ñ HIFqCEDG?E�ED�ÎGC}HL<>FâR@D ∂D DGC R@D λ(p) D��}C Î�<>F��}C}HIC}=�~ R@D 3 ;!<>HIFqCE� <>= ;@JI=���ÒUP{JL<>?E� <>F P
i(λ′, ∂D) ≥ 3π

Í
ÓÔDG��P{?E�q=�<>F��A�q=�ñ HIJ�R@~�Î�<>=@JLD^R@DNÎ�D.JLDG�Y��D^��=�D P+(M) D��}CK� P{C}=@?E~�DGF R Í

B{�?e ���©Gd%� �"v�! /.'�?"v*�+'0
bR

Õ�P{F��ôÎ�DGC}CED/�QD�ÎGC}HL<>F�Ò�F�<>=��2P{JIJL<>F���=@C}HIJIHL�QDG?5JLD��5?E~��}=@JICQP{CE�ô<>B@CEDGFq=��ô;@?E~�Î�~�R@DG�Y��DGFqCþ;!<>=@?5��<>F�C}?EDG?
JsP¦Î�<>FqC}HIF�=@HICE~-R@D bR Í ; CQP{FqC�R@<>F@F�~�D��Y=@F�D2Î�<>=@?}B!Dþ�}HI�Y;@JLD2Î�<>�Y;�P>ÎGCED c ∈ ∂χ<0M

DGC�=@F�Dô��~GC}?}HL��=�D
| � ;!DG?}B�<>JIHL��=�D σ �}=@? int(M) Ò�<>F5F�<>CEDG?QP c∗ JsP σ Â´M ~�<�R@~��}HL��=�DÔR�P{F���JsP^ÎGJsP>�E�EDAR0ñ |�<>��<>CE<>;@HLD.JIHIB@?ED�R@D c DGC
lσ(c

∗) �QP σ Â´JL<>F@MO=�DG=@? Í
Ù ���PÚy�PÛiÀ�ÌiÀQ��Ó ï � ï �~� ET5Q8 (σn)

KeOcA�M�K]5J8:A<S]A�r�698J3�5JINKBA@M�v>6�E4r�698J3@5wI9K	A�r�A�OP8�x©O	57A@M�M@Ke3�G�¥ 5�OP8:693@57A�Ke3�S]A
M I9Ke5�U�ETO	/�A�3wv>A~/4A�3�M�K]OcA�r�698J3�5JINKBA�v>6�E4r�698J3@5wI9K	A�r�A�OP8ÊxyO	5wAqO�E4OP¹kt�K�U�;>M@57A�O	OcA σ∞ £ º G`E43@M�M@5 λn A@M98yGR1GR14r~5�Oc1T8J5JETO�v>6FEDS>6�M@5wI9KBALr�A@M�K]3�6�ALS>A�?cG�5�M�MN1Dv>AYS]A σn �oGR1^M�K]5J8:A (λ̇n)

U�E4OP/�A�3wv>AL/�A�3@M λ̇ ∈ P+(M)/R A98
GR1�G`1Tr�5QO�1T8J5wE4O�v>6FEDS]6@M@5wI9K	A�r�A@M�K]3�6�AYS]Az?�G�5�M�MN1Dv>A�S]A σ∞ A@M�8oGVA�3FA:?c3F6@MDA�OP8714O�8 λ′ S>A λ̇ I9Ke5o1�?s?�14398J5wA9OP8�ª
P(M) £
»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=���P{JIJL<>F�����<>FqC}?EDG?©��=�DACE<>=@CED��}=@HICED�DõÚ�C}?QP{HICED�R@D (σn)

Î�<>FqC}HLDGF�C©=@F�DÔ�E<>=��}Âo�}=@HICEDA��=@H
�QP{C}HL�}ÿ�P2¯LCóJsP`Î�<>F�ÎGJI=��}HL<>FkR@D�JsP`;@?E<>;�<O�}HIC}HL<>F Í ; CQP{B@JIHL�E�Q<>F��óCE<>=@C�R0ñòP{B!<>?ER =@Fy?E~��E=@JICQP{CÆ��=@H�Î�<>F�Î�DG?}F�D5JLD��
Î�<>=@?}B!D��AR@<>F�CÔJsP�JL<>F@MO=�DG=@?�CEDGF�R`� DG?E� 0 JL<>?E�E��=�D n CEDGF�R-� DG?E� ∞ Í Ã:<>=@?.ÎE|�P>��=�D n ∈ N Ò@F�<>CE<>F�� λ(p)

n
JsP

?E~G=@F@HL<>F-R@D��Kÿ%DG=@HIJIJLD��AR@D.;�<>HLR@� π R@D λn Íæy�]�!�!� ï � ö �QÁ���� E457A�OP8 (σn) K]OcA�M@Ke5J8:A�S>A�r�698J3�5JINKBA@M�v]6FE4r�698J3�5JI9K	A�r�A�OP8cx©OP5wA@M�M�K]3�G�¥ 5QOP8:6�3�57A�K]3�S]A MI9Ke5zU�E4O	/4A�3Jv]A^14G v]6DC�3�5JI9K	A�r�A�OP8qA98 (sn)
G`1�M@Ke5Q8:A�S>A@M�r�698J3�5JI9K	A@M~M@Ke3 ∂M 5QO�S4Ke5Q8:A@M�?�143�GVA@M�;eE4r�6FE4rYE43�¹

?P;]5�M�rYA�M hn : M − λ(p)
n → N(σn)

1�M�MNEDU9576@M�14K4p σn £ º G`ET3�M ∃K > 0 8:A�G*I9K	A�?�E4Ke3q87E4Ke8:A�U�E4Ke3DC�A�M@5Qr�?�GRAU�ETr\?B1sUN8:A c 8:A�GQGVA�INKBA c C�E43|S]A�K]O�S45�M9I9K	A~A@M�MDA�OP8J57A�G�� lsn(c) > K £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC γ ⊂ P(M) =@F�D5�^=@JIC}H ÂoÎ�<>=@?}B!D2;!<>F�R@~G?E~�D5DGC D ⊂ M =@FkR³HL�E��=�D�D��E�EDGF�C}HLDGJs,
F�<>=���P{JIJL<>F�����<>FqC}?EDG?��q=�ñòP{=���<>HIF���=@F�Dÿ�DG=@HIJIJLD e R@D γ HIF�CEDG?E�ED�ÎGCED ∂D A�M�MNA9OP8J5wA9G�GVA�r�A�OP8 Ò ÎOñûD��ECÀÂ®÷�R³HI?EDK��=�D
JLD��ÔB�<>=@CE�.R@D^CE<>=@C�?EDGJLDG� ~ÆR@D e ÷ M̃ �E<>F�C��E~G;�P{?E~���;�P{?�=@F/?EDGJLDG� ~ÆR@D ∂D Í � <>F��}HLR@~G?E<>F��.=@F¦?EDGJLDG� ~ ∂D̃R@D ∂D ÷ ∂M̃ ,!Î�D�?EDGJLDG� ~Y�E~G;�P{?ED ∂M̃ ≈ S2 DGF[R@DG=³ÚWR³HL�E��=�D�� C DGC C ′ ÍÊa <>CE<>F�� Ii, 1 ≤ i ≤ p Ü?ED��}; Í
I ′i, 1 ≤ i ≤ p′ � JLD��YP{?EÎ��óR@D p−1(γ) − ∂D̃ ��=@H��E<>F�CÆÎ�<>F�CEDGFq=��YR�P{F�� C Ü?ED��}; Í C ′ � DGCÆR@<>FqC�JLD��óR@DG=³ÚDõÚ³C}?E~G�YHICE~��.�E<>FqC�Î�<>FqCEDGF�=�D��NR�P{F�� ∂D̃ ,�JLD�� Ii Ü?ED��E; Í I ′i � �E~G;�P{?EDGF�C C Ü?ED��}; Í C ′ � DGF p + 1 R³HL�E�q=�D�� Ci Ò
0 ≤ i ≤ p Ü?ED��}; Í DGF p′ + 1 R³HL�E��=�D�� C ′i Ò 0 ≤ i ≤ p′ � Í!ü D��NÎ�<>=@?}B!D�� ∂Ci DGC ∂C ′i ⊂ ∂M̃ B�<>?ER@DGF�CNR@D��
R³HL�E��=�D���D��E�EDGF�C}HLDGJL��R�P{F�� M̃ Í>ü D���Î�<>F�R³HIC}HL<>F�� a) DGC c) DGFqC}?QP{HIF�DGFqC��q=�D�;!<>=@?ÐCE<>=@C i Ò ]{∂Ci∩p−1(γ)} ≥ 3DGC:�q=�D ]{∂C ′i∩p−1(γ)} ≥ 3

Í ù�H�P{=�ÎG=@F�D�ÿ�DG=@HIJIJLD�R@D γ F�ñ HIF�CEDG?E�ED�ÎGCED ∂D D��E�EDGF�C}HLDGJIJLDG��DGFqC�Ò P{JL<>?E��Òi;�<>=@?:CE<>=@C
i Ò>ÎE|�P>��=�D;!<>HIFqC�R@D ∂Ci∩∂D̃∩p−1(γ) D��}CÐJ´ñûDõÚ³C}?E~G�YHICE~���R0ñ =@F I ′j DGC�ÎE|�P>��=�D;!<>HIFqC�R@D ∂C ′i∩∂D̃∩p−1(γ)D��}C�J´ñûDõÚ³C}?E~G�YHICE~���R0ñ =@F Ij

Í � D�ÎGHKDGFqC}?QP{HIF�D-��=�D 3(p + 1) = 2p′ DGC��q=�D 3(p′ + 1) = 2p
Í ïÔF�P[P{JL<>?E�

p + p′ = −6 Î�D`��=@HAD��}C�HI�Y;!<O�E�}HIB@JLD Í � DGC}CED-Î�<>F�C}?QP>R³HLÎGC}HL<>F
��<>F�C}?ED-��=�ñòP{=���<>HIF���=@F�Dþÿ�DG=@HIJIJLD-R@D γHIF�CEDG?E�ED�ÎGCED ∂D D��E�QDGFqC}HLDGJIJLDG��DGFqC Í
ù�<>HIC (cn)

=@F�DY�E=@HICEDYR@DYÎ�<>=@?}B�D��N�EHI�Y;@JLD���Î�<>�Y;�P>ÎGCED��NCEDGJIJLD��N��=�D cn B!<>?ER@Dó=@F R³HL�Q�q=�DYD��E�QDGFqC}HLDGJ�DGC��=�D lsn(cn) −→ 0
Í Ã:<>=@? n P>�E�QD9fYMO?QP{F�R cn D��}C�J´ñª¡{��D�R0ñ =@FyC}=@B�D�R@D���P{?}M <>=@JIHL� Tn ⊂ ∂M

Íga <>CE<>F��
c1,n

DGC c2,n JLD���Î�<>�Y;�<O� P{FqCED���R@D ∂Tn DGCÔÎQ|�<>HL�}HL�E�E<>F�� Tn R@DNÿ´P4��<>F/��=�D lsn(c1,n) = lsn(c1,n) −→ 0 DGC��=�D dsn(c1,n, cn) = dsn(c2,n, cn) −→ ∞ Í ù�<>HIC γ ∈ P(M) =@F�D^�^=@JIC}H ÂoÎ�<>=@?}B!D^;!<>F�R@~G?E~�D-,�Î�<>F��}HLR@~G?E<>F��=@F�DÔ�}=@HICEDKDõÚ³C}?QP{HICEDACEDGJIJLDÔ�q=�ñ =@F�DKÿ%DG=@HIJIJLD e R@D γ HIFqCEDG?E�QD�ÎGCEDACE<>=@CED���JLD���Î�<>=@?}B!D�� cn D��E�QDGFqC}HLDGJIJLDG��DGFqC Í Ã:<>=@?ÎQ|�P>�q=�D n Ò!F�<>CE<>F�� e∗n JsP σn Â´M ~�<�R@~��}HL��=�D���=@H�D��}CNJIHIB@?EDG��DGF�C^|�<>��<>CE<>;!D5÷ e ,��Q<>HLDGFqC ẽ∗n Ò c̃n DGC T̃n R@D��?EDGJLDG� ~���R@D e∗n Ò cn DGC Tn Í ù�<>HLDGFqC Π =@FU;@JsP{F7CE<>CQP{JLDG��DGF�CYM ~�<�R@~��}HL��=�D�Î�<>F�CEDGF�P{FqC ẽ∗n Ò c̃1,n DGC c̃2,n JLD��Î�<>�Y;!<O�QP{FqCED��^R@D ∂T̃n Ò k̃n DGC k̃′n JLD���R@DG=³Ú[Î�<>�Y;�<O� P{FqCED��NÎ�<>F@F�DõÚ@D��NR@D T̃n ∩ Π DGC κ̃n Ü?ED��}; Í κ̃′n � J´ñòP{?EÎ



k̃n

κ̃n
ẽ∗n

κ̃′n

k̃′n

d̃n

d̃′n

α2
α1

Ý �ÜßoÞ�' Í � } ü P��ED�ÎGC}HL<>F Π ∩ C(ρn)

M ~�<�R@~��}HL��=�DNR@D Π ��=@H@ð}<>HIFqCKJLD��ÔDõÚ�C}?E~G�YHICE~��ÔR@D k̃n Ü?ED��}; Í R@D k̃′n � Ò@� <>HI?z��MO=@?ED�' Í � Í ù�=@;@;�<O�E<>F��Ô�q=�D ∂k̃nDGC ∂k̃′n F�Dó�E<>FqCÔ;�P>�AÎ�<>FqCEDGF�=���R�P{F��KJ´ñ HI��P{M Dó?E~�ÎGHI;@?E<���=�D^R@D λn Ò@F�<>CE<>F�� d̃n DGC d̃′n JLD��AHIFqCEDG?E�ED�ÎGC}HL<>F��.R@D
Π P�� D�Î�JLD��©;@JsP{F��AR@D��}=@;@;�<>?}CKDGF k̃n ∩ c̃1,n DGCKDGF k̃′n ∩ c̃1,n Í � <>�Y��D e∗n ⊂ C(ρn)

Ò e∗n F�ñ HIFqCEDG?E�QD�ÎGCED�;�P>�
d̃n
F@H d̃′n Í � DGC}CED�M ~�<�R@~��}HL��=�D e∗n F�ñ HIF�CEDG?E�ED�ÎGCEDN;�P>�KF�<>F`;@JI=�� k̃n F@H k̃′n R@<>F�Î�DGJIJLD�F�ñ HIFqCEDG?E�QD�ÎGCEDN;�P>� κ̃n F@H

κ̃′n
Í�ü D���DõÚ³C}?E~G�YHICE~.R@D κn ~GCQP{FqC�C}?Eø���;@?E<�ÎE|�D��R@DÔÎ�DGJIJLD���R@D κ′n ÒqÎ�D��q=@H�;@?E~�Î�ø�R@D.DGFqC}?QP{HIF�D.�q=�DAJ´ñòP{F@MOJLD α1��=�D©ÿ�<>FqC d̃n DGC κ̃n D��}C�;!DGC}HICg,�Î�D�ÎGH�D��}C�~GMqP{JLDG��DGF�C©��?QP{H�;�<>=@?�J´ñòP{F@MOJLD α2

DGF5J´ñòP{=@C}?EDÔ�Q<>�Y��DGC�R@D κ̃n Í ù�<>HIC
α < π

2
=@F���P¼ð}<>?QP{FqC�R@D α1

DGC�R@D α2
,OF�<>CE<>F�� rn = max{d(x̃, κ̃n)/x ∈ k̃n} ≤ max{d(x̃, ẽ∗n)/x̃ ∈ k̃n}

Í
��<>=@CK;�<>HIF�C x̃ R@D k̃n D��}CKÎ�<>FqCEDGF�=-R�P{F��©=@F�D�Î�<>=@?}B!D��}HI�Y;@JLD�Î�<>�Y;�P>ÎGCED c̃x,n ⊂ T̃n

|�<>��<>CE<>;!DN÷ c̃n CEDGJIJLD��=�D lsn(cx,n) ≤ lsn(c1,n)
Í � DGC}CEDóÎ�<>=@?}B�D c̃x,n B!<>?ER@D�=@F/R³HL�Q�q=�DNR@DóR³HsP{��øGC}?ED^;@JI=��A;�DGC}HICÔ�q=�D lsn(cx,n)DGC^��=@H�HIFqCEDG?E�QD�ÎGCED ẽ∗n Í ïÔFyDGFyR@~�R³=@HICÆ�q=�D rn ≤ lsn(c1,n) −→ 0

Í �ÔFyÎ�P{JLÎG=@J�=@C}HIJIHL� P{FqC^JLD��óÎ�<�<>?ER@<>F�~�D��
R@D � DG?}�YHqÜ� <>HI?óJsP-;@?EDG=@� DôR@D�JLDG�Y��D ÝÆÍ � � R@<>F@F�D lσn(k̃n) ≤

√
1 + tan2 α ( ÎE| rn)2lσn(κ̃n)

Í � <>�Y��D
JsP5JsP{?}M DG=@?NR@D Tn CEDGF�R/� DG?E�.J´ñ HIF���F@H´Ò lσn(kn) −→ ∞ R@<>F�Î lσn(κn) −→ ∞ Í ��<>=@C�;�<>HIF�CNR@D κn ~GCQP{F�C;@?E<�ÎE|�DóR@D�JsP�M ~�<�R@~��}HL�q=�D e∗n Ò�<>F-DGF-R@~�R³=@HICA��=�D lσn(e∗n) −→ ∞ Í@z P{HL�AÎ�D�ÎGH�Î�<>FqC}?ED�R³HIC�JsPYÎ�<>Fq� DG?}M DGF�Î�D
P{JIM ~GB@?}HL��=�DNR@D (σn)

Í
Ã:<>=@?E�}=@HI� <>F��ÔJsPÆ;@?EDG=@� D^R@D.JsPYÎ�<>F�C}HIFq=@HICE~ÆR@D bR Í� <>�Y��D (σn)

Î�<>Fq� DG?}M D � DG?E� σ∞
Ò <>F ;�DG=@C ÎQ|�<>HL�}HI? JLD�� ?EDG;@?E~��EDGFqCQP{C}HL<>F��

ρn : π1(M) → Isom(H3) P>�E�E<�ÎGHL~�D���P{=³Ú σn R@DNÿ´P4��<>F[�q=�D (ρn)
Î�<>F�� DG?}M D�P{JIM ~GB@?}HL�q=�DG��DGF�CN� DG?E�.=@F�D

?EDG;@?E~��EDGF�CQP{C}HL<>F ρ∞ P>�E�E<�ÎGHL~�D÷ σ∞ DGC���=�D (ρn(π1(M))) Î�<>F�� DG?}M DM ~�<>��~GC}?}HL�q=�DG��DGF�C�� DG?E� ρ∞(π1(M))
Í

Ã:<>=@? n ∈ N Ò�F�<>CE<>F�� λn JsPNJsP{�YHIF�P{C}HL<>FþM ~�<�R@~��}HL��=�DA��D��E=@?E~�DÔR@DÔ;@JIHL�E�QP{M D�R@D σn DGC λ(p)
n
JsP^?E~G=@F@HL<>FþR@D��

ÿ�DG=@HIJIJLD��NR@D λn R@<>FqCNJLD�;!<>HLR@��D��}C π ÍÊa <>CE<>F�� Mn = H3/ρn(π1(M)) DGC hn : M − λ
(p)
n → N(ρn)

=@F
|�<>��~�<>��<>?};@|@HL�}��DÆP>�E�E<�ÎGHL~N÷ σn Íù�<>HIC x∞ ∈ ∂N(ρ∞) ,³F�<>CE<>F�� ∂x∞N(ρ∞) Ò³JsP�Î�<>�Y;!<O�QP{FqCED^Î�<>F@F�DõÚ³D�R@D ∂N(ρ∞) �q=@H�Î�<>F�C}HLDGFqC x∞DGC S JsP�Î�<>�Y;!<O�QP{F�CEDÆR@D ∂M − λ

(p)
∞

CEDGJIJLDó��=�D h∞(S) = ∂x∞N(ρ∞)
Í ù�<>HLDGF�C x̃∞ ∈ C(ρ∞) =@F/?EDGJLDG� ~R@D h∞(x∞) DGC ∂x̃∞C(ρ∞) JsPNÎ�<>�Y;!<O�QP{FqCED�Î�<>F@F�DõÚ³DÔR@D ∂C(ρ∞) ��=@H�Î�<>FqC}HLDGF�C x̃∞ Í Õ�ñòP{;@?Eø���W���P4XoÒ J´ñûDGF³Â� DGJL<>;@;!D.Î�<>Fq� DõÚ@D C(ρ∞) R@D Lρ∞ D��}CJsP^JIHI�YHICED.;�<>=@?JsPóCE<>;�<>JL<>MOHLD.R@D��.P{=��ER@<>?|
¦R@D (C(ρn))

Í�) J!DõÚ³HL�}CED
R@<>F�Î x̃n ⊂ ∂C(ρn)

CEDGJ���=�D (x̃n)
Î�<>Fq� DG?}M D�� DG?E� x̃∞ Í�a <>CE<>F�� ∂x̃nC(ρn)

JsP�Î�<>�Y;!<O�QP{FqCEDYÎ�<>F@F�DõÚ@D�R@D
∂C(ρn)

Î�<>FqCEDGF�P{F�C x̃n DGC ∂x̃nN(ρn)
�QP�;@?E<{ðÀD�ÎGC}HL<>F2�}=@? N(ρn)

,OHIJ�DõÚ³HL�}CED©=@F�DAÎ�<>�Y;�<O�QP{F�CEDÔÎ�<>F@F�DõÚ@D SnR@D ∂M − λ
(p)
n

DGC.=@F�D��}=@?Àÿ´P>Î�D^;@JIHL�Q�E~�D gn : Sn → Mn
R@<>F�C.J´ñ HI��P{M DYD��}C ∂xnN(ρn)

Í ù�<>HIC (ĝn,Γn, rn)=@F�D��E=@?Àÿ�P>Î�D�;@JIHL�E�Q~�D<�P{B��}C}?QP{HICED � ��=@H�?EDGJLøG� D gn Ò�ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED��q=�D�J´ñòP{;@;@JIHLÎ�P{C}HL<>F ĝn : H2 → ∂x̃nC(ρn)D��}CÔ�}=@?%ðÀD�ÎGC}HI� DOÒ��q=�D^J´ñ HI��P{M D^R@D rn : Γn → ρn(π1(M)) D��}CKJLDó�}CQP{B@HIJIHL�QP{CEDG=@?.R@D ∂x̃nC(ρn)
DGC��q=�D^J´ñòP{;³Â

;@JIHLÎ�P{C}HL<>Fk�q=�<>C}HLDGF�C H2/ ker(rn) → ∂x̃nC(ρn)
D��ECN=@Fy|�<>��~�<>��<>?};@|@HL�}��D Í Õ�ñòP{;@?Eø���W � Ù��YÒ�C}|�~�<>?EøG��D

� Í � Í �2XDGC^JLD�JLDG�Y��D^' Í � Í ��=@F�D5�}=@HICED�DõÚ³C}?QP{HICED�R@D�JsP`�}=@HICED5R@D��}=@?Àÿ´P>Î�D��N;@JIHL�Q�E~�D�� (ĝn,Γn, rn)
Î�<>Fq� DG?}M D

� DG?E�©=@F�D^�}=@?Àÿ�P>Î�D.;@JIHL�Q�E~�D (ĝ∞,Γ∞, r∞)
Í

Õ�ñòP{;@?Eø���JLD2JLDG�Y��D�' Í � Í �OÒ (ĝ∞,Γ∞, r∞) D��}C�=@F�D2�}=@?Àÿ´P>Î�D5;@JIHL�Q�E~�D2Î�<>Fq� DõÚ@Dþ<>=�P{;@;@JsP{C}HLD Í � <>�Y��D
x̃∞ ∈ ĝ∞(H2) Ò�P{JL<>?E� ĝ∞(H2) ⊂ ∂x̃∞C(ρ∞) DGC r∞(Γ∞) ⊂ ρ∞(π1(M)) D��EC�=@F&�E<>=��}Â´MO?E<>=@;�D/R³=



�}CQP{B@HIJIHL� P{CEDG=@?AR@D ∂x̃∞C(ρ∞)
Í

æy�]�!�!� ï � ö ��Üu��Â ¥ 1@?s?cG�5wU�1T8J5wE4O�I9K�Es8J5wA�O�8 g∞ : H2/Γ∞ → ∂x∞N(ρ∞) A�M�8�K]O+;eE4r�6FE4rYE43:?P;>5�M@r�AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ ü PY�E=@HICED (C(ρn))

Î�<>F�� DG?}M D^� DG?E� C(ρ∞) ;�<>=@?KJsPYCE<>;�<>JL<>MOHLDóR@Dq��P{=��QR@<>?|
Ø%Îõÿ Í W��:P�X �DGC C(ρn) ⊂ Cĝn

;�<>=@?YCE<>=@C n Ò�R@<>F�Î C(ρ∞) ⊂ Cĝ∞
Í ïÔF DGF�R@~�R³=@HIC���=�D ĝ∞(H2) = ∂x̃∞C(ρ∞)

Í
� <>�Y��D ρ∞ F�ñûD��}CK;�P>�ÿ%=�ÎE|��EHLDGF�Ò int(Cĝ∞) 6= ∅ Ò�R@<>F�Î g∞ DGC ĝ∞ �E<>F�CAR@D��©?EDG� öGCEDG��DGF�CE� Í

ù�<>HIC γ̂n ∈ML(H2) JsP�JsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL��=�D��D��}=@?E~�DKR@D;@JIHL�E� P{M DKR@D ĝn ,OÎ�<>F��}HLR@~G?E<>F���=@F�DK�}=@HICEDDõÚ³C}?QP{HICED�CEDGJIJLDN��=�D (|γ̂n|) Î�<>Fq� DG?}M DóM ~�<>��~GC}?}HL�q=�DG��DGF�CÔ� DG?E� L̂∞ Íù�=@;@;!<O�E<>F����=�D g∞ F�ñûD��}C�;�P>��=@F�D�|�<>��~�<>��<>?};@|@HL�}��D-,³HIJ0DõÚ³HL�}CED z 6= y ∈ (H2− L̂∞)/Γ∞
CEDGJL����=�D

g∞(z) = g∞(y)
Í ïÔFyDGF7R@~�R³=@HIC^R@D��N?EDGJLDG� ~�� ẑ, ŷ ⊂ H2 − L̂∞

%R@D z DGC y � DGC ρ∞(a) ∈ ρ∞(π1(M))CEDGJL�ó�q=�D ẑ 6∈ Γ∞ŷ
DGC^��=�D ĝ∞(ẑ) = ρ∞(a) ◦ ĝ∞(ŷ)

Í�ü D��ó�}=@HICED�� z̃n = ĝn(ẑ)
DGC ỹn = ρn(a) ◦ ĝn(ŷ)Î�<>F�� DG?}M DGFqC^CE<>=@CED��^R@DG=³Ú¦� DG?E� ĝ∞(ẑ)

Í ù�<>HLDGFqC Πz̃n

DGC Πỹn

R@D��.;@JsP{FyR@D��}=@;@;!<>?}CE�NR@D C(ρn)
DGF z̃n DGCDGF ỹn ,³P{JL<>?E� (H+

Πz̃n
) DGC (H+

Πỹn
) Î�<>Fq� DG?}M DGFqCÔ� DG?E�KR@D��KR@DG�YH ÂoD��};�P>Î�D�� H+

ẑ ⊃ Cĝ∞
DGC H+

ŷ ⊃ Cρ∞(a)◦ĝ∞CE<>=��ÆR@DG=³Ú[B�<>?ER@~��ó;�P{?^JLD�;@JsP{F7R@D��E=@;@;�<>?}C Πĝ∞(ẑ)
DGF ĝ∞(ẑ)

Í ïÔFUPþR@<>F�Î H+
ẑ ∩ H+

ŷ = Πĝ∞(ẑ)
<>=

H+
ẑ = H+

ŷ

Í
� <>�Y��D C(ρ∞) ⊂ Cĝ∞ ∩ Cρ∞(a)◦ĝ∞ ⊂ H+

ẑ ∩ H+
ŷ
DGCóÎ�<>�Y��D ρ∞(π1(M)) F�ñûD��}Có;�P>��ÿ%=�ÎE|��}HLDGF�ÒP{JL<>?E� H+

z̃ ∩H+
ỹ 6= Πĝ∞(ẑ)

Ò�R@<>F�Î H+
z̃ = H+

ỹ

Í]) J��iñûDGFô�}=@HIC��=�DÔ�}H�;�<>=@? n P>�Q�ED9fAMO?QP{F�R Πz̃n

DGC Πỹn

�Q<>FqC
R³HL�%ð}<>HIFqCE�ÆP{JL<>?E� H+

Πz̃n
( H+

Πỹn

<>= H+
Πỹn

( H+
Πz̃n

Í � D�ÎGH�Î�<>FqC}?ED�R³HICóJLD�ÿ´P{HICN�q=�D ỹn ⊂ C(ρn) ⊂ H+
Πz̃nDGC���=�D z̃n ⊂ C(ρn) ⊂ H+

Πỹn

Í ïÔF&DGF�R@~�R³=@HIC���=�DOÒ��q=@HIC}CED/÷WDõÚ�C}?QP{HI?EDþ=@F�D-�E<>=��ÀÂo�}=@HICEDOÒ Πz̃n

DGC Πỹn��ñ HIF�CEDG?E�ED�ÎGCEDGFqC Í � D�ÎGH�DGF�C}?QP{HIF�Dó��=�D.;�<>=@? n P>�Q�ED9fNMO?QP{F�R ĝn(H2) DGC ρn(a) ◦ ĝn(H2) ��ñ HIF�CEDG?E�ED�ÎGCEDGFqC Í ïÔFP¦P{JL<>?E� ĝn(H2) = ρn(a) ◦ ĝn(H2)
Í � <>�Y��D H+

Πỹ
= H+

Πz̃

Ò�JLD��YP{F@MOJLD���R³HLø�R³?ED�� θ(Πẑn
,Πŷn

) CEDGF�R@DGF�C� DG?E� 0
Í ïÔF¸DGFkR@~�R³=@HICY��=�DôJsP/R³HL�ECQP{F�Î�DôDGF�C}?ED z̃n DGC ỹn ��D��}=@?E~�Dþ�E=@? ĝn(H2) CEDGF�RU� DG?E� 0

Í � <>�Y��D
ĝ∞

D��}C.=@F[?EDG� öGCEDG��DGFqC�Ò�HIJ�DõÚ�HL�}CED�=@F[� <>HL�EHIF�P{M D V(ẑ) ⊂ H2 R@D ẑ CEDGJ���=�DOÒ!;�<>=@? n ∈ N P>�E�ED9f�MO?QP{F�R0Ò
JLD��`P{;@;@JIHLÎ�P{C}HL<>F�� ĝn|V(ẑ) : V(ẑ) → ĝn(V(ẑ)) �Q<>FqC`R@D��2|�<>��~�<>��<>?};@|@HL�}��D�� Í Ã�<>=@? n P>�E�ED9f¦MO?QP{F�R0Ò
ŷn ∈ ĝn(V(ẑ)) Ò�R@<>F�Î ∃ŷ′n ∈ V(ẑ) CEDGJÐ�q=�D ĝn(ŷ′n) = ỹn

Í � <>�Y��D ĝn(ŷ′n) = ρn(a) ◦ ĝn(ŷ) DGC�Î�<>�Y��D
rn(Γn)

D��}C�JLD¦�}CQP{B@HIJIHL�QP{CEDG=@?2R@D ĝn(H2) R�P{F�� ρn(π1(M)) Ò ∃an ∈ Γn
CEDGJÔ��=�D anŷ = ŷ′n

Í � <>�Y��D
ŷ′n ⊂ V(ẑ) Ò an R@~G;@JsP>Î�D ŷ R0ñ =@F�D2R³HL�}CQP{F�Î�DôB!<>?}F�~�D5DGC�HIJDõÚ�HL�}CEDôR@<>F�Îô=@F�D5�Q<>=��ÀÂo�}=@HICEDôCEDGJIJLD2�q=�D (an)Î�<>F�� DG?}M D^� DG?E�A=@F/~GJL~G��DGFqC a∞ ∈ Γ∞

Í Õ.DN;@JI=�� ĝn(ŷ′n) CEDGF�R-� DG?E� ĝ∞(ẑ) Ò�R@<>F�Î (ŷ′n)
CEDGF�R-� DG?E� ẑ Í ïÔFPYP{HIF��}H a∞ŷ = ẑ

Í � D�ÎGH�Î�<>FqC}?ED�R³HICÔJ´ñ | � ;�<>C}|�ø��ED ẑ 6∈ Γ∞ŷ
DGCÔÎ�<>F�ÎGJI=@CKJsPÆ;@?EDG=@� D^R³=þJLDG�Y��D�' Í � Í � Í

± �]�!²B�2³g´�	� Õ.P{F��UÎ�DGC}CED
R@~G��<>F��}C}?QP{C}HL<>F�Ò�JsPêÎ�<>F�� DG?}M DGF�Î�D�M ~�<>��~GC}?}HL�q=�D�R@D ρn(π1(M)) � DG?E�
ρ∞(π1(M)) F�<>=���;!DG?}��DGC�R0ñòP{;@;@JIHL��=�DG?YJLDô?E~��}=@JICQP{C�R@D^��P � JL<>?�DGCYR0ñûDGF¸R@~�R³=@HI?EDþ�q=�D int(Cĝ∞) 6= ∅ Í� ñûD��}C2JLD¦�EDG=@J.��<>��DGFqC`<4�(Î�DGC}CEDWÎ�<>Fq� DG?}M DGF�Î�D[M ~�<>��~GC}?}HL��=�D[D��}Cô=@C}HIJIHL�E~�D[DGC2<>F(P{=@?QP{HIC`R@<>F�Î¦;@=(�ED
Î�<>F�CEDGFqCEDG?KR@D���| � ;�<>C}|�ø��QD����E=@HI�>P{F�CED��[d (ĝn,Γn, rn) Î�<>Fq� DG?}M D�� DG?E� (ĝ∞,Γ∞, r∞) DGC int(Cĝ∞) 6= ∅ Í �

ïÔF7R@~�R³=@HIC^R@DYÎ�DYJLDG�Y��D���=�D H2/Γ∞
D��}C�|�<>��~�<>��<>?};@|�Dô÷ S Í ù�<>HIC F ⊂ S ⊂ ∂M =@F�DY�E=@?Àÿ�P>Î�D

Î�<>�Y;�P>ÎGCEDCEDGJIJLD©��=�D�JLD���Î�<>�Y;!<O�QP{F�CED���Î�<>F@F�DõÚ³D���R@D S−F �E<>F�C�R@D��Ð;�<>HIF�CED���R@D S Í � <>�Y��D Γn
Î�<>F�� DG?}M D

M ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E� Γ∞
Ò�R0ñòP{;@?Eø��ÔJLDóJLDG�Y��DÆR@D z =@��ÿ%<>?ER�%Îõÿ Í W � Ù���X � Ò�HIJ:DõÚ�HL�}CEDóR@D���P{;@;@JIHLÎ�P{C}HL<>F��

fn : F → H2/Γn
��=@H�<>FqCAJLD��K;@?E<>;@?}HL~GCE~��A�}=@HI�OP{FqCED���d

} ∀n ∈ N Ò fn D��}CA=@Fþ|�<>��~�<>��<>?};@|@HL�}��Dó�E=@?K�E<>FþHI��P{M D-,} JLDAB!<>?ER2R@D fn(F ) ⊂ H2/Γn
D��}C�|�<>��<>CE<>;�DN÷^=@F�D��^=@JIC}H ÂoÎ�<>=@?}B!DNR@<>FqC©JsPóJL<>F@MO=�DG=@?©CEDGF�Rô� DG?E� 0 ,} JLD��Ô?EDG;@?E~��QDGFqCQP{C}HL<>F���HIF�R³=@HICED�� fn∗ : π1(F ) → Γn

Î�<>Fq� DG?}M DGF�CóP{JIM ~GB@?}HL��=�DG��DGFqCN� DG?E��=@FWHL�E<>��<>?ÀÂ
;@|@HL�}��D f∞∗ : π1(F ) → Γ∞

,
} JLD��AP{;@;@JIHLÎ�P{C}HL<>F�� g∞ ◦ f∞ DGC h∞ Î�<4_�F�ÎGHLR@DGFqCÔ�E=@? F ⊂ ∂M

Í
z <>FqC}?E<>F��Ô�q=�DOÒ�;�<>=@? n P>�E�ED9f�MO?QP{F�R0Ò gn ◦ fn : F → ∂N(ρn)

D��EC©HL�E<>CE<>;�Dó÷ hn Í ù�<>HLDGFqC F̂ JLD�?EDG� öõÂ
CEDG��DGF�C�=@F@HI� DG?E�QDGJÐR@D F DGC f̂n : F̂ → H2 =@F¦?EDGJLDG� ~�R@D fn ,�Î�<>�Y��D (fn∗)

Î�<>Fq� DG?}M D�P{JIM ~GB@?}HL��=�DG��DGFqC�Ò
<>Fþ;!DG=@CKÎE|�<>HL�}HI?©JLD��ÔP{;@;@JIHLÎ�P{C}HL<>F�� f̂n R@D.��P{F@HLøG?EDN��=�ñûDGJIJLD��KÎ�<>F�� DG?}M DGFqCA� DG?E� f̂∞ �E=@?�CE<>=@CÔÎ�<>�Y;�P>ÎGC Í Ù�F
<>=@C}?ED (ĝn)

Î�<>F�� DG?}M DN� DG?E� ĝ∞ Ò@R@<>F�Î (ĝn ◦ f̂n) Î�<>Fq� DG?}M Dó� DG?E� ĝ∞ ◦ f̂∞ �}=@?©CE<>=@CAÎ�<>�Y;�P>ÎGC Í
ù�<>HIC x ∈ int(M) ,iÎ�<>�Y��D (σn)

Î�<>Fq� DG?}M D�� DG?E� (σ∞) Ò�HIJ�DõÚ³HL�}CED�R@D���R³H`
!~�<>��<>?};@|@HL�E��D�� un : M →M



HL�E<>CE<>;!D���÷NJ´ñ HLR@DGFqC}HICE~��q=@H��QP{C}HL�Àÿ�<>FqC�JsP^Î�<>F�R³HIC}HL<>Fô�E=@HI�>P{F�CED�dO;!<>=@?�CE<>=@C k > 1 DGC r > 0 Ò HIJ�DõÚ�HL�}CED n(k, r)CEDGJ��q=�D�;�<>=@? n ≥ n(k, r) Ò�JsPþ?ED��}C}?}HLÎGC}HL<>FkR@D un ÷ B(x, r) ⊂ (M,σ∞) D��ECN=@FUR³H`
0~�<>��<>?};@|@HL�}��D k ÂB@HIJIHI;��EÎQ|@HICFf��}=@?��E<>FôHI��P{M D�R�P{F�� (M,σn)
Í Ã:<>=@? n ∈ N Ò F�<>CE<>F�� xn ∈Mn

J´ñ HI��P{M D�R@DAJ´ñû<>?}HIMOHIF�D o ∈ H3 Í
Ã:<>=@? n ∈ N Ò!JsPô��~GC}?}HL�q=�D σn ÿ%<>=@?}F@HIC�=@F�D�HLR@DGF�C}H`��Î�P{C}HL<>F7R@D (int(M), σn)

P�� D�Î Mn
CEDGJIJLDY��=�D x D��}CHLR@DGF�C}H`��~�P�� D�Î xn Í ïÔF-;!DG=@CÔR@<>F�Îó� <>HI?ÔJsP�?ED��}C}?}HLÎGC}HL<>F¦R@D un ÷ int(M) Î�<>�Y��D^=@F/|�<>��~�<>��<>?};@|@HL�}��D

un : M∞ →Mn
Í

ù�<>HIC ũn : H3 → H3 =@F�?EDGJLDG� ~ÔR@D un CEDGJ��q=�D ũn(o) = o
Í ü D���R³H`
0~�<>��<>?};@|@HL�}��D�� ũn Î�<>F�� DG?}M DGFqC�}=@?CE<>=@C�Î�<>�Y;�P>ÎGCA� DG?E�Ô=@F-R³H`
!~�<>��<>?};@|@HL�E��D 1 Â´B@HIJIHI;��EÎQ|@HICFf ũ∞ : H3 → H3 DGCKF�<>=��.P{JIJL<>F��A��<>F�C}?E<>F��Ô��=�D

ũ∞
D��}CÔJ´ñ HLR@DGFqC}HICE~ Í � <>�Y��D ρ∞(π1(M)) F�ñûD��ECA;�P>��=@F/MO?E<>=@;!D^ÿÜ=�ÎQ|��}HLDGF�Ò�HIJÐDõÚ³HL�}CED a1, a2, a3 ∈ π1(M)CEDGJL���=�D��EH Vj,n R@~��EHIMOF�DÔJLD�� D�ÎGCEDG=@?=@F@HICQP{HI?ED.CQP{F@M DGFqCKDGF o ÷^J´ñòP{?EÎ�M ~�<�R@~��EHL�q=�D�ð}<>HIMOF�P{FqC o ÷ ρn(aj)(o) ÒP{JL<>?E� (V1,∞, V2,∞, V3,∞) D��}C2=@F�DWB�P>�EDWR@DWJ´ñûD��};�P>Î�DWCQP{F@M DGFqC/DGF o

Í � <>�Y��D ρn(aj) Î�<>Fq� DG?}M D � DG?E�
ρ∞(aj)

Ò (V1,n, V2,n, V3,n) = dũn(V1,∞, V2,∞, V3,∞) Î�<>F�� DG?}M DN� DG?E� (V1,∞, V2,∞, V3,∞)
Í ïÔF/DGF`R@~�R³=@HIC

��=�DYJsPþR³H`
0~G?EDGFqC}HLDGJIJLDôR@D ũ∞ �@Ú@D (V1,∞, V2,∞, V3,∞)
Í�ü ñ HL�E<>��~GC}?}HLD ũ∞ �@Ú³DY=@F�D�B�P>�ED�R@D ToH3 Ò�ÎOñûD��}C

R@<>F�Î�J´ñ HLR@DGF�C}HICE~ Í� <>�Y��D (ĝn ◦ f̂n) Î�<>F�� DG?}M D^� DG?E� ĝ∞ ◦ f̂∞ �E=@?ACE<>=@CÔÎ�<>�Y;�P>ÎGC�Ò!P{JL<>?E� ũ−1
n ◦ ĝn ◦ f̂n Î�<>Fq� DG?}M Dó� DG?E�

ĝ∞ ◦ f̂∞
�}=@? CE<>=@CíÎ�<>�Y;�P>ÎGC Í Õ.D ;@JI=��iÒ F P =@F R@<>��P{HIF�Dfÿ%<>F�R�P{��DGF�CQP{J Î�<>�Y;�P>ÎGC�Ò(R@<>F�Î

u−1
n ◦ gn ◦ fn : F → M∞

Î�<>F�� DG?}M D/=@F@H ÿ�<>?}��~G��DGFqCô� DG?E� g∞ ◦ f∞ %�q=@H�D��}C�HLR@DGF�C}HL�q=�DW÷ h∞ �}=@?
F � Í ïÔFôDGF2R@~�R³=@HIC©�q=�DÔ;!<>=@? n P>�E�ED9fAMO?QP{F�R0Ò u−1

n ◦ gn ◦ fn D��}C�HL�E<>CE<>;�D.÷ h∞|F
Í]) J��iñûDGF��}=@HIC���=�D gn ◦ fnD��}CHL�E<>CE<>;!D�÷ un ◦ h∞|F

ÍBa <>C}?EDÔHLR@DGF�C}H`��Î�P{C}HL<>F/R@D (int(M), σn)
P�� D�Î Mn

ÿ�P{HIC©R@D hn =@F�D�P{;@;@JIHLÎ�P{C}HL<>FHL�E<>CE<>;!D�÷óJ´ñ HLR@DGFqC}HICE~�;!<>=@?CE<>=@C n ∈ N
Í � <>�Y��D un D��}C©~GMqP{JLDG��DGF�CKHL�E<>CE<>;!D.÷óJ´ñ HLR@DGF�C}HICE~OÒ un ◦ h∞|F

D��}C
HL�E<>CE<>;!DY÷ hn Í ïÔFW;!DG=@CNR@<>F�ÎYÎE|�P{F@M DG? fn ;�P{?�=@F�DÆHL�E<>CE<>;@HLDYR@DÆÿ´P4��<>F[�q=�D gn ◦ fn Î�<4_�F�ÎGHLR@D�P�� D�Î hn�}=@? F Íù�<>HLDGF�C γ̂n JsPôJsP{�YHIF�P{C}HL<>FyM ~�<�R@~��}HL��=�D���D��}=@?E~�D�R@DY;@JIHL�Q�QP{M DYR@D ĝn DGC γn ∈ ML(H2/Γn)

�QPô;@?E<{Â
ð}D�ÎGC}HL<>Fq,0�E<>HLDGFqC k ⊂ F =@F P{?EÎ�CEDGJÐ��=�D f∞(k) D��}C.C}?QP{F��}� DG?E�ED�÷ |γ∞| DGC k̂ ⊂ F̂ =@F[?EDGJLDG� ~YR@D k Í�ü D��P{?EÎ�� f̂n(k̂) Î�<>F�� DG?}M DGFqCN� DG?E� f̂∞(k̂)

Í � <>�Y��D�JLD����}=@?Àÿ´P>Î�D���;@JIHL�E�E~�D���Î�<>Fq� DõÚ@D�� (ĝn,Γn, rn)
Î�<>Fq� DG?}M DGFqC

� DG?E� (ĝ∞,Γ∞, r∞) Ò�<>FWR@~�R³=@HIC.R³=/JLDG�Y��D~' Í � Í '���=�D ∫

f̂n(k̂) dγ̂n −→
∫

f̂∞(k̂) dγ̂∞
Í � <>�Y��DOÒ�;�<>=@?�CE<>=@C

n ∈ N Ò gn ◦fn D��}C�HLR@DGFqC}HL��=�DA÷ hn �}=@? F Ò <>F�P ∫

k
dλn =

∫

fn(k) dγ̂n
;!<>=@?�CE<>=@C n ∈ N R@<>F�Î©DGF�;@?EDGF�P{FqC

λ∞ ∈ML(∂M) CEDGJIJLDN��=�D ∫

f̂∞(k̂) dγ̂∞ =
∫

k
dλ∞

Ò@<>F/P ∫

k
dλn −→

∫

k
dλ∞

Í
� P{HL�E<>F��Î�DGC}CEDÔÎ�<>F��}C}?}=�ÎGC}HL<>FþR@D λ∞ �}=@?ÎE|�P>��=�D�Î�<>�Y;!<O�QP{F�CED S R@D ∂χ<0M −λ(p)

∞
DGC�P¼ð}<>=@CE<>F��P^JsP

JsP{�YHIF�P{C}HL<>FWM ~�<�R@~��}HL�q=�DÆ��D��}=@?E~�D�P{HIF��}H:;@?E<�R³=@HICEDÆJLD��Ôÿ�DG=@HIJIJLD���R@D λ(p)
∞

�^=@F@HLD���R@Dó��D��}=@?EDÆR@D�ÕÔHI?QP>ÎÆR@D
;!<>HLR@� π Í � <>�Y��D h∞ Î�<4_�F�ÎGHLR@D.P�� D�Î g∞ ◦f∞ Ò <>Fô<>B@C}HLDGFqC�P{HIF��EH�JsP.JsP{�YHIF�P{C}HL<>FôM ~�<�R@~��EHL�q=�D©��D��E=@?E~�DAR@D;@JIHL�E� P{M D λ∞ R@D σ∞ Í Õ�=W;�P{?QP{MO?QP{;@|�D�;@?E~�Î�~�R@DGF�C�Ò�<>F R@~�R³=@HICN��=�D (λ̇n)

Î�<>Fq� DG?}M D�R�P{F�� ML(∂M)/RDGC^��=�DYJsP2JIHI�YHICED λ̇ R³H`
0øG?ED�R@D λ̇∞ �EDG=@JLDG��DGF�CÆ�}=@? λ(p)
∞
Ò�ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED5�q=�D |λ̇| ⊂ |λ∞| DGC^��=�DY�}H λ D��}C=@F ?EDG;@?E~��QDGFqCQP{FqCþR@D |λ̇| Ò�DGF�DGF@JLDG�OP{FqC2R@D λ JLD��Yÿ�DG=@HIJIJLD���Î�<>F�CEDGFq=�D��2R�P{F�� λ(p)

∞
<>F&<>B@C}HLDGFqCôJsPW��öG��D

JsP{�YHIF�P{C}HL<>FþM ~�<�R@~��}HL��=�DÔ��D��E=@?E~�D���=�ñûDGFþDGF@JLDG�>P{F�C λ(p)
∞
R@D λ∞ Í�Ý HIF��EH´Ò��EH�<>F2��<>FqC}?ED���=�DÔJLD���ÿ�DG=@HIJIJLD��©R@D

λ
(p)
∞
�Q<>FqCKR@D���ÿ%DG=@HIJIJLD��©R@D λ ��=@H0<>FqC©=@F2;!<>HLR@�©�}=@;�~G?}HLDG=@?K÷ π Ò³<>F2;�DG=@C©Î�<>F�ÎGJI=@?ED���=�D λ̇n Î�<>F�� DG?}M D�� DG?E�

λ̇∞
Í

�54m�4��²�ÌiÀQ��Ó ï � ö � ï ��� E45J8 λ KeO�3�A:?�3�6@MNA9OP8714OP8oS>A λ̇ « 87ETKe8:A©tNA9K]5QG�GVA c S>A λ(p)
∞

A@M�8-KeOcA-tNA�Ke5QG�GVAqS>A λ A98�1KeOY?BE45JS4M�M@Ki?B6�3�5wA�Ke3�ª π 6�U�E4r~r�AytNA�Ke5QG�GVA�S>A λ ¨T£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC c =@F�D¦ÿ�DG=@HIJIJLDWR@D |λ(p)

∞ | ⊂ |λ∞| ,©Î�<>�Y��D λ̇n Î�<>Fq� DG?}M D[� DG?E� λ̇ �q=@H.�QP{C}HL�Àÿ´P{HIC
|λ̇| ⊂ |λ∞| Ò�P{JL<>?E�<>=5B@HLDGF c D��EC�=@F�DAÿ%DG=@HIJIJLD�R@D λ DGC�F�<>=���F�<>CEDG?E<>F�� w(c) �E<>F5;�<>HLR@��Ò�<>=ôB@HLDGF c D��EC�=@F�DÎ�<>=@?}B!DN�}HI�Y;@JLD�Î�<>�Y;�P>ÎGCEDóR³HL�%ðÀ<>HIF�CEDNR@D λ DGC©F�<>=��K;@?EDGF�R³?E<>F�� w(c) = 0

Í
a <>=��ÔP{JIJL<>F��ÔR@~G��<>FqC}?EDG?.Î�DGC}CED^P2.�?}��P{C}HL<>FWDGF-�}=@;@;!<O�QP{FqC��q=�D w(c) < π DGCADGF/P{B!<>=@C}HL�E�QP{F�C�÷�=@F�DÎ�<>F�C}?QP>R³HLÎGC}HL<>F Í
ù�<>HIC S =@F�D�Î�<>�Y;�<O� P{FqCED�Î�<>F@F�DõÚ³D�R@D ∂M −λ(p)

∞
R@<>F�C�J´ñòP>R³|�~G?EDGF�Î�D�Î�<>FqC}HLDGF�C c ,�R³=�ÿ´P{HIC���=�D gn ◦ fnÎ�<>F�� DG?}M DN� DG?E� g∞ ◦ f∞ = h∞

<>F-R@~�R³=@HICA��=�D lsn(c) −→ 0
Í

Õ�P{F���JLD.Î�P>�<4��Ò���=@HIC}CED�÷ÆDõÚ�C}?QP{HI?ED�=@F�D.�E<>=��ÀÂo�}=@HICEDOÒ i(c, λn) = 0 ;!<>=@?�CE<>=@C n Ò³P{JL<>?E�©R0ñòP{;@?Eø���Wûú<qïÆÒ



ü DG�Y��D�� ì XoÒ c D��}C©=@F�D.ÿ�DG=@HIJIJLD�R@D λ R@<>F�CKJLD�;!<>HLR@�©�OP{=@C π Í) FqCE~G?ED��Q�E<>F��ÀÂ´F�<>=��5÷/J´ñòP{=@C}?ED`Î�P>��DGC�ÎE|�<>HL�}HL�E�Q<>F��Y=@F�Dþ�}=@HICEDþDõÚ³C}?QP{HICEDþCEDGJIJLDþ�q=�D i(c, λn) > 0 ;!<>=@?CE<>=@C n Í ù�<>HIC η > 0 =@F ?E~�DGJ©CEDGJA��=�D π − η ≤ w(c)
Í�ü P[Î�<>=@?}B!D c D��}C�Î�<>F�CEDGFq=�D¦R�P{F��YJLDþB!<>?ER¸R@DR@DG=³Ú/�E=@?Àÿ�P>Î�D��Aÿ%DG?}��~�D�� F 1 DGC F 2 ⊂ ∂M %~G� DGFqC}=�DGJIJLDG��DGF�C^Î�<>F³ÿ%<>F�R³=�D�� � ��=@HÐ�QP{C}HL�Àÿ�<>FqC�JLD��ÔÎ�<>F�R³HIC}HL<>F���}=@HI�OP{FqCED��~d c ⊂ int(F 1 ∪ F 2) DGC.<>=WB@HLDGF/HIJÐDõÚ�HL�ECED^=@F�D�Î�<>�Y;!<O�QP{FqCED λ1 R@D λ CEDGJIJLDÆ�q=�D F 1 = S̄(λ1)<>=kB@HLDGF F 1 D��}C�=@Fk;�P{FqCQP{JL<>F CEDGJK��=�D int(F 1) ∩ |λ| = ∅ %DGCYHIJ©DGF D��}CYR@Dô��öG��D2;!<>=@? F 2 � Í-a <>=��P{JIJL<>F��Ô�EDG=@JLDG��DGFqC�C}?QP{HICEDG?AJLDóÎ�P>�A<4� F 1 DGC F 2 �E<>F�CÔR³HL�}C}HIF�ÎGCED���Ò�J´ñòP{=@C}?ED^Î�P>�Ô�ED�?E~��E<>=�R¦P�� D�ÎNJLD��A��öG��D��

P{?}MO=@��DGF�CE� Í
ù�<>HLDGF�C ej, η

4
⊂ F j =@F�D�Î�<>=@?}B�DY�}HI�Y;@JLD�CEDGJIJLD��q=�D i(λ, ej, η

4
) ≤ η

4
DGCN�q=�D ej, η

4

F�ñûD��}C�;�P>��JIHIB@?EDG��DGF�C
|�<>��<>CE<>;!DY÷ c DGC k =@F P{?EÎ��}HI�Y;@JLDÔðÀ<>HIMOF�P{F�C e1, η

2

÷ e2, η
2

HIFqCEDG?E�QD�ÎGCQP{FqC c DGFW=@F[�EDG=@JÐ;!<>HIFqC�DGCÔCEDGJ���=�D
∫

k
d(λ− c) ≤ η

4
, F�<>CE<>F�� d JsPNM ~�<�R@~��EHL�q=�DÔ�}HI�Y;@JLDA|�<>��<>CE<>;!D.÷ e1, η

2
∗k ∗ e−1

2, η
2
∗k−1

Í � DGC}CEDAM ~�<�R@~��}HL��=�D
d HIFqCEDG?E�ED�ÎGCED c DGF¦R@DG=³Ú`;�<>HIF�CE�ÔDGC�� ~G?}H`��D i(d, λ − c) ≤ η ,�<>FWP�R@<>F�Î i(d, λ) ≤ 2π − η

Í � <>F��}HLR@~G?E<>F��
=@F/;�<>HIF�C x1

n
Ü?ED��};!D�ÎGC}HI� DG��DGFqC x2

n � R@D d ∩ F 1 − λn
Ü?ED��};!D�ÎGC}HI� DG��DGFqC d ∩ F 2 − λn � ��=@H:P{;@;�P{?}C}HLDGFqC�÷JsPó;�P{?}C}HLD�~G;�P{HL�E�ED.R@D (F 1, sn)

Ü?ED��};!D�ÎGC}HI� DG��DGFqC (F 2, sn) � Í � |�<>HL�EHL�E�E<>F��Î�D�� xjn R@DAÿ´P4��<>Fþ�q=�ñûDGFþF�<>CQP{F�C
k1
n
DGC k2

n
JLD���Î�<>�Y;�<O� P{FqCED���Î�<>F@F�DõÚ@D��YR@D d − {x1

n, x
2
n} <>F¸P{HIC ∫

k
j
n
dλ −→ i(d,λ)

2

Í ù�<>HIC yjn ⊂ kjn
=@F

;!<>HIFqCÔCEDGJ��q=�D^�}H κjn D��}CKJLDN�Q<>=��ÀÂ®P{?EÎNR@D kjn ?EDGJIHsP{F�C x1
n
DGC yjn %Îõÿ Í ��MO=@?ED�' Í � � Ò�P{JL<>?E� ∫

κ
j
n
dλn −→ i(d,λ)

4

Í
ü ñûDõÚ³HL�}CEDGF�Î�D�R0ñ =@F�CEDGJq;!<>HIFqC�D��}C�MqP{?QP{F�C}HLD�;�P{?�JLD�ÿ�P{HIC:�q=�D�R�P{F��:=@F^� <>HL�}HIF�P{M D V(c) R@D c Ò λn∩V(c) D��}C�=@F�Dÿ´P{�YHIJIJLD�R0ñòP{?EÎ��;�P{?QP{JIJLøGJLD��A��=@H!;�<>?}CEDGF�C©=@F�D.;�DGC}HICED.��D��}=@?ED�Ü;@=@HL�E��=�D i(λn, c) −→ 0 Ò@P2.�?}��P{C}HL<>F+' Í ' Í � �DGC��};@HI?QP{JLDGFqC�B�D�P{=�Î�<>=@;¦JLDNJL<>F@MôR@D c Ü� <>HI?ÔJsPY;@?EDG=@� DÆR³=-JLDG�Y��Dó� Í ' Í ��;!<>=@?A;@JI=��ÔR@DóR@~GCQP{HIJL� � ÍPa <>CE<>F��
κ3
n
DGC κ4

n
JLD��.P{?EÎ��.��=@H�ð}<>HIMOF�DGFqC x2

n
÷ y2

n
DGC x2

n
÷ y1

n

Í�z P{HIFqCEDGF�P{F�C�Ò�<>F[P ∫

κ
j
n
dλn −→ i(d,λ)

4 ≤ π
2 −

η
4

κ1
n κ4

nκ2
n κ3

n

x1
n

x2
n

y1
n

y2
n

λn

Ý �Üß�ÞP' Í � } Õ�~�Î�<>=@;�P{M DóR@D c
;!<>=@?KCE<>=@C j ∈ {1, 2, 3, 4} Í Ã�<>=@? j ∈ {1, 2, 3, 4} Ò0Î�<>F��EHLR@DG?E<>F��K=@F`?EDGJLDG� ~ κ̃jn ⊂ C(ρn) ⊂ H3 R@D κjn CEDGJ��=�D ⋃

j κ̃
j
n
D��}CKÎ�<>F@F�DõÚ@DNDGCKF�<>CE<>F�� d̃jn ⊂ H3 J´ñòP{?EÎ�M ~�<�R@~��}HL�q=�D^�q=@H³ð}<>HIFqCKJLD��ADõÚ�C}?E~G�YHICE~��ÔR@D κ̃jn Íù�ñ HIJóDõÚ�HL�}CED j0 CEDGJ^�q=�D lsn(κj0n ) D��ECþB�<>?}F�~yP{JL<>?E� κj0n D��}C`DGFqC}HLøG?EDG��DGF�C¦Î�<>F�CEDGFq=çR�P{F��þJsPU;�P{?}C}HLD

~G;�P{HL�E�QD�R@D (F 1 ∪F 2, sn)
Í � <>�Y��D fn(F 1) DGC fn(F 2) Î�<>F�� DG?}M DGFqCK� DG?E�©R@D��©�E=@?Àÿ�P>Î�D���;@JIHL�E�E~�D��©R@<>F�CJLD��JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D��0��D��E=@?E~�D���R@D�;@JIHL�E� P{M D��E<>FqC λ∩F j Ò�P{JL<>?E� limn−→∞

∫

κ
j0
n
dλn ≤ i(d, λ−c) ≤ η

Í
Ù�FW<>=@C}?EDOÒ�<>FWP ∫

κ
j0
n
dλn −→ i(c,λ)

4
Ò�R@<>F�Î i(c, λ) ≤ 4η

Í � <>�Y��D d HIF�CEDG?E�ED�ÎGCED c C}?QP{F��}� DG?E�QP{JLDG��DGF�CNDGCÎ�<>�Y��D lsn(c) → 0 Ò lsn(d) −→ ∞ Í Ù�FW;@?EDGF�P{F�C η < π
8
Ò�<>F[R@~�R³=@HIC.R³=¦JLDG�Y��D�R0ñòP{;@;@?E<�Ú³HI��P{C}HL<>F R@D��

Î�<>=@?}B!D��KJL~GM øG?EDG��DGF�CÔ;@JIHL�E�Q~�D���ÜJLDG�Y��D ÝÆÍ � � ��=�D lσn(d∗) ≥ K4η(lsn(d) + A4η)
Í�Ý HIF��}H lσn(d∗) −→ ∞ Ò

Î�D���=@H�Î�<>FqC}?ED�R³HICÔJsP�Î�<>Fq� DG?}M DGF�Î�D�P{JIM ~GB@?}HL�q=�D^R@D ρn ÍïÔFyPôR@<>F�Î ∀j Ò lsn(κjn) −→ ∞ Í!ü D�JLDG�Y��DYR0ñòP{;@;@?E<�Ú³HI��P{C}HL<>F��ÆR@D����EDGMO��DGFqCE��JL~GM øG?EDG��DGF�C^;@JIHL�E�Q~��
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Í ù�<>HLDGFqC a J´ñû~GJL~G��DGF�C5HIF�R³HI��HL�}HIB@JLD`R@D rn(Γn) ��=@HKJsP{HL�E�ED d∗ HIFq�OP{?}HsP{FqC2DGC
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Í Ù�FêP{;@;@JIHL��=�P{FqCþ=@F�?E~��}=@JICQP{C`ÎGJsP>�E�EHL�q=�D(Ü� <>HI?
W ïÔC�'�X�;�P{?�DõÚ@DG�Y;@JLD � <>F[DGF R@~�R³=@HIC ∃K ′ CEDGJ��q=�D lσn(d̃n/a) ≤ K ′lσn(d∗)

Í ïÔF[<>B@C}HLDGFqCóP{HIF��EH lsn(d) ≤
Klσn(d̃n/a) ≤ KK ′lσn(d∗)

Í � <>�Y��D lsn(d) −→ ∞ Ò0Î�D�R@DG?}F@HLDG?ó?E~��}=@JICQP{CóÎ�<>F�C}?ED�R³HICóJsP`Î�<>Fq� DG?}M DGF�Î�D
P{JIM ~GB@?}HL��=�DNR@D (σn)

Í
ïÔF2DGF5Î�<>F�ÎGJI=@C©��=�DKJsPNJsP{�YHIF�P{C}HL<>FôM ~�<�R@~��}HL��=�DA��D��E=@?E~�DÔR@DÔ;@JIHL�E�QP{M DÔR@D σ∞ D��}C�JLDK?EDG;@?E~��EDGF�CQP{FqCKR@D

λ̇ Î�<>FqCEDGFq=WR�P{F�� P(M) DGC©JsP�;@?E<>;!<O�}HIC}HL<>F+' Í '�D��}C©;@?E<>=@� ~�D Í
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;!<>=@?�P{B@?E~GM DG?�JLDG=@?E��E<>=�
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JL~GM øG?EDG��DGF�C©C}?E<>�Y;�~.P{=ôR@~G;�P{?}C©DGC�q=�ñûDGF2Î�<>F��E~���=�DGF�Î�DAHIJL�~GCQP{HLDGF�CÎ�<>�Y;@JLøGCEDG��DGF�C©;�DG?ER³=�� Í�ü PÆ�}=@HICEDÔD��}C
�EDG�óB@JsP{B@JLDó÷�Î�DGJIJLDNR³=`Î�<>F�CEDN<>?}HIMOHIF�P{J´Ò�?EDGJIHL�QD9f^Î�DGC}CED,s.=@��?ED^�}=@;�DG?}B!DOÒ{ð}D.� <>=��AP{?}?EöGCEDG?QP{H:P{=þ��<>��DGF�CÔ<4�
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ù�<>HIC (σn)
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��=@H0;�<>?}CED^�}=@?©JLD��©JL<>F@MO=�DG=@?E� lσn(λn)

R@D��©JIHLDG=³Ú`R@D.;@JIHL�E� P{M D�� λn Í

W���� ���©Q!%� 	(�.	0�.�1P+'.SQ!�!0�.³+'0�N	QT�!&M&$��(�0
æy�]�!�!� ò �QÁ��JÁP� � ET5wA�O�8 M K]OcA /21T3@57698:6 U�E4r�?�1sUD8:A ;>=@?BA�3DCFE4GH5JINKBA S]A ST5�r�A�OBM�5JETO   A98
λ̇ ∈ P+(M)/R KeOcA�UNG`1�M@MNA�S>AqG`14r~5QO�1T8J5wE4OBMzv>6FEDS]6@M@5wI9K	A@M�r�A@M�K]3�6�A@M « M@Ki?s?�E�MNE4OBM�I9K©¥ 5QGAFp45�M�8:A�KeOcA�M@Ke5Q8:AS>A�r~KeGH8J5Q¹�U�ETK]3DC�A@M\?�E4O�S>693F6�A�M λn 8:A9G�GVA@M�I9K	A~¦§ ?�E4Ke3q87E4K�8 n � λn A@M98©GR1YGR14r~5�Oc1T8J5JETOLv>6FEDS]6@M@5wI9K	A�r�A@M@Ke3F6�A~S>Ao?cG�5�M�MN1Dv>A�S*¥ KeOcAqr�698J3@5wI9K	A[v>6FE4r�698J3�5�¹I9K	A�r�A�OP8�x©O	57A σn «§ GRA�MqUNG`1�M@MNA@M�S]AqGR14r~5QO�1T8J5wE4OBMzv>6FEDS>6�M@5wI9KBA�M�r�A@M�K]3�6�A@M λ̇n U�E4O	/4A�3Jv]A�OP8�/�A93�M λ̇ Ss14O	M ML(∂M)/R £º GRE43@M�GVA@MqGRE4O]v4K	A�Ke3�M lσn(λn)

M9E4O�8©rY1|°NE43F6�A@MN£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F��.�q=�DÆÎ�D^F�ñûD��ECÔ;�P>��JLD�Î�P>�g,�R0ñòP{;@?Eø���Wûú<qï�XÐHIJÐDõÚ�HL�}CEDó=@F�DÆ�}=@HICEDóR@D�R³HL�E��=�D��
D��E�QDGFqC}HLDGJL� Dn

CEDGJL�N�q=�D i(∂Dn, λn) −→ 2π
Í � <>F��}HLR@~G?E<>F��^=@F�DY�}=@HICEDYDõÚ�C}?QP{HICED�CEDGJIJLD��q=�D ∂Dn

DGC |λn|Î�<>F�� DG?}M DGFqC©M ~�<>��~GC}?}HL��=�DG��DGFqC©� DG?E��R@D���JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D�� N DGC L Í Õ�ñòP{;@?Eø���JLDAÎG?}HICEøG?ED.R@D � P>�ÀÂ�E<>F�J�|�~�<>?EøG��D^� Í � � Ò N Î�<>FqC}HLDGF�C�=@F�D�ÿ�DG=@HIJIJLD©|�<>��<�ÎGJIHIF@HL�q=�D d %~G� DGFqC}=�DGJIJLDG��DGFqC©Î�<>�Y;�P>ÎGCED � Í z <>FqC}?E<>F����=�D i(d, λ′) ≤ 2π Ò�JsP�Î�<>F�R³HIC}HL<>F c1) F�<>=��Kÿ�<>=@?}F@HI?QP�JsP�Î�<>FqC}?QP>R³HLÎGC}HL<>F D��};!~G?E~�D Í ù�<>HIC k =@F[P{?EÎ^R@D d CEDGJ��=�D ∂k ∩ L = ∅ ,:;�<>=@? n P>�Q�ED9f5MO?QP{F�R0Ò ∂k ∈ ∂M − λn
DGC Dn

Î�<>FqC}HLDGFqCY=@F P{?EÎ kn ;@?E<�ÎE|�D2R@D k ÒCEDGJ���=�D^CE<>=@C.;!<>HIFqC�R@D ∂kn P{;@;�P{?}C}HLDGFqC^÷5JsP5��öG��D�Î�<>�Y;�<O�QP{F�CEDYÎ�<>F@F�DõÚ³D�R@D ∂M − λn
�q=�DÆJLDó;�<>HIF�C

Î�<>?}?ED��};!<>F�R�P{FqCóR@D ∂k Í ïÔFyPþP{JL<>?E� i(k, λn) = i(kn, λn) ≤ i(∂Dn, λn)
Í Õ�ñòP{;@?Eø��NJ´ñòP2.�?}��P{C}HL<>F�' Í ' Í �OÒ

∫

k
dλ′ ≤ lim

∫

kn
dλn ≤ lim i(∂Dn, λn) ≤ 2π

Í Ù�F5Î�<>F��EHLR@~G?QP{FqC�=@F�DA�}=@HICEDÔR@D©CEDGJL��P{?EÎ�� k ��=@H�CEDGF�R�� DG?E�
d Ò@<>F/Î�<>F�ÎGJI=@CA�q=�D ∫

d
dλ′ ≤ 2π

Í � D�ÎGH�Î�<>F�C}?ED�R³HICAJLD�ÿ´P{HICA��=�D λ′ ⊂ P(M) %Î�<>F�R³HIC}HL<>F c1) � Í
a <>=��©P{JIJL<>F��Î�<>F��}C}?}=@HI?ED�JsP^��~GC}?}HL��=�D σ∞ Î�<>�Y��DÔ�OP{JLDG=@?©R0ñòP>R³|�~G?EDGF�Î�D�R@DAJsPó�}=@HICED (σn)

Í�ü Pó;@?E<>;!<{Â
�}HIC}HL<>F��E=@HI�>P{F�CED©�>PÔF�<>=���;!DG?}��DGC}C}?EDKR@D��<>F�C}?EDG?���=�DJsP.�}=@HICED (σn)

P�P{=Y��<>HIF���=@F�D�>P{JLDG=@?�R0ñòP>R³|�~G?EDGF�Î�D
;!<>=@?ÔJsP�CE<>;!<>JL<>MOHLDÆP{JIM ~GB@?}HL��=�D�ÜF�<>=��Ô� DG?}?E<>F���;@JI=���CQP{?ER¦�q=�DÆÎ�DGC}CED^�OP{JLDG=@?.R0ñòP>R³|�~G?EDGF�Î�DYÎ�<>?}?ED��};�<>F�RW÷
=@F�D���~GC}?}HL��=�DN�}=@?©J´ñ HIF�CE~G?}HLDG=@?ÔR@D M � d

�>ñ



Ù ���PÚy�PÛiÀ�ÌiÀQ��Ó ò �JÁP�o� E457A�OP8 M KeOcA�/21T3@57698:6zU�E4r�?�1sUN8:Az;>=@?BA�3DCFE4GH5wI9KBA[S>A\S45QrYA9OBM@5wE4O� �AN8 λ̇ ∈ P+(M)/RKeOcA�U9GR1�M�MDA@M�S]AoG`1Tr�5QO�1T8J5wE4OBMv]6FEDS>6@M�5JINKBA@M�r�A@M�K]3�6�A@M « M�KD?>?�E�M9ETOBM�I9K©¥ 5�GBAFp45�M�8:AoKeOcA�M�K]5J8:A�S>Aor~KeGH8J5Q¹�U�ETK]3DC�A@M?�ETO�S>6�3�6�A@M λn 8:A�GQGRA�M�I9KBA~¦§ ?�E4Ke3q87E4K�8 n � λn A@M98©GR1YGR14r~5�Oc1T8J5JETOLv>6FEDS]6@M@5wI9K	A�r�A@M@Ke3F6�A~S>Ao?cG�5�M�MN1Dv>A�S*¥ KeOcAqr�698J3@5wI9K	A[v>6FE4r�698J3�5�¹I9K	A�r�A�OP8�x©O	57A σn «§ GRA�MqUNG`1�M@MNA@M�S]AqGR14r~5QO�1T8J5wE4OBMzv>6FEDS>6�M@5wI9KBA�M�r�A@M�K]3�6�A@M λ̇n U�E4O	/4A�3Jv]A�OP8�/�A93�M λ̇ £º GRE43@MqINK]5J8w8:A�ª^A�pT8J3|1T5�3�A@��GR1YM@Ke5Q8:A σn U�ETO	/�A�3wv>A�14G�v>6DC93@5wI9K	A�r�A�OP8:£

»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=���P{JIJL<>F�����<>FqC}?EDG?�JsPÔ;@?E<>;!<O�}HIC}HL<>FY� Í �;�P{?�J´ñòP{B��}=@?ER@D Í ù�=@;@;!<O�E<>F�����=�ñòP{=�ÎG=@F�D©�}=@HICED
DõÚ³C}?QP{HICEDóR@D (σn)

F�DÆÎ�<>Fq� DG?}M D�P{JIM ~GB@?}HL��=�DG��DGFqCg,0R0ñòP{;@?Eø���JsP�C}|�~�<>?}HLDÆR@~G� DGJL<>;@;!~�DÆ;�P{? � =@JIJLDG?�Ò z <>?}MqP{F
DGCKù�|�P{JLDGF0%Îõÿ Í W z <qù���X � Ò��q=@HIC}CED.÷óDõÚ�C}?QP{HI?EDOÒ σn CEDGF�R5� DG?E��=@F�D.P>ÎGC}HL<>F2�YHIF@HI��P{JLD�÷�;!DGC}HICE���ECQP{B@HIJIHL�QP{CEDG=@?E�R0ñòP{?EöGCED��KR@D π1(M) �}=@?©=@F-P{?}B@?ED�?E~�DGJ A Í � DGC}CEDNP>ÎGC}HL<>F/PÆJsPÆ;@?E<>;@?}HL~GCE~ó�}=@HI�>P{F�CED�d@�}H c D��}C=@F-~GJL~G��DGFqCR@D π1(M) ��=@H�F�D~�@Ú@D5P{=�ÎG=@F7;�<>HIF�CóR@D A DGC c∗ ⊂ M D��}CNJsPþM ~�<�R@~��}HL��=�DY;!<>=@?^JsP2��~GC}?}HL��=�D σn ��=@H?EDG;@?E~��EDGF�CED c Ò�P{JL<>?E�KJsP��}=@HICED (lσn(c∗)) F�ñûD��ECK;�P>�©��P¼ð}<>?E~�D Íü P/�QD�ÎGC}HL<>Fk�E=@HI�>P{F�CED5�OP-F�<>=��ÆDGF¸R³HI?ED5=@Fk;�DG=U;@JI=����}=@?�JLD��ó?EDGJsP{C}HL<>F��YDGF�C}?EDô=@F�D5CEDGJIJLDþP>ÎGC}HL<>F¸DGC
λ̇ ∈ P+(M)/R Í

W��?> ¨P*���Q!�!&$�#"$�!%� S+'0LQ!�����! '�O"$�!%� 	&)(�*�%,+	*�&M�!-/.	0�&|+'�� '&).	 ´��1$K	1v0R12*�0�Q
Õ�P{F��YÎ�DGC}CEDþ�ED�ÎGC}HL<>F�ÒÐF�<>=��5P{JIJL<>F��YC}?QP{HICEDG?�R@D2?E~�P{JIHL�QP{C}HL<>F���R@DôJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��YR�P{F��Y=@F

P{?}B@?ED�?E~�DGJ��}=@?©JLD��q=�DGJ π1(M) P{MOHICK�YHIF@HI��P{JLDG��DGF�C Í
Ñ �>Ò&Ó¼À�ÌiÀQ��Óy� ù�<>HIC π1(M) × A → A =@F�D2P>ÎGC}HL<>Fk�YHIF@HI��P{JLD`÷`;!DGC}HICE���}CQP{B@HIJIHL�QP{CEDG=@?E�YR0ñòP{?EöGCED��YR@D

π1(M) �}=@?�=@FôP{?}B@?EDÔ?E~�DGJ A , =@F�DAJsP{�YHIF�P{C}HL<>F2M ~�<�R@~��}HL��=�D L ∈ L(∂M) D��}C\3�6F14GH5�MD6�A�Ss1TOBM A ��ñ HIJ�DõÚ�HL�ECED
=@F�D2P{;@;@JIHLÎ�P{C}HL<>F π1(M) Âo~���=@HI�>P{?}HsP{F�CEDþR@D L R�P{F�� A R@<>FqCÆJsP`?ED��EC}?}HLÎGC}HL<>F¸÷/ÎE|�P>��=�D�ÿ%DG=@HIJIJLDôR@D L D��}C
HIF>ð}D�ÎGC}HI� D Í

a <>=���P{JIJL<>F��.CE<>=@C�R0ñòP{B�<>?ERW��<>F�C}?EDG?�JLDó?E~��E=@JICQP{C.�E=@HI�>P{F�C�;@=@HL�.F�<>=��.DGF[R@<>F@F�DG?E<>F���=@FW� DG?E�}HL<>FW=@F
;!DG=þ;@JI=��©M ~GF�~G?QP{JLD^��=@H0F�<>=��K;!DG?}��DGC}C}?QPYR@D���<>F�C}?EDG?AJsPÆ;@?E<>;!<O�}HIC}HL<>F`� Í � Í
Ù ���PÚy�PÛiÀ�ÌiÀQ��Ó ò ��ÜÊ�\� ET5Q8 A KeO�1T3NC�3�Aq3F6�A9Gk� π1(M)×A → A KeOcA�1>UN8J5JETO�r~5�OP5�rY14GVA�ª[?BAN8J5Q8QM�M�871>C�5QGH5�MN14¹
8:A�Ke3@MqS¥ 143!<98:A@M�A98 λ ∈ P(M) KeOcAqG`14r~5QO�1T8J5wE4OLv>6�EDS>6@M�5JI9K	A�r�A@M�K]3�6�A « 1TG`E43@M�14K�rYE45QOBM�KeOcA�U�E4r�?�E�MN14OP8:AU�ETO	OcAFp>A~S]A λ A@M98y3�6F14GH5�MN6�A~Ss1TOBM A £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC S =@F�DAÎ�<>�Y;!<O�QP{FqCED�R@D ∂M ,qJ´ñ HIF�ÎGJI=��}HL<>F i∗ : π1(S) → π1(M) F�<>=���ÿ%<>=@?}F@HIC�=@F�DP>ÎGC}HL<>F2R@D π1(S) �}=@? A Í Õ�ñòP{;@?Eø��[W z <qï\XoÒ�<>F5;!DG=@C�Î�<>F��}C}?}=@HI?ED�=@F�DÔJsP{�YHIF�P{C}HL<>F2M ~�<�R@~��}HL��=�DÔ��D��}=@?E~�D β ÒCEDGJIJLD.��=�ñ HIJ�DõÚ�HL�}CEDÔ=@Fþ��<>?};@|@HL�}��D Φ : Aβ → AS

R@D�J´ñòP{?}B@?ED�R³=�P{J�R@D β R�P{F��JLD��Q<>=��ÀÂ®P{?}B@?ED.�YHIF@HI��P{J�R@D
A HIF��>P{?}HsP{F�CK;�P{?J´ñòP>ÎGC}HL<>F`R@D π1(S)

Í Ã:P{?KÎ�<>F��}C}?}=�ÎGC}HL<>F�Ò�JLD���;!<>HIFqCE�AR@DÔB@?QP{F�ÎQ|�DG��DGFqC�R@D�Î�D���<>?};@|@HL�}��D
�E<>F�CÔJLD���;@?E<{ð}D�ÎGC}HL<>F���R@DóÎ�<>�Y;!<O�QP{F�CED���Î�<>F@F�DõÚ³D��.R@D S − β

Í � <>�Y��DóJ´ñòP>ÎGC}HL<>F[R@D π1(S) �E=@? AS
F�ñûD��}C

;�P>��÷5;�DGC}HICE�.�}CQP{B@HIJIHL� P{CEDG=@?E��R0ñòP{?EöGCED���Ò Φ F�ñûD��}C�;�P>��Ò0P�;@?}HL<>?}H´Ò�=@FWHL�E<>��<>?};@|@HL�E��DYDGCÔHIJ�DõÚ³HL�}CED^;@JI=��EHLDG=@?E�
JsP{�YHIF�P{C}HL<>F�� β P � P{FqC©Î�DGC}CEDÔ;@?E<>;@?}HL~GCE~ Í]a <>=���P{JIJL<>F���Î�<>F��}C}?}=@HI?EDÔ=@F�DKCEDGJIJLDÔJsP{�YHIF�P{C}HL<>F β ��=@H��EDG?QPóP>R�P{;³ÂCE~�D^÷ÆF�<>C}?EDN;@?E<>B@JLøG��D Í

ù�<>HIC (λn)
=@F�D5�E=@HICEDôR@D5�^=@JIC}H ÂoÎ�<>=@?}B!D��Y;!<>F�R@~G?E~�D��Y�q=@HÎ�<>Fq� DG?}M D2� DG?E� λ R�P{F�� ML(M) DGC�CEDGJIJLD��=�D (|λn|) Î�<>F�� DG?}M DAM ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E� |λ| Í Ã�<>=@?�ÎE|�P>��=�DK�YHIF@HI��P{J�DõÚ³Î�DG;@C}HL<>F@F�DGJ λi R@D λ Ò F�<>CE<>F��

S(λi) JsPô�}=@?Àÿ´P>Î�D�DG�^B@?QP>�E�E~�D�;�P{? λi Í ù�<>HIC L JsP5?E~G=@F@HL<>F R@D��Ôÿ%DG=@HIJIJLD���Î�<>�Y;�P>ÎGCED��NR@D λ DGC�R@D���Î�<>�Y;!<{Â�QP{F�CED��.R@D��AB!<>?ER@�ÔD�
0D�ÎGC}H ÿ�� ∂′S̄(λi) R@D����}=@?Àÿ´P>Î�D��ÔDG�óB@?QP>�E�E~�D��.;�P{?ÔJLD��Ô�YHIF@HI��P{=³Ú¦DõÚ³Î�DG;@C}HL<>F@F�DGJL� λi R@D
λ∩∂M Í Ã:<>=@? n P>�Q�ED9fAMO?QP{F�R�;�<>=@?��q=�D |λn| F�ñ HIF�CEDG?E�ED�ÎGCEDÔ;�P>� L C}?QP{F��}� DG?E�QP{JLDG��DGF�C�Ò�~GCEDGF�R@<>F�� |λn| ∪LDGF7=@F�D��ó=@JIC}H ÂoÎ�<>=@?}B�D Ln R@<>F�CóJLD��ÆÎ�<>�Y;�<O� P{FqCED���R³=UÎ�<>�Y;@JL~G��DGF�CQP{HI?EDþ�E<>FqC�R@D��ó;�P{FqCQP{JL<>F�� Í Õ�ñòP{;@?Eø��z <>?}MqP{FôDGC©ïÔCQP{J¼|W z <qï�X � Ò ;!<>=@?ÎE|�P>��=�DÔÎ�<>�Y;!<O�QP{FqCED S R@D ∂M ÒqHIJ�DõÚ�HL�ECEDK=@F�DKJsP{�YHIF�P{C}HL<>F2M ~�<�R@~��}HL��=�D
��D��}=@?E~�D βn ⊂ ML(S) DGC�=@FW��<>?};@|@HL�}��D�~��q=@HI�OP{?}HsP{FqC Φn

R@D�J´ñòP{?}B@?ED�?E~�DGJ Aβn

R³=�P{J�R@D βn R�P{F�� A



CEDGJ©��=�D�;!<>=@?óCE<>=@CEDþÎ�<>�Y;!<O�QP{F�CED ln R@D Ln Ò:JsP-?ED��}C}?}HLÎGC}HL<>F R@D Φn
÷/J´ñòP¼Ú³DôR@D ln D��}CÆ=@F�DôHL�E<>��~GC}?}HLD ÍÓ�P{;@;�DGJL<>F���B@?}HLøG� DG��DGFqCÔÎ�<>�Y��DGFqC©=@F�D�CEDGJIJLD.JsP{�YHIF�P{C}HL<>F βn D��}CÎ�<>F��}C}?}=@HICED�R�P{F���W z <qï�X Í � <>F��EHLR@~G?E<>F��=@F�D.C}?}HsP{F@MO=@JsP{C}HL<>F T R@D S R@<>FqCKJLDN�¼Âo�E��=�DGJLDGC}CED�D��}CKÎ�<>F�CEDGFq=/R�P{F�� Ln DGCKR@<>F�CKJLDY�õÂo�E��=�DGJLDGC}CED�Î�<>FqC}HLDGF�C

Ln
Í ïÔF2Î�<>F��EC}?}=@HIC©=@F�D.P{;@;@JIHLÎ�P{C}HL<>F/~��q=@HI�OP{?}HsP{FqCED φn R³=ô?EDG� öGCEDG��DGFqCK=@F@HI� DG?E�QDGJ H2 R@D S R�P{F�� A R@D�JsP

ÿ´P4��<>F¦�E=@HI�>P{F�CED�d��E<>HIC Ŝ0 ⊂ H2 =@F¦?EDGJLDG� ~�R³=W�¼Âo�Q�q=�DGJLDGC}CED�R@D T ,�ÎE|�P>��=�DÆ;�<>HIF�C x̂ R@D Ŝ0 D��}C.Î�<>FqCEDGF�=
R�P{F��A=@F�DNÎ�<>�Y;�<O� P{FqCED l̂n R@D�JsPY;@?E~GHI��P{M D^R@D Ln ∩ S R�P{F�� H2 Í ïÔF-ÎQ|�<>HL�}HICA;!<>=@? φn(x̂) ⊂ A <>=`B@HLDGF
=@FU;�<>HIF�CÆR@D5J´ñòP¼Ú@D�R@D i∗(ln) <>=UB@HLDGF7=@FU;�<>HIF�C��@Ú@DôR@D i∗(ln) Í ïÔFUR@~���F@HICYDGF��}=@HICED φn �}=@?óCE<>=@CED5JsP;@?E~GHI��P{M D�R@D S0 ;�P{?©~���=@HI�>P{?}HsP{F�Î�D.;@=@HL�©<>F2JsPÆ;@?E<>JL<>F@M D��}=@?JLD��õÂo�E��=�DGJLDGC}CED�DGCDGF���Fþ�}=@?JLD��¼Âo�E��=�DGJLDGC}CED
DGFW=@F�D�P{;@;@JIHLÎ�P{C}HL<>F φn ~���=@HI�>P{?}HsP{F�CEDOÒ!C}?QP{F��}� DG?E�ED�÷5=@F�D�JsP{�YHIF�P{C}HL<>F[��D��}=@?E~�D βn Í � DGC}CEDYP{;@;@JIHLÎ�P{C}HL<>F
φn

ÿ�<>=@?}F@HICY=@F�D`P{;@;@JIHLÎ�P{C}HL<>F Φn
R@D2J´ñòP{?}B@?ED Aβn

R³=�P{JKR@D βn R�P{F�� A ÍÐÝ � D�Î2Î�DGC}CED`Î�<>F��EC}?}=�ÎGC}HL<>F�Ò��}H
δA(ln) > 0 Ò�P{JL<>?E�NJsPô?ED��EC}?}HLÎGC}HL<>F7R@D Φn

÷2J´ñòP¼Ú@DYR@D ln D��}C�=@F�D�HL�E<>��~GC}?}HLD�DGC^�Q<>F[HI��P{M D�D��}C�J´ñòP¼Ú@D�R@D
i∗(ln)

R�P{F�� A Ò¼CQP{F�R³HL�Ð�q=�D�}H δA(ln) = 0 Ò i(ln, βn) = 0
Í ù�<>HIC λi =@FÆ�YHIF@HI��P{J@DõÚ@Î�DG;@C}HL<>F@F�DGJ�R@D λ CEDGJ���=�D

i∗(π1(S(λi))) PY=@F¦;�<>HIF�C��@Ú@DNMOJL<>B�P{J X R�P{F�� A ,�R�P{F���JsP�Î�<>F��}C}?}=�ÎGC}HL<>F[R@D φn ;@?EDGF�<>F�� φn(x̂) = X;!<>=@?CE<>=@C x̂ R�P{F��JLD.?EDGJLDG� ~�R@D S(λi) ��=@H!HIFqCEDG?E�ED�ÎGCED Ŝ0 Í ïÔF`Î�<>F��}C}?}=@HICAP{HIF��}H0=@F�D.JsP{�YHIF�P{C}HL<>F βn CEDGJIJLD��=�D�}H i∗(π1(S(λi))) PÔ=@F�;�<>HIF�C&�@Ú³D�MOJL<>B�P{J�R�P{F�� A ÒOP{JL<>?E� βn∩S(λi) = ∅ ÜH Í D Í βn∩S̄(λi) ⊂ ∂′S̄(λi) � Í� P{HL�Q<>F��JsP^��öG��D.Î�<>F��}C}?}=�ÎGC}HL<>Fþ;!<>=@?©ÎE|�P>��=�D�Î�<>�Y;�<O� P{FqCED�R@D ∂M DGCF�<>CE<>F��©DGF�Î�<>?ED βn ⊂ML(∂M)JsP�JsP{�YHIF�P{C}HL<>F5M ~�<�R@~��}HL��=�D©��D��}=@?E~�D©<>B@CEDGF�=�D Í�c =@HIC}CEDÔ÷.DõÚ�C}?QP{HI?EDOÒ <>FY;!DG=@C��}=@;@;!<O�EDG?���=�DJsP.�}=@HICED (|βn|)Î�<>F�� DG?}M DNM ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E�©=@F�D�JsP{�YHIF�P{C}HL<>F-M ~�<�R@~��}HL��=�D B Ía <>=���P{JIJL<>F���CE<>=@C�R0ñòP{B�<>?ER���<>FqC}?EDG?���=�D B HIFqCEDG?E�ED�ÎGCED |λ| C}?QP{F��}� DG?E�QP{JLDG��DGF�C Í � D�ÎGH�F�<>=���;�DG?}��DGC}C}?QPR0ñ =@C}HIJIHL�EDG?ôÎ�<>�Y��D-R�P{F��+W��.Juù]XA=@F&P{?}MO=@��DGF�CôR@Dþ?E~�P{JIHL� P{C}HL<>F&R@Dþ?E~��ED�P{=³Ú¸ÿ�DG?}?E<���HsP{HI?ED���;!<>=@?���<>F�C}?EDG?
��=�ñòP{=þ��<>HIF��K=@F�DNÎ�<>�Y;!<O�QP{F�CED^R@D λ D��EC©?E~�P{JIHL�E~�DNR�P{F�� A Í
æy�]�!�!� ò �VÜÊ�JÁP��Â 1�GR14r~5�O�1s8J5JE4O^v>6FEDS]6@M@5wI9K	A B 5QOP8:A�3@MNAFUN8:A |λ| 8J3F14OBM�/�A�3@M914GVA�r�A�OP8:£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=��KJ´ñòP{JIJL<>F��AR@~G��<>F�C}?EDG?Ô;�P{?ÔJ´ñòP{B��}=@?ER@D Í ù�=@;@;!<O�E<>F��ÔR@<>F�Î^��=�D |λ| F�ñ HIF�CEDG?E�ED�ÎGCED^;�P>�
B C}?QP{F��}� DG?E�QP{JLDG��DGF�C Í

ù�H B D��}C�=@F�DA�^=@JIC}H ÂoÎ�<>=@?}B!DOÒ@P{JL<>?E��Òq;!<>=@? n P>�E�ED9fAMO?QP{F�R0Ò |βn| = B DGC βn F�ñ HIFqCEDG?E�ED�ÎGCED�;�P>� λ C}?QP{F��ÀÂ� DG?E�QP{JLDG��DGF�C Í�) J�R@~�Î�<>=@JLDóP{JL<>?E�ÔR@D��AÎ�<>F�R³HIC}HL<>F�� b) DGC c) �q=�ñ =@F-� <>HL�}HIF�P{M DóP{F@F�=@JsP{HI?EDóR@D βn F�DNÎ�<>FqC}HLDGF�CF@H�R³HL�E�q=�D��iÒ0F@H�P{F@F�D�P{=³Ú0Ò�F@H�?}=@B�P{F��óR@D z+µ B@HI=��óD��E�EDGFqC}HLDGJL� Í Õ�ñòP{;@?Eø���W z <qù³�³Ò�Î�<>?E<>JIJsP{HI?ED ) �í� Í '2XoÒ�Î�D�ÎGH
DGF�C}?QP2¯LF�DN�q=�D�J´ñòP>ÎGC}HL<>F-R@D π1(M) JsP{HL�E�ED�=@Fþ;!<>HIFqCKR@D A HIF��>P{?}HsP{F�CADGCAP^ÿ%<>?}C}HL<>?}H���=�D A F�ñûD��}C;�P>��YHIF@H Â
��P{J Í� <>F��EHLR@~G?E<>F��óDGF��}=@HICED�JLD�Î�P>�^<4� B F�ñûD��}CN;�P>�^=@F�DY�^=@JIC}H ÂoÎ�<>=@?}B!D Í:Ý �OP{FqC^R0ñû~GCQP{B@JIHI?Æ�q=�D B D��ECóP{F³Â
F�=@JsP{HI?EDOÒ�F�<>=���P{JIJL<>F��^��<>F�C}?EDG?Y�q=�DY;!<>=@?óÎQ|�P>�q=�DôÎ�<>�Y;!<O�QP{FqCEDôÎ�<>F@F�DõÚ³D Bi R@D B �q=@H�F�ñûD��}C^;�P>�ó=@F�D
Î�<>=@?}B!DN�}HI�Y;@JLDOÒ S(Bi) D��}C©HIF�Î�<>�Y;@?ED��E�}HIB@JLDóDGCKDGF-R@~�R³=@HI?EDN��=�D�JsP��}=@HICED (βn)

D��}CKÎ�<>F��ECQP{FqCED Í
�54m�4��²�ÌiÀQ��Ó ò ��Üu��Üu�[� ET5Q8 Bi KeOcA�U�E4r�?�E�M91TOP8:A�S>A B I9Ke5-Ou¥ A@M98c?�1�M�KeOcA�U�E4K]3DC�A�M�5�r�?�GVA « 14GRE43�M S(Bi)A@M98©5QO�U�E4r�?�3�A@M@M@57C�GRAi£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F��.�q=�D B ;!<O�E�Eø�R@Dó=@F�DÆÎ�<>�Y;!<O�QP{F�CED Bi �q=@HÐF�ñûD��}C�;�P>��=@F�DÆÎ�<>=@?}B!D��}HI�Y;@JLD
DGC�;!<>=@?�JsP>��=�DGJIJLD S(Bi) D��EC�Î�<>�Y;@?ED��E�}HIB@JLD Í Õ�ñòP{;@?Eø���JLDJLDG�Y��DÔ� Í � Í �³Ò S(Bi) Î�<>FqC}HLDGF�C�=@F�D©�ó=@JIC}H ÂoÎ�<>=@?}B�D
C ;�P{?-?QP{;@;!<>?}CW÷ JsP>�q=�DGJIJLD Bi D��}C/DGF ;�<O�}HIC}HL<>F ;@?E~GCEDGF�R³=�DkDGC-CEDGJIJLDy��=�D C Î�<>FqC}HLDGF�C¦=@F»� � �}CEøG��D
C0

R@D���~G?}HLR³HLDGF���P>R³�YHL�E�EHIB@JLD5;!<>=@? (M,S(Bj))
Í Õ�=7ÿ�P{HIC��q=�D5JsP¦�}=@HICEDôR@D�JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��

(|βn| ∩ S(Bi)) Î�<>Fq� DG?}M D-M ~�<>��~GC}?}HL�q=�DG��DGF�Cô� DG?E� Bi Ò�<>F&R@~�R³=@HIC5��=�Dþ;�<>=@? n �E=�.��QP{�Y��DGFqC5MO?QP{F�R
βn ∩S(Bi) D��}C�DGFô;�<O�EHIC}HL<>F�;@?E~GCEDGF�R³=�D�;�P{?�?QP{;@;!<>?}C©÷ C Í Õ�ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>F � Í � Í ��Ò βn F�D�Î�<>FqC}HLDGF�C;�P>�KR0ñòP{?EÎ��AR@DNÎ�<>�Y;@?ED��E�}HL<>F`� DG?E� C0

Í � D�ÎGH�F�<>=��©;�DG?}��DGCÔR0ñ =@C}HIJIHL�EDG?©JLD�?E~��}=@JICQP{CK�}=@HI�OP{FqC�Ò�R��/÷Y� Í �.JLDGH Â
F�DGHLR�P{� DGCÔ� Í ù�<>=@CE<+|W��.Juù>X � d
Ù ���PÚy�PÛiÀ�ÌiÀQ��Ó ò � ï Ä9ÆRÇ<¿:ÈuÉ�ÏD��� E45Q8 S ⊂ ∂M KeOcA�M�K]3QtN1sU�A�U�E4r�?�3�A@M�M�5wC9GRA@� β ⊂ML(S) KeOcAqG`14r~5QO�1T8J5wE4Ov>6�EDS>6@M�5JI9K	A+r�A@M@Ke3�6�A+8:A�G�GVA+I9K-¥ 5QGzA�p45�M98:A�KeOØrYE43:?P;>5�M@r�A�6�I9K]5Q/2143�5w14OP8 f : Aβ → A £ � ET5Q8 m ⊂ S K]O
r�6�3�5JST5wA�O+8:A�GuINKBA m 5�OP8:A93�MDAFUN8:A β 8J3|14O	M@/�A�3@M91TGRA�r�A�O�8oA98©I9K	A β OcA�U�E4O�8J5wA�O�8c?�1�M�S*¥ 1T3|U�MqS>A�U�E4r�?�3FA�M�M@5wE4O/�A93�M m « 14GRE43@Mq5�GA�p45�M98:A�K]OuA�M�K]5J8:A�S>A�r�6�3@5wS457A�OBM (mp) ⊂ S I9Ke5�U�ETO	/�A�3wv>Aqv]6FE4r�698J3�5JI9K	A�r�A�OP8�/4A�3�M�K]OcA
GR14r~5�Oc1T8J5JETO N I9Ke5©Ou¥ 5�O�8:A�3�MDAFUN8:A�?�1�M |β| 8J3F14OBM@/4A�3�MN14GVA�r�A�OP8:£



»�6�rYE4OBM98J3|1T8J5wE4Oc£AÕ�ñòP{;@?Eø��LW��.Juù>XoÒ��}H β � P{C}HL�Àÿ�P{HIC^JLD��N| � ;!<>C}|�ø��ED��óR@D�Î�DGC}CED�;@?E<>;!<O�}HIC}HL<>F�Ò:P{JL<>?E�^HIJ�DõÚ³HL�}CED
=@F�Dóÿ�DG=@HIJIJLD^|�<>��<�ÎGJIHIF@HL�q=�D l ⊂ S CEDGJIJLD��q=�D l ∪ β D��}C�=@F�DÆJsP{�YHIF�P{C}HL<>F[M ~�<�R@~��EHL�q=�D Íua <>CE<>F�� β′ ⊂ β JsP?E~G=@F@HL<>FUR@D��N�YHIF@HI��P{=³Ú R@D l̄ ,�R0ñòP{;@?Eø��^JsP`Î�<>F��}C}?}=�ÎGC}HL<>F7R@D<W��.JuùeXoÒ β′ D��}CNDGF ;!<O�}HIC}HL<>F ;@?E~GCEDGF�R³=�D5;�P{??QP{;@;!<>?}C�÷ m Í ��<>=>ð}<>=@?E�.R0ñòP{;@?Eø���W��.Juù]XÐÎ�D�ÎGH�DGF�C}?QP2¯LF�DÆ��=�ñ HIJ�DõÚ³HL�}CED^=@F�D^�}=@HICED (mp)

R@DN��~G?}HLR³HLDGF��.R@D S��=@H0� ~G?}H`��DYd
Â (mp)

Î�<>Fq� DG?}M DôM ~�<>��~GC}?}HL��=�DG��DGFqCY� DG?E�Æ=@F�D�JsP{�YHIF�P{C}HL<>FkM ~�<�R@~��}HL��=�D N ��=@H�F�ñ HIFqCEDG?E�QD�ÎGCED5;�P>� lC}?QP{F��}� DG?E� P{JLDG��DGFqCg,
Â�;!<>=@?CE<>=@C�� <>HL�EHIF�P{M D V(l) R@D l Ò�HIJ0DõÚ�HL�}CED p0

CEDGJ���=�DÔ;�<>=@? p ≥ p0
Ò mp

;!DG=@CöGC}?ED�|�<>��<>CE<>;!~�R�P{F��
V(l)

Í
Õ.D�Î�DGC}CEDNR@DG?}F@HLøG?ED^;@?E<>;@?}HL~GCE~^<>F`R@~�R³=@HICA��=�D N ⊂ S(l̄) DGCKJsPÆ;@?EDG�YHLøG?EDN;@?E<>;@?}HL~GCE~^F�<>=��©;!DG?}��DGCAR@DÎ�<>F�ÎGJI=@?EDN��=�D N F�ñ HIFqCEDG?E�ED�ÎGCED^;�P>� β C}?QP{F��}� DG?E� P{JLDG��DGFqC Í
Ù�FyP{;@;@JIHL�q=�P{F�CóÎ�DGC}CEDY;@?E<>;!<O�}HIC}HL<>Fy÷2ÎE|�P>ÎG=@F�D5R@D���JsP{�YHIF�P{C}HL<>F�� βn ∩ S(Bi) Ò0<>F <>B@C}HLDGFqC^;�P{?N=@F�DDõÚ³C}?QP>ÎGC}HL<>F`R³HsP{M <>F�P{JLD�=@F�D.�}=@HICED.R@D���~G?}HLR³HLDGF��KÎ�<>FqCEDGF�=��AR�P{F�� S(Bi) ��=@H0Î�<>Fq� DG?}M D.M ~�<>��~GC}?}HL��=�DG��DGFqC� DG?E��=@F�DóJsP{�YHIF�P{C}HL<>F¦M ~�<�R@~��}HL��=�D N ′ ��=@H�F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� Bi C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í � <>�Y��D λ F�ñ HIF�CEDG?ÀÂ�ED�ÎGCED^;�P>� Bi C}?QP{F��}� DG?E� P{JLDG��DGFqC�Ò0P{JL<>?E� λ ∩ S(Bi) ⊂ Bi DGC N ′ F�ñ HIFqCEDG?E�ED�ÎGCEDÆ;�P>� λ C}?QP{F��}� DG?E�QP{JLDG��DGFqC ÍÕ�ñòP{;@?Eø���JLDþÎG?}HICEøG?EDþR@D � P>�E�E<>F�Ò N ′ Î�<>F�C}HLDGFqC�=@F�D5ÿ�DG=@HIJIJLD2|�<>��<�ÎGJIHIF@HL��=�DOÒ�Î�Dþ��=@HÎ�<>F�C}?ED�R³HIC�JLDôJLDG�Y��D

� Í � Í ' Í
Õ.~�R³=@HL�E<>F��}ÂoDGF �q=�DÆJLDY�}=@;@;!<>?}C�R@D βn D��}C.HIF�R@~G;!DGF�R�P{FqC^R@D n Í ù�<>HIC Bi =@F�DYÎ�<>�Y;!<O�QP{FqCED�Î�<>F@F�DõÚ@D

R@D B ,��}H Bi D��}C�=@F�D2ÿ�DG=@HIJIJLDþÎ�<>�Y;�P>ÎGCEDOÒ�P{JL<>?E��;�<>=@?�CE<>=@C n Ò Bi ⊂ |βn|
Í ù�=@;@;�<O�E<>F���R@<>F�Î`�q=�D Bi

F�ñûD��}C�;�P>�Y=@F�D2ÿ�DG=@HIJIJLD`Î�<>�Y;�P>ÎGCED Í Õ�ñòP{;@?Eø��5Î�Dþ�q=@HK;@?E~�Î�ø�R@DOÒ S(Bi) D��ECYHIF�Î�<>�Y;@?ED��E�}HIB@JLD-,�J´ñòP>ÎGC}HL<>F
R@D
i∗(π1(S(Bi))) �}=@?.�E<>F[�E<>=��ÀÂ®P{?}B@?ED�HIF��>P{?}HsP{F�CN�YHIF@HI��P{J AS(βj) ⊂ A D��}C�R@<>F�Î�÷5;�DGC}HICE���}CQP{B@HIJIHL� P{CEDG=@?E�
R0ñòP{?EöGCED�� Í � <>�Y��D B F�ñ HIF�CEDG?E�ED�ÎGCED`;�P>� ∂′S̄(Bj) Ò�P{JL<>?E�iÒÐ;�<>=@? n P>�E�QD9fþMO?QP{F�R0Ò |βn| F�ñ HIFqCEDG?E�ED�ÎGCED-;�P>�
∂′S̄(Bi)

Í ïÔFWDGFWR@~�R³=@HIC�R0ñ =@F�Dó;�P{?}C���=�D βin = βn ∩ S(Bi) D��}CA=@F�DóJsP{�YHIF�P{C}HL<>FWM ~�<�R@~��}HL��=�Dó��D��}=@?E~�DDGCR0ñòP{=@C}?ED.;�P{?}C©�q=�DOÒ�;�<>=@?©ÎQ|�P>�q=�D.Î�<>�Y;!<O�QP{FqCED�R@D ∂′S̄(Bi) Ò�J´ñòP>ÎGC}HL<>F`R@DÔJ´ñû~GJL~G��DGFqCÔÎ�<>?}?ED��};�<>F�R�P{F�CKR@D
π1(∂M) PÆ=@F`;�<>HIF�Cz�@Ú@D�R�P{F�� AS(Bi)

Í ïÔFþ;!DG=@CAR@<>F�Î^P{;@;@JIHL��=�DG?AJLD�C}|�~�<>?EøG��DóR@Dóù]� <>?QP�W ù]�]X�R0ñòP{;@?Eø��
JLD���=�DGJ�JsP`JsP{�YHIF�P{C}HL<>F7M ~�<�R@~��}HL��=�D���D��}=@?E~�D βin D��}CóR³=�P{JLD5R@D�J´ñòP>ÎGC}HL<>FkR@D π1(S(Bi)) �E=@? AS(Bi)

Í Ù�F
ÿ´P{HL�QP{FqCKÎ�D.?QP{HL�Q<>F@F�DG��DGFqCK;!<>=@?KÎE|�P>��=�DNÎ�<>�Y;!<O�QP{FqCEDNÎ�<>F@F�DõÚ@D�R@D B Ò�<>F`DGFþR@~�R³=@HICA��=�D�JsP��}=@HICED (|βn|)D��}C.Î�<>F��}CQP{F�CED Í�ü P�JsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�D B D��}C�JLD^�E=@;@;�<>?}C.R0ñ =@F�DÆJsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�Dó��D��}=@?E~�D
βn

R@DKÎ�DGC}CED��}=@HICED-,q�^=@F@HL�E�E<>F�� B R@D©JsP���D��E=@?EDAR@D βn DGC�F�<>CE<>F�� β JsP�JsP{�YHIF�P{C}HL<>FôM ~�<�R@~��EHL�q=�DA��D��}=@?E~�D<>B@CEDGF�=�D Í
a <>C}?EDY| � ;!<>C}|�ø��ED�R@D�R@~G;�P{?}CÆD��}C^��=�D B = |β| F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� λ C}?QP{F��}� DG?E�QP{JLDG��DGFqC�Ò:R0ñòP{;@?Eø��NJsPÎ�<>F�R³HIC}HL<>F b1) Î�D�ÎGH�DGF�C}?QP{HIF�D���=�D β F�ñûD��}C�;�P>�óP{F@F�=@JsP{HI?ED Í�ü ñòP2.�?}��P{C}HL<>FU�}=@HI�OP{FqCEDY�OPôF�<>=��.ÿ�<>=@?}F@HI?NJsPÎ�<>F�C}?QP>R³HLÎGC}HL<>F¦��=@H�Î�<>F�ÎGJI=@CKJsP�;@?EDG=@� DNR³=-JLDG�Y��D�� Í � Í �

�54m�4��²�ÌiÀQ��Ó ò ��Üu� ï ��Â 1�G`14r~5QO�1T8J5wE4O�v]6FEDS>6@M�5JINKBA β A@M98o14OPO	K]GR145Q3FAi£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F����q=�D S(β) Î�<>F�C}HLDGFqCN=@F Î�<>=@?}B!DÆ;�P{?QP{B�<>JIHL��=�D d Í Ã:P{?^| � ;�<>C}|�ø��EDOÒ β F�ñ HIF³ÂCEDG?E�ED�ÎGCED^;�P>� λ C}?QP{F��}� DG?E�QP{JLDG��DGF�C�R@<>F�ÎOÒ�R0ñòP{;@?Eø��AJsPYÎ�<>F�R³HIC}HL<>F b1) Ò d F�ñûD��}CK;�P>�AÎ�<>F�CEDGFq=�DÆR�P{F�� β Í ïÔFDGFyR@~�R³=@HICó�q=�D d D��}CNÎ�<>FqCEDGF�=�D5R�P{F��^JsPþ�}=@?Àÿ´P>Î�DYDG�^B@?QP>�E�Q~�D�;�P{?N=@F �YHIF@HI��P{J�DõÚ³Î�DG;@C}HL<>F@F�DGJ βj R@D β Í� <>�Y��D ρn(i∗(d)) D��}C�;�P{?QP{B�<>JIHL��=�DK;!<>=@?�CE<>=@C n ÒOJ´ñòP>ÎGC}HL<>FôR@D i∗(d) PN=@F�;�<>HIF�C©�@Ú@DKR�P{F�� AS(βj)

ÒqR@<>F�Î
βj F�ñ HIF�CEDG?E�ED�ÎGCED2;�P>� d Í Õ.D5J´ñòP2.�?}��P{C}HL<>Fê� Í ' Í '-<>FkR@~�R³=@HICY�q=�D d ⊂ ∂′S̄(βj)

Í ïÔFk<>B@C}HLDGFqC�P{JL<>?E�Æ=@F�D
Î�<>F�C}?QP>R³HLÎGC}HL<>F¦DGF�C}?EDNJsPYÎ�<>F�R³HIC}HL<>F b1) DGCAJ´ñ | � ;�<>C}|�ø��EDó�q=�D λ DGC β F�DN��ñ HIFqCEDG?E�QD�ÎGCEDGFqC�;�P>�KC}?QP{F��}� DG?E�QP{JLDõÂ��DGF�C Í�ü PY�}=@?Àÿ´P>Î�D S(β) F�D�Î�<>F�C}HLDGFqC.R@<>F�Î�;�P>�KR@D�Î�<>=@?}B!D��K;�P{?QP{B!<>JIHL�q=�D�� Í� <>�Y��D S(β) D��}C�HIF�Î�<>�Y;@?ED��E�EHIB@JLDÔDGC�F�DAÎ�<>FqC}HLDGF�C;�P>��R@DÔÎ�<>=@?}B�D���;�P{?QP{B!<>JIHL�q=�D���Ò�<>F�;!DG=@C�Î�<>F��}HLR@~õÂ?EDG?Ð=@F�D©�E<>=��ÀÂ´�OP{?}HL~GCE~©Î�P{?QP>ÎGCE~G?}HL�}C}HL��=�D W ?EDGJsP{C}HI� DK÷ S(β) Ü� <>HI?��ED�ÎGC}HL<>F�� Í � � Í Ã:<>=@?�ÎE|�P>��=�D©Î�<>�Y;!<O�QP{FqCED
Σ R@D ∂M − S(β) Ò i∗(π1(Σ)) Pó=@Fô;!<>HIFqC��@Ú@D.R�P{F�� A Ò�R@<>F�ÎOÒ@R0ñòP{;@?Eø���W��|P��XyÜ� <>HI?KP{=��E�}H-W z <qù³��Ò�C}|�~�<{Â?EøG��D ) � � Í �2X � Ò�<>F-;!DG=@CAHL�E<>CE<>;!DG? W R@DN��P{F@HLøG?EDÆ��=�DNJLD^�E=@;@;�<>?}C�R@D β �E<>HICAÎ�<>FqCEDGF�=[R�P{F�� W ∩ ∂M Í
a <>=��óP{JIJL<>F��^��P{HIFqCEDGF�P{FqC�=@C}HIJIHL�EDG?�Ò�Î�<>�Y��D�R�P{F��LWûú�<qï[XoÒ0JsP`�}C}?}=�ÎGC}=@?ED5R@D W Íga <>=��ó�E<>�Y��D��^R�P{F��^JLD



Î�P>��<4� β F�ñûD��}C.;�P>��=@F�D��^=@JIC}H ÂoÎ�<>=@?}B!DY;�<>F�R@~G?E~�D�R@<>F�Î β Î�<>F�C}HLDGFqCN=@FW�YHIF@HI��P{J�DõÚ@Î�DG;@C}HL<>F@F�DGJ β1 Í!ü D
�}=@;@;!<>?}C |β1| R@DYÎ�D��YHIF@HI��P{J�D��}CNÎ�<>F�CEDGFq=7R�P{F��.JLD�B!<>?ER[R0ñ =@F I Âw��B@?E~ W 1 ⊂ W

Í ù�<>HIC F 1 JsP2�}=@?Àÿ´P>Î�D
R@D�B�P>�EDYR³=0��B@?E~ W 1 DGC q : ∂W 1 → F 1 JsPô;@?E<{ð}D�ÎGC}HL<>F JLD�JL<>F@M-R@D��[��B@?ED�� Í Õ�ñòP{;@?Eø���JLD�C}|�~�<>?EøG��D�R@D
ù]� <>?QP³Ò�;�<>=@?ÆÎE|�P>��=�D5Î�<>�Y;!<O�QP{F�CED Σ R@D W 1 ∩ ∂M Ò Σ ∩ β D��}C^JsP-JsP{�YHIF�P{C}HL<>FkR³=�P{JLD5R@D5J´ñòP>ÎGC}HL<>FUR@D
π1(Σ) �}=@?ó�E<>F7�E<>=��ÀÂ®P{?}B@?ED5HIFq�OP{?}HsP{FqC��YHIF@HI��P{J�R�P{F�� A Í � <>�Y��D5Î�DGC}CEDôP>ÎGC}HL<>FU�QD�ÿ�P>ÎGCE<>?}HL�QD�;�P{?ÆJ´ñòP>ÎõÂC}HL<>F[R@D π1(W

1) = π1(F
1) Ò�HIJ�DõÚ³HL�}CEDÆ=@F�DóJsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�DÆ��D��}=@?E~�D β′ ∈ ML(F 1) CEDGJIJLD���=�D

β ∩W 1 ⊃ q−1(β′)
Í � D�ÎGH�;@?E<>=@� DN��=�D β D��ECAP{F@Fq=@JsP{HI?ED Í

� D�ÎGH�Î�<>F�ÎGJI=@CKJsP�;@?EDG=@� DNR³=`JLDG�Y��DN� Í � Í �
Ã:<>=@?E�}=@HI� <>F��ÔJsPÆ;@?EDG=@� DNR@D�JsPÆ;@?E<>;!<O�}HIC}HL<>F`� Í � Í ù�<>HIC λi =@F�DNÎ�<>�Y;�<O� P{FqCED^Î�<>F@F�DõÚ@D�R@D λ �q=@H0HIF�CEDG?ÀÂ�ED�ÎGCED B C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í Ù�F/�}=@HI�OP{FqC�JsP�Î�<>F��}C}?}=�ÎGC}HL<>FWR@D�W ïÔC�'�Ò�ÎE|�P{;@HIC}?ED�'2XoÒ�<>F/<>B@C}HLDGFqC.=@F/?E~��ED�P{=

ÿ�DG?}?E<���HsP{HI?ED τ i �q=@H0;!<O�E�Eø�R@D.JLD��K;@?E<>;@?}HL~GCE~��A�}=@HI�OP{FqCED���d} τ i ;!<>?}CED λi ,} B D��}C©C}?QP{F��}� DG?E�QD^P{=³Úþ?QP{HIJL�KR@D τ i ,} ÎE|�P>��=�D�B@?QP{F�ÎE|�DóR@D τ i HIF�CEDG?E�ED�ÎGCED B ,
} F�<>CE<>F�� τ̂ JsP5;@?E~GHI��P{M DYR@D τ R�P{F��.JLDÆ?EDG� öGCEDG��DGFqC�=@F@HI� DG?E�QDGJ H2 R@DÆJsP5Î�<>�Y;!<O�QP{F�CEDYÎ�<>F@F�DõÚ³D�R@D
∂M �q=@H�Î�<>FqC}HLDGFqC τ ,��}H b̂1 DGC b̂2 �E<>F�CÔR@D��AB@?QP{F�ÎE|�D���P>R{ð}P>Î�DGF�CED���P{JL<>?E� b̂1 DGC b̂2 HIF�CEDG?E�ED�ÎGCEDGFqC.R@D��ÿ%DG=@HIJIJLD��KR³H`
0~G?EDGFqCED��ÔR@D�JsPÆ;@?E~GHI��P{M D^R@D B Í� <>�Y��D (βn)

Î�<>Fq� DG?}M D/M ~�<>��~GC}?}HL�q=�DG��DGF�C2� DG?E� B P{JL<>?E��Ò�;�<>=@? n P>�Q�ED9f`MO?QP{F�R0Ò τ i �QP{C}HL�Àÿ´P{HIC�JLD����öG��D��^;@?E<>;@?}HL~GCE~��^DGF[?EDG�Y;@JsP4��P{FqC B ;�P{? βn ÍÊa <>CE<>F�� πβn
: H2 → Aβn

JsP2;@?E<{ðÀD�ÎGC}HL<>F7R@~���F@HLD�R�P{F��
JsP5�ED�ÎGC}HL<>F¸� Í �-,!R0ñòP{;@?Eø��.JLD���Î�<>F�R³HIC}HL<>F��^�QP{C}HL�Àÿ´P{HICED��Ô;�P{? τ i Ò πβn

D��}CÔ=@F�D�3�6F14GH5�MN1T8J5wE4O~t91457C�GVA�S>A τ i R�P{F��
Aβn

ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED��q=�D πβn

D��}CÎ�<>F��}CQP{F�CED��}=@?�JLD���C}?QP�� DG?E�ED��KR@D τ i Ò���<>F�<>CE<>F�D�DGC�F�<>F2Î�<>F��ECQP{FqCED��}=@?�ED��?QP{HIJL��Ò@DGCÔ�q=�D.JLD��©HI��P{M D��ÔR@DNR@DG=³Ú2B@?QP{F�ÎE|�D��.P>R{ð}P>Î�DGF�CED��A<>FqCÔR@D��KHIFqCE~G?}HLDG=@?E�ÔR³HL�%ð}<>HIFqCE� Í
ù�<>HIC ln =@F�DÆÎ�<>�Y;!<O�QP{F�CEDÆR@D Ln ∩ S(λi) ,���<>FqC}?E<>F��^�q=�Dó;�<>=@? n P>�E�ED9fÆMO?QP{F�R0Ò i∗(ln) F�ñòP5;�P>�.R@D;!<>HIFqC��@Ú@DYR�P{F�� A Í ù�HIF�<>F�Ò���=@HIC}CED�÷þDõÚ³C}?QP{HI?EDOÒ i∗(ln) Pô=@F ;!<>HIFqC��@Ú@D�R�P{F�� A DGC�Ò0;�P{?^Î�<>F��EC}?}=�ÎGC}HL<>F�Ò

βn
F�ñ HIF�CEDG?E�ED�ÎGCEDA;�P>� ln C}?QP{F��}� DG?E�QP{JLDG��DGF�C Ígc =@HIC}CEDÔ÷NDõÚ³C}?QP{HI?EDOÒ ln Î�<>Fq� DG?}M DÔM ~�<>��~GC}?}HL�q=�DG��DGF�C�� DG?E��=@F�DJsP{�YHIF�P{C}HL<>F&M ~�<�R@~��}HL��=�D L′ ⊂ S(λi) ��=@H©F�ñ HIFqCEDG?E�QD�ÎGCED-;�P>� B C}?QP{F��}� DG?E�QP{JLDG��DGF�C Í ÃÐP{?5Î�<>F��EC}?}=�ÎGC}HL<>F�Ò

i(Ln, λn) = 0 R@<>F�Î L′ F�ñ HIFqCEDG?E�ED�ÎGCEDy;�P>� |λi| C}?QP{F��}� DG?E�QP{JLDG��DGF�C-R0ñû<4� L′ ⊃ |λi| Í©ü D¦ÿ´P{HIC2��=�D L′F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� B C}?QP{F��}� DG?E�QP{JLDG��DGF�CÐÎ�<>F�C}?ED�R³HICÐF�<>C}?ED�ÎE|�<>H Ú^R@D λi �q=@H�HIFqCEDG?E�ED�ÎGCED B C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í
ïÔF7DGFyR@~�R³=@HICó��=�DYJsP2?ED��}C}?}HLÎGC}HL<>FUR@D Φn

÷2J´ñòP¼Ú@D�R@D ln D��}CN=@F�D�HL�E<>��~GC}?}HLD Í Ã:<>=@? n P>�E�QD9fYMO?QP{F�R0Ò
ÎQ|�P>�q=�D^?ED�ÎGCQP{F@MOJLDóR@D τ̂ Î�<>F�C}HLDGFqC�=@F¦P{?EÎNR0ñ =@F/?EDGJLDG� ~^R@D ln Í ÕÔ=`ÿ�P{HICA��=�D�JsP�?ED��}C}?}HLÎGC}HL<>F/R@D Φn

÷�J´ñòP¼Ú@D
R@D ln D��ECK=@F�D�HL�E<>��~GC}?}HLDOÒ�HIJ�R@~�Î�<>=@JLDóP{JL<>?E���q=�D Φn ◦ πβn

D��}CA=@F�D�?E~�P{JIHL�QP{C}HL<>F`ÿ´P{HIB@JLD^R@D τ i R�P{F�� A %Îõÿ Í
W��.Juù]X � Í Õ�ñòP{;@?Eø��LW ïÔC�'�XÎ�DGC}CEDôP{;@;@JIHLÎ�P{C}HL<>F Φn ◦ πβn

;�DG=@CÆöGC}?ED�|�<>��<>CE<>;!~�D2DGFy=@F�D5?E~�P{JIHL�QP{C}HL<>FUR@D λiR�P{F�� A Î�DN��=@H0;�DG?}��DGCAR@D�Î�<>F�ÎGJI=@?ED^JsPÆ;@?EDG=@� DNR@D�JsPÆ;@?E<>;!<O�}HIC}HL<>F-� Í � Í
a <>=���P{=@?E<>F���B!D��E<>HIFÆR0ñ =@F�D� DG?E�EHL<>FÆ=@F�;!DG=�;@JI=��ÐM ~GF�~G?QP{JLD©R@D�JsPÔ;@?E<>;!<O�}HIC}HL<>F�� Í � Í � DGC}CEDM ~GF�~G?QP{JIHL�QP¼Â

C}HL<>Fþ��ñòP{;@;@JIHL��=�D�P{=³Ú5JsP{�YHIF�P{C}HL<>F��K�q=@H!�E<>F�C�?EDGJIHL~�D��©P{=³Ú�JsP{�YHIF�P{C}HL<>F��KM ~�<�R@~��}HL��=�DÔ��D��}=@?E~�D��R@D P+(M)R@D.JsP���P{F@HLøG?ED^�}=@HI�>P{F�CEDYd
Ñ �>Ò&Ó¼À�ÌiÀQ��Óy� ù�<>HIC λ =@F�DþJsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL��=�D2��D��}=@?E~�D-,�=@F�DþJsP{�YHIF�P{C}HL<>F&M ~�<�R@~��EHL�q=�D E D��}C

P{;@;!DGJL~�D�=@F�D�AFp@?�1TOBM@5wE4O R@D λ �}H |λ| ⊂ E DGCN�EH E − |λ| D��}C.JsPô?E~G=@F@HL<>FyR0ñ =@F[F�<>�óB@?ED~��F@H�R@DÆÿ�DG=@HIJIJLD��F�<>F³Â´?E~�ÎG=@?}?EDGF�CED���ÒÎE|�P>ÎG=@F�D¦R@D`Î�D��Yÿ�DG=@HIJIJLD���F�<>F³Â´?E~�ÎG=@?}?EDGF�CED��þ�};@HI?QP{JsP{FqC2R@D���R@DG=³Ú ÎNb>CE~��5P{=@CE<>=@?2R0ñ =@F
��öG��D��YHIF@HI��P{J:DõÚ³Î�DG;@C}HL<>F@F�DGJ�R@D |λ| Í

ü P�;@?EDG=@� DÆR@DNJsP�;@?E<>;�<O�}HIC}HL<>F¦� Í ��;�DG=@C�öGC}?EDó~GCEDGF�R³=�D�P{=³Ú`JsP{�YHIF�P{C}HL<>F��.M ~�<�R@~��EHL�q=�D����q=@H:�E<>FqC�R@D��
DõÚ³;�P{F��}HL<>F��KR@D�JsP{�YHIF�P{C}HL<>F��ÔM ~�<�R@~��}HL�q=�D��K��D��}=@?E~�D��AP{;@;�P{?}CEDGF�P{FqC�÷ P+(M)

Í
¾ ���2�c¿Q¿Q²	ÀQ��� ò ��ÜÊ� ò Ä|è�Å¿Q² Ú¼�2�e´gêc��è¼�Í¿�² Ú���PÚ©��ÛiÀ�ÌiÀQ��Ó ò ��ÜcÏD�L� E457A�OP8 λ ⊂ P+(M) A98 E K]OcA
AFp�?�14OBM�5JE4O(S>A |λ| £ � ET5Q8 π1(M) × A → A KeOcA�1sUN8J5wE4Omr�5QO	5QrY14GRA�ª~?	A98J5Q8QM�M9871>C�5QG�5�M91s8:A�K]3@M�S*¥ 143=<N8:A@MLS>A
π1(M) M�K]3qKeO�143NC93FA�3�6�A�G A « 14GRE43@M�14K�rYE45QOBM�K]OcA�U�ETr\?BE�M914O�8:A�S]A E A@M98©3�6F14GH5�MD6�A�Ss1TOBM A £



»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC (En)
=@F�D-�}=@HICED¦R@D`�ó=@JIC}H ÂoÎ�<>=@?}B�D��þ��=@HÔÎ�<>F�� DG?}M D¦M ~�<>��~GC}?}HL�q=�DG��DGF�C`� DG?E� E ,

Î�<>F��}C}?}=@HL�Q<>F���R@D���JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL�q=�D�����D��}=@?E~�D�� βn R@D©JsP���öG��DK��P{F@HLøG?EDA��=�D©R�P{F���JsP�;@?EDG=@� DAR@DJsPÔ;@?E<>;!<O�}HIC}HL<>F�� Í �A��P{HL��DGF�=@C}HIJIHL�QP{F�C�Î�DGC}CED��^=@JIC}H ÂoÎ�<>=@?}B!D En P{=�JIHLDG=YR@D Ln Í ïÔF�P.P{JL<>?E�Ð=@F���<>?};@|@HL�}��D~���=@HI�>P{?}HsP{F�C Φn : Aβn
→ A CEDGJ���=�DY;�<>=@?�CE<>=@CEDYÿ%DG=@HIJIJLD en R@D En Ò0<>=yB@HLDGF δA(en) = 0 <>=[B@HLDGFyJsP?ED��}C}?}HLÎGC}HL<>F2R@D Φn

÷�J´ñòP¼Ú@DÔR@D en D��}C�=@F�DAHL�E<>��~GC}?}HLD�DGC�q=�DA;�<>=@?�CE<>=@CEDÔÎ�<>�Y;!<O�QP{F�CEDÔÎ�<>F@F�DõÚ@D Ei R@D E Ò�}H i∗(π1(S(Ei))) PÆ=@Fþ;!<>HIFqC\�@Ú³D.MOJL<>B�P{J A Ò�P{JL<>?E� βn ∩ S(λi) = ∅a <>CE<>F�� B JsPþJIHI�YHICEDôR0ñ =@FU�}=@HICED5DõÚ�C}?QP{HICEDôR@D (|βn|) �q=@H�Î�<>Fq� DG?}M DôM ~�<>��~GC}?}HL��=�DG��DGFqCg,�R0ñòP{;@?Eø��ÆJsP;@?EDG=@� D©R@DJsP�;@?E<>;!<O�}HIC}HL<>FY� Í �³Ò B HIF�CEDG?E�ED�ÎGCED λ C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í � <>�Y��D |λ| ⊂ E Ò B HIF�CEDG?E�ED�ÎGCEDAP{=��E�}H
E C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í ù�<>HIC Ei =@F�DÔÎ�<>�Y;�<O�QP{F�CEDÔÎ�<>F@F�DõÚ@DAR@D E ��=@H�HIFqCEDG?E�QD�ÎGCED B C}?QP{F��}� DG?E� P{JLDG��DGFqC Í ù�H
Ei D��}CÐ=@F�D�ÿ%DG=@HIJIJLD©Î�<>�Y;�P>ÎGCEDOÒ>JsPÔ;@?EDG=@� D©�EDÎ�<>F�ÎGJI=@C�R@D�JsPÔ��öG��D�ÿ�P4��<>FY��=�D�JsPA;@?EDG=@� D©R@D�JsPÔ;@?E<>;!<O�}HIC}HL<>F� Í �ÆDGC Ei D��}C?E~�P{JIHL�E~�D.R�P{F�� A Í Õ.P{F��JLD.Î�P>�Î�<>FqC}?QP{HI?EDOÒ Ei D��}CJsP^?E~G=@F@HL<>FþR0ñ =@Fþ�YHIF@HI��P{J�DõÚ@Î�DG;@C}HL<>F@F�DGJ
|λi| DGCNR0ñ =@FyF�<>�^B@?ED���F@H�R@DYÿ%DG=@HIJIJLD���F�<>F³Â´?E~�ÎG=@?}?EDGF�CED����q=@H��};@HI?QP{JLDGF�C^R@D��NR@DG=³Ú ÎNb>CE~��^P{=@CE<>=@?^R@D |λi| Íü P�Î�<>F��EC}?}=�ÎGC}HL<>F-R@D�W ïÔC�'2X�;�DG=@CÀÂoöGC}?ED.=@C}HIJIHL�Q~�DNP{=��E�}H0R�P{F��KÎ�D�Î�P>��Ò³DGJIJLD�ÿ�<>=@?}F@HIC©=@Fþ?E~��ED�P{=2ÿ%DG?}?E<i��HsP{HI?ED τ i��=@H0;�<>?}CED Ei DGCACEDGJ��q=�D πβn

D��}C©=@F�D.?E~�P{JIHL�QP{C}HL<>Fþÿ´P{HIB@JLD�R@D τ R�P{F�� Aβn

Í ù�<>HIC b̂1 DGC b̂2 R@DG=³ÚôB@?QP{F�ÎQ|�D��P>R{ðEP>Î�DGFqCED��óR@D τ̂ i ,0Î�<>�Y��D (En)
Î�<>F�� DG?}M D�� DG?E� E Ò0;!<>=@? n P>�Q�ED9fYMO?QP{F�R0Ò0HIJ�DõÚ³HL�}CED�=@F�D�ÿ�DG=@HIJIJLD ên R@DJ´ñ HI��P{M DÔ?E~�ÎGHI;@?E<���=�D�R@D En ��=@H�D��EC�;!<>?}CE~�DA;�P{? b̂1 DGC�;�P{? b̂2 Í � <>�Y��D�JsP�?ED��}C}?}HLÎGC}HL<>FþR³=5��<>?};@|@HL�}��D Φn÷ πβn

(ên)
D��}C©=@F`HL�E<>��~GC}?}HLDOÒ�<>F`DGF/R@~�R³=@HICA�q=�D Φn ◦ πβn

D��}C©=@Fþ?E~�P{JIHL�QP{C}HL<>F-ÿ�P{HIB@JLD�R@D τ i R�P{F�� A Í Ù�F=@C}HIJIHL�QP{F�CÔ÷�F�<>=@� D�P{=`=@F-?E~��}=@JICQP{CAR@D�W ïÔC�'�XoÒ�<>F`Î�<>F�ÎGJI=@C��q=�D Ei D��ECK?E~�P{JIHL�E~�R�P{F�� A Í
± �]�!²B�2³g´�	� Õ�P{F��ÔJsP�;@?EDG=@� D^R@DóÎ�DNÎ�<>?E<>JIJsP{HI?EDOÒ�F�<>=���P�� <>F��Ô��=/�q=�D�CE<>=@CEDóÎ�<>�Y;�<O� P{FqCEDÆR@D E ��=@H

HIF�CEDG?E�ED�ÎGCED B C}?QP{F��}� DG?E� P{JLDG��DGFqCD��}C�?E~�P{JIHL�E~�DÔR�P{F�� A Í ù�=@;@;!<O�E<>F�����=�D e ⊂ E D��EC�=@F�D©ÿ�DG=@HIJIJLDAÎ�<>�Y;�P>ÎGCED
��=@H�HIF�CEDG?E�ED�ÎGCED B C}?QP{F��}� DG?E�QP{JLDG��DGF�C^DGC.�q=@HÐD��}C.Î�<>FqCEDGFq=�D�R�P{F��ÔJLDóB!<>?ER¦R@DóJsP5�}=@?Àÿ�P>Î�D�DG�óB@?QP>�E�E~�DÆ;�P{?
=@F�DYÎ�<>�Y;!<O�QP{FqCED Ej R@D E Í�Ý JL<>?E� B HIF�CEDG?E�ED�ÎGCED5P{=��Q�}H Ej Ò0R@<>F�Î Ej D��}C�?E~�P{JIHL�E~�R�P{F�� A Í Õ�ñòP{;@?Eø���JsP;@?EDG=@� DNR@D.JsPY;@?E<>;�<O�}HIC}HL<>Fþ� Í �³Ò�P{=þ��<>HIF��K=@F�D�Î�<>�Y;!<O�QP{FqCEDóR@D E HIFqCEDG?E�ED�ÎGCED B C}?QP{F��E� DG?E�QP{JLDG��DGFqC Í ïÔF
DGFôR@~�R³=@HIC���=�ñ HIJ�DõÚ³HL�}CEDK=@F�DÔÎ�<>�Y;�<O� P{FqCED�Î�<>F@F�DõÚ³D�R@D E �q=@H�D��}C�?E~�P{JIHL�Q~�DAR�P{F�� A DGC���=@H�F�ñûD��}C�Î�<>FqCEDGFq=�D
R�P{F��©JLDNB�<>?ERþR0ñòP{=�ÎG=@F�DóR@D��K�}=@?Àÿ´P>Î�D��KDG�^B@?QP>�E�Q~�D��K;�P{?KJLD��©�YHIF@HI��P�DõÚ³Î�DG;@C}HL<>F�DGJL��R@D λ̇ Í �

W��CB µ¶12%ON'120H"$*L0H"|"$%ON�%�Q!%�(��!0���Q!(�*�K	1v�!-/.	0
ÓÔDG� DGF�<>F���÷JsPK�}HIC}=�P{C}HL<>Fó��=@H F�<>=���HIF�CE~G?ED��E�ED�d��q=�P{F�RNJ´ñòP>ÎGC}HL<>FóR@D π1(M) �}=@? A ;@?E<i��HLDGF�C�R0ñ =@F�D��E=@HICED

R@D�?EDG;@?E~��QDGFqCQP{C}HL<>F�� ρn(π1(M)) �q=@H F�ñûD��EC�;�P>��?EDGJsP{C}HI� DG��DGF�C:Î�<>�Y;�P>ÎGCED Í ù�<>HIC sn JsP��~GC}?}HL�q=�D��}=@? ∂χ<0MHIF�R³=@HICED ;�P{? JsP Î�<>�Y;�<O�}HIC}HL<>F R@D J´ñ HIF�ÎGJI=��}HL<>F DGC R0ñ =@F |�<>��~�<>��<>?};@|@HL�E��D
hn : M − (λ

(p)
n ∪ ∂χ=0M) → N(ρn)

P>�E�E<�ÎGHL~`÷ σn Í�ü DþJLDG�Y��D/�}=@HI�>P{F�C���=@HK�EDG?QP[R@~G��<>FqC}?E~/R�P{F��JsP��ED�ÎGC}HL<>F/�}=@HI�>P{F�CEDND��}C©=@F�DN~GCQP{;!D�HI�Y;!<>?}CQP{FqCEDóR�P{F��©JsP�;@?EDG=@� DNR@D.JsP�;@?E<>;!<O�}HIC}HL<>F`� Í � Í
æy�]�!�!� ò � ï �JÁP��� E457A�OP8 (λn) K]OuA�M@Ke5Q8:AzS>AoGR14r~5�O�1s8J5JE4O	Mv>6FEDS>6�M@5wI9KBA�MzrYA�M@Ke3F6�A�M�8:A9G�GVA�I9K	A (λ̇n)

U�ETO	/�A�3wv>A
Ss1TOBM ML(∂M)/R � λ̇ GR1�GH5Qr�5J8:A<S]A (λ̇n)

A98 λ ∈ ML(∂M) KeO¢3�A:?�3�6@MNA9OP8714OP8~S>A λ̇ £�¤@G\AFp45�M�8:A�K]OuAAFp�?�14OBM�5JE4O E ∈ L(∂M) S]A λ 8:A9G�GVA�I9K	A�?�ETK]3�87E4K�8:AqU�ETr\?BE�M914O�8:A Ei S>A E G�¥ K]OcAqS>A@M�S]A�K4p�1?·(3�rY1T8J5JETOBM
M�K]5Q/214OP8:A�M�A@M�8©M91T8J5�M�tN145J8:A�¦
¹�5�¨~5QG*AFp45�M�8:A�KeOcAqM@Ke5Q8:A�S>Aqr�KeG`8J5�¹|U�E4Ke3NC�A�Mz?�E4OcS>6�3�6�A@M γin 8:A9G�GVA�I9KBA (|γin|) U�E4O	/�A�3wv>A�/4A�3�M Ei �©INKBA (γin)U�E4O	/�A93Jv>A+Ss14O	M ML(∂M) /4A�3�M�K]OuALG`14r~5QO�1T8J5wE4O�v>6FEDS>6�M@5wI9KBA<r�A@M@Ke3�6�A^O�ETO�8J3�5Q/D5J1TGRA γi∞ A98�I9K	A

lsn(γin) ≤ lsn(λn) + i(λn, ∂
′S̄(Ei))lsn(∂′S̄(Ei)) «¹�5Q5k¨ Ei A@M�8�K]OuA©tDA�Ke5�GQGVA�U�ETr\?B1sUN8:A�S>A |λ̇| £

ù�<>HIC Ei =@F�D.Î�<>�Y;�<O� P{FqCED�R@D E �q=@H0�QP{C}HL�}ÿ�P2¯LC i) ÎGH ÂoR@D��E�}=��g,�F�<>=��KP{JIJL<>F����<>FqC}?EDG?K��=�D Ei F�ñûD��}C;�P>�
?E~�P{JIHL�E~^R�P{F�� A Í

Õ�ñòP{;@?Eø���W z <qù���XoÒ@;!<>=@? n P>�E�ED9f�MO?QP{F�R0Ò�<>F¦P εnlσn(∂′S̄(Ei)∗) < lA(∂′S̄(Ei)) + 1
Í

a <>CE<>F�� ηn = i(λn, ∂
′S̄(Ei)) ,Î�<>�Y��D |λ̇| ⊂ E Ò�J´ñòP2.�?}��P{C}HL<>F ' Í ' Í �UDGFqC}?QP{HIF�D[��=�D ηn −→ 0

Í
Õ�ñòP{;@?Eø��JLD.JLDG�Y��D�R0ñòP{;@;@?E<�Ú³HI��P{C}HL<>F-R@D��©Î�<>=@?}B!D��©JL~GM øG?EDG��DGFqCA;@JIHL�E�E~�D��qÜJLDG�Y��D Ý � Ò�Î�D�ÎGH!F�<>=��©;!DG?}��DGC



R0ñòP{;@;@?E<�ÎE|�DG? lsn(∂′S̄(Ei)) ;�P{? lσn(∂′S̄(Ei)) Ò�H Í D Í lsn(∂′S̄(Ei)) ≤ Kηn(lσn(∂′S̄(Ei)) + Aηn) P�� D�Î
Kηn −→ 1 DGC Aηn −→ 0

Í ïÔF�DGF�R@~�R³=@HIC���=�D;�<>=@? n P>�E�QD9f©MO?QP{F�R0Ò εnlsn(∂′S̄(Ei)) < lA(∂′S̄(Ei))+1
Í

Ù�F/Î�<>�^B@HIF�P{FqC�P�� D�ÎNJ´ñ HIF�~GMqP{JIHICE~^R@D i) Ò�<>F-<>B@C}HLDGF�C

εnlsn(γin) ≤ εnlsn(λn) + i(λn, ∂
′S̄(Ei))(lA(∂′S̄(Ei) + 1) −→ 0.

� <>�Y��D γi∞ F�ñûD��}C�;�P>��C}?}HI��HsP{JLDOÒ�P{JL<>?E� ls0(γin) −→ ls0(γ
i
∞) > 0

Í ïÔF5DGF�R@~�R³=@HIC���=�D εn lsn (γi
n)

ls0 (γi
n)
−→ 0

DGC©JLD�C}|�~�<>?EøG��Dó�}=@HI�OP{FqC©F�<>=��K;!DG?}��DGCAR@D�Î�<>F�ÎGJI=@?EDó�q=�D Ei F�ñûD��EC©;�P>�©?E~�P{JIHL�E~�DNR�P{F�� A Í
���*�]�P���]��� ò � ò ÄF���*�]�P���]�!��è¼� ôs�cÓcÌiÀJÓÊ´À�ÌD� Æi¸~Ì2Ü�É�ÏD�L� E45J8 (ρn)

KeOcA+M�K]5J8:A�S>A�3�A:?�3�6@MDA�OP871T8J5wE4OBM
v>6�E4r�698J3@5wI9K	A�r�A�OP8ox©O	57A@M�S>A π1(M) I9Ke5q8:A�O�S!/�A�3@M�K]OuA�1sUD8J5JE4O¢r~5�O	5QrY14GVA<A98�ª^?BA98J5J8QM^M�871>C�5QGH5�MN1T8:A�Ke3�MS*¥ 143!<98:A@M�S>A π1(M) M�K]3qKeO�143NC93FA�3�6�A�G A £ � E45J8 εn −→ 0 8:A�G¼I9KBA ∀a ∈ π1(M) � εnlσn(a) −→ δA(a) AN8MNE45Q8 L KeOcA�GR14r~5�O�1s8J5JE4O^v>6FEDS]6@M@5wI9K	A�I9Ke5�U�E4OP8J57A�OP8�KeOcAqMNA�KeGRAqMNE4K>M�¹:GR14r~5�Oc1T8J5JETO^v>6�EDS>6@M�5JI9K	A~r~5QO	5Qr�1TGRA�A98
I9Ke5�A@M98-3F6�14G�5�MN6�A~Ss14OBM A £ º G`ET3�M�5�G*AFpT5�M98:AqKeO�/�E45�M�5�Oc1Dv>A V(L) S>A L A98yS]A@M�U�E4OBM98714OP8:A@M K,n0

8:A9G�GVA@M�I9K	A
?�ETK]3�87ETKe8:A�U�E4Ke3DC�A�M@5Qr�?�GVA�U�E4r�?�1sUN8:A c ⊂ V(L) AN8Ê?�ETK]3 n ≥ n0

�
εnlσn(c∗) ≥ Kls0(c).

»�6�rYE4OBM98J3|1T8J5wE4Oc£ ü DNÎ�<>�Y;!<>?}CEDG��DGFqC�R@D�JsPYJL<>F@MO=�DG=@?ÔR@D��KJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D��A��=@H��E<>FqCÔ?E~�P{JIHL�E~�D��
R�P{F�� A P�~GCE~^R@~�ÎG?}HICA;�P{?A� Í ÂoÃ Í ïÔCQP{J�R�P{F���W ïÔCQ�2X�JL<>?E�E��=�D M D��}CK=@F`B@?EDGCFf�DGJ�DGCÔR�P{F���W ïÔC�'�X�JL<>?E�Q�q=�D MD��}Có=@F���B@?E~ôDGFyHIF�CEDG?}�>P{JIJLD����}=@?ó=@F�D5�}=@?Àÿ´P>Î�D Í Ù�Fyÿ´P{HIC^JLD��ó;@?EDG=@� D��óR@DôÎ�D��ó?E~��}=@JICQP{CE�ó�iñû~GCEDGF�R@DGFqCY�QP{F��
ÎQ|�P{F@M DG��DGFqCAP{=5Î�P>��M ~GF�~G?QP{J0<4� M D��}C�=@F�DA�OP{?}HL~GCE~A| � ;!DG?}B!<>JIHL�q=�DÔ�q=�DGJLÎ�<>F���=�DOÒ�Î�D���=@H�R@<>F@F�DÔJ´ñû~GF�<>F�Î�~
;@?E~�Î�~�R@DGF�C Í

Õ�ñòP{;@?Eø��ÐJLD�Î�<>?E<>JIJsP{HI?ED� Í � Í ��ÒOP{=Æ��<>HIF��Ð=@F�DÎ�<>�Y;!<O�QP{FqCEDR@D E D��}C:?E~�P{JIHL�E~�DR�P{F�� A DGC�R0ñòP{;@?Eø���Î�D���=@H
;@?E~�Î�ø�R@DOÒ�Î�DGC}CEDóÎ�<>�Y;!<O�QP{F�CEDóD��}CÔ=@F�DNÿ�DG=@HIJIJLD^Î�<>�Y;�P>ÎGCED l R@D |λ̇| Í ÕÆñòP{;@?Eø���JsP�?EDG��P{?E�q=�DÆ�q=@H:�}=@HICAJLDóÎ�<{Â?E<>JIJsP{HI?ED�� Í � Í ��Òi<>FÆ;�DG=@C:�}=@;@;!<O�EDG?���=�D l F�ñûD��}C:Î�<>FqCEDGFq=�DR�P{F���JLD�B!<>?ER^R0ñòP{=�ÎG=@F�D�R@D����E=@?Àÿ�P>Î�D��:DG�^B@?QP>�E�Q~�D��;�P{? JLD�� �YHIF@HI��P DõÚ³Î�DG;@C}HL<>F@F�DGJL� R@D λ̇

Í � <>�Y��D l D��}C ?E~�P{JIHL�E~�D R�P{F�� A Ò <>F P
εnlσn(l∗) −→ δA(l) > 0

Í ù�<>HLDGFqC P 1 DGC P 2 R@DG=³ÚU;�P{FqCQP{JL<>F��5Î�<>FqCEDGFq=���R�P{F�� ∂M − |λ̇| DGC�R@<>F�CYJLDB!<>?ER2Î�<>FqC}HLDGFqC l ÜHIJL�;!DG=@� DGFqCKöGC}?ED�Î�<>F³ÿ�<>F�R³=�� � DGC c ⊂ P 1 ∪P 2 =@F�D�M ~�<�R@~��}HL�q=�D.Î�<>�Y;�P>ÎGCEDN�EHI�Y;@JLD���=@H
HIF�CEDG?E�ED�ÎGCED l DGF5=@F5<>=ôR@DG=³Ú�;�<>HIF�CE� Íqü ñûDõÚ³HL�}CEDGF�Î�D�R@DKCEDGJL��;�P{FqCQP{JL<>F��D��}C�MqP{?QP{FqC}HLD�;�P{?�JLDKÿ�P{HIC��q=�D l F�ñûD��}CÎ�<>F�CEDGFq=�DYR�P{F��.JLDóB�<>?ER¦R0ñòP{=�ÎG=@F�DYR@D��.�}=@?Àÿ�P>Î�D���DG�^B@?QP>�Q�E~�D��.;�P{?.JLD��Ô�YHIF@HI��PôDõÚ@Î�DG;@C}HL<>F@F�DGJL��R@D λ̇ Í�ü PM ~�<�R@~��}HL��=�D c � P{C}HL�Àÿ�P{HIC©J´ñû~GF�<>F�Î�~^�}=@HI�>P{F�C�d
æy�]�!�!� ò � ï ��Üu��Â 1�v>6FEiS>6@M@5wI9K	A�M�5�r�?�GVA�U�E4r�?�1sUN8:A c 1LGVA@M�S>A�KTp�?�3FE@?�3�5w698:6�MqM@Ke5�/�14OP8:A@M�¦
¹ lsn (l)
lsn (c) −→ 0 «

¹ ∃K 8:A�G¼I9KBA lsn(c) ≤ Klσn(c∗) £
Ý �OP{FqCAR@D�;@?E<>=@� DG?�JLD�JLDG�Y��D�� Í ' Í �5P>ÎE|�DG� <>F��ÔJsPY;@?EDG=@� DNR@D^JsP�;@?E<>;!<O�}HIC}HL<>F`� Í � Í Õ�ñòP{;@?Eø��AJLD�JLDG�Y��D

� Í ' Í �³Ò lσn (l∗)
lσn(c∗) ≤ K lsn (l)

lsn (c) −→ 0 DGC[R0ñòP{;@?Eø��ØW z <qù���XoÒ εnlσn(c∗) D��}CWB�<>?}F�~�D Í ïÔF DGF R@~�R³=@HIC ��=�D
εnlσn(l∗) −→ 0 ,�Î�D�ÎGH�Î�<>FqC}?ED�R³HIC�JLD.ÿ�P{HICÔ�q=�D l D��}C©?E~�P{JIHL�Q~�D^R�P{F�� A DGCAÎ�<>F�ÎGJI=@C�JsP�;@?EDG=@� D^R@DNJsP�;@?E<>;�<{Â
�}HIC}HL<>Fþ� Í � Í

»�6�rYE4OBM98J3|1s8J5JE4O�S4K<GVA�r~r�A�¹�£V e£»ºÝ ��FkR0ñû~GCQP{B@JIHI?YJsP`;@?EDG�YHLøG?ED2;@?E<>;@?}HL~GCE~OÒÐF�<>=��YP{JIJL<>F��Y~GC}=�R³HLDG?�JLD2Î�<>�Y;�<>?}CEDG��DGF�C�R@D5JsP/�}=@HICED (sn)
Í

� <>�Y��D (λ̇n)
Î�<>F�� DG?}M DOÒ���=@HIC}CED^÷�DõÚ�C}?QP{HI?EDN=@F�D��E<>=��ÀÂo�}=@HICEDOÒ@<>Fþ;!DG=@CK�}=@;@;!<O�EDG?K�q=�D.JsPóÿ´P{�YHIJIJLD λ(p)

n
R@D��

ÿ�DG=@HIJIJLD���R@D λn R@<>FqC�JLD`;�<>HLR@�Y�OP{=@C π F�D`R@~G;!DGF�R ;�P>�5R@D n ÒÐF�<>CE<>F��ÀÂ´JsP λ(p)  λ(p) F�D`Î�<>F�C}HLDGFqCô;�P>�
F�~�Î�D��E� P{HI?EDG��DGFqCÆCE<>=@CED��^JLD��^ÿ%DG=@HIJIJLD��óR@D�;!<>HLR@� π R@D λ � Í � <>�Y��D l D��}Có?E~�P{JIHL�E~�D�R�P{F�� A Ò�Î�D�F�ñûD��}CN;�P>�



=@F�DÔÿ�DG=@HIJIJLD�R@D λ(p) ,�F�<>CE<>F�� S JsPÆÎ�<>�Y;!<O�QP{FqCED�Î�<>F@F�DõÚ@D�R@D ∂M − λ(p) ��=@H0Î�<>FqC}HLDGFqC l DGCF�<>CE<>F��KR@<>?E~õÂF�P��>P{F�C sn JsPÆ��~GC}?}HL��=�D.| � ;!DG?}B�<>JIHL��=�D.Î�<>�Y;@JLøGCED�HIF�R³=@HICED��}=@? S ;�P{?©J´ñ HIF�ÎGJI=��}HL<>F Í � <>�Y��D l D��}C?E~�P{JIHL�E~�DR�P{F�� A ÒÐ�QP¦JL<>F@MO=�DG=@?�CEDGF�Rk� DG?E�YJ´ñ HIF���F@H´Ò�DGC (sn)
F�ñûD��ECY;�P>�YB�<>?}F�~�DþR�P{F���J´ñûD��};�P>Î�D`R@D���DGHLÎQ|@���@JIJLDG? Í

Õ�ñòP{;@?Eø���W z <qù��9X�=@F�DÆ�E=@HICEDYDõÚ�C}?QP{HICEDYR@D (sn)
CEDGF�RW� DG?E�.=@F�D�P>ÎGC}HL<>F R@D π1(S) �}=@?.=@F Λ Â®P{?}B@?ED T Í!ü P;@?E<>;@?}HL~GCE~óD��E�EDGFqC}HLDGJIJLDóR@D T D��ECA�q=�DN;�<>=@?KCE<>=@CEDN;�P{HI?ED^R@D�M ~�<�R@~��}HL��=�D��K�}HI�Y;@JLD��AÎ�<>�Y;�P>ÎGCED�� c1, c2 CEDGJIJLD��=�D lsn(c1) −→∞ Ò limn−→∞

lsn (c2)
lsn (c1) = δT (c2)

δT (c1)

Í Õ�ñòP{;@?Eø���W z <qï�XoÒ T D��}C�J´ñòP{?}B@?EDÔR³=�P{J!R0ñ =@F�DÔJsP{�YHIF�P{C}HL<>F
M ~�<�R@~��}HL��=�D Λ Â´��D��}=@?E~�D L Í Õ�P{F��.Î�D�Î�P>R³?EDOÒ�F�<>=��NP{JIJL<>F��NP{;@;@JIHL��=�DG?�JsP�� DG?E�}HL<>F �}=@HI�OP{FqCED�R³=WC}|�~�<>?EøG��DR@D�Î�<>F�C}HIFq=@HICE~^%�q=@H�D��ECKR@~G��<>FqC}?E~�D^R�P{F��AJ´ñòP{;@;�DGF�R³HLÎ�D � Í
���*�]�P���]��·LÁ���� E457A�OP8 (sn)

KeOcA�M�K]5J8:A�S>A�r�698J3@5wI9K	A@Mq;>=@?BA93NCFETG�5wI9K	A@M�U�E4r�?�GVÐ98:A@M~S]Aq/�E4G�Ker�A@M�xyO	5�M�M�K]3
KeOcA�M�K]3QtN1sU�A S I9K]5�8:A�OcS^/�A�3@M�KeOcA�G`14r~5QO�1T8J5wE4O+v>6�EDS>6@M�5JI9K	A Λ ¹¬r�A@M@Ke3F6�A L A98 (λn)

K]OcA~M@Ke5Q8:A�S>A~GR14r~5Q¹
O�1s8J5JE4O	Mzv]6FEDS>6@M�5JINKBA@Mb6 R ¹�¨2r�A@M�K]3�6�A@M�8:A9G�GVA~I9K	A (λ̇n)

U�E4O	/�A�3wv>A�/4A�3�M λ̇ ∈ ML(S)/R A98�I9KBA lsn(λn)
A@M98

CFET3@Oc6�AD£ º GRE43@M |λ̇| OÊ¥ 5QOP8:A�3@MNA�UN8:A�?�1�M |L| 8J3|14O	M@/�A�3@M91TGRA�r�A�O�8:£
� <>�Y��D lsn(λn)

D��}C.B�<>?}F�~�D+ÜJLDG�Y��DY� Í � Í � � Ò�Î�D�C}|�~�<>?EøG��D�DGF�C}?QP{HIF�D���=�D |λ̇| F�ñ HIF�CEDG?E�ED�ÎGCEDY;�P>� |L|C}?QP{F��}� DG?E� P{JLDG��DGFqC Í � <>�Y��D l D��}C�?E~�P{JIHL�Q~�DKR�P{F�� A Ò P{JL<>?E� lsn(l) −→∞ Í Õ�ñòP{;@?Eø���JsP.Î�<>F��}C}?}=�ÎGC}HL<>FôR³= Λ ÂP{?}B@?ED T ÒiHIJ�DGF�R@~�Î�<>=@JLD���=�D δL(l) > 0
Í Õ.D�Î�D�ÿ´P{HIC:DGC:R@D�J´ñòP2.�?}��P{C}HL<>Fþ� Í � Í ��<>FÆR@~�R³=@HICÐ�q=�D |L| Î�<>FqC}HLDGF�C lDGC�P{=���<>HIF��:=@F�D�ÿ%DG=@HIJIJLD��=@H��};@HI?QP{JLD©P{=@CE<>=@?�R@D l Í2) J��iñûDGF��E=@HICÐ��=�D 0 < δL(l) < δL(c) Ò>R0ñû<4� lsn (l)

lsn(c) −→ 0
Í

ü P.�ED�Î�<>F�R@D©;@?E<>;@?}HL~GCE~©��HLDGFqC�R³=Yÿ´P{HIC��q=�D c ;!DG=@C�öGC}?ED©R@~�Î�<>=@;�~�DKDGF�P{?EÎ���R@<>FqC�JsP���D��}=@?ED©R@D;@JIHL�Q�QP{M DD��}C©B!<>?}F�~�D���P{HL�©;�P>�KJsP�JL<>F@MO=�DG=@? Í
�54m�4��²�ÌiÀQ��Ó ò � ï � ï ��A E4Ke3�87E4K�8:A�M�K]5J8:A�S*¥ 143|U9M κn ⊂ c 8:A�G�MqINKBA lim

∫

κn
dλn > 0 � lsn(κn) −→∞ £

»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=���P{JIJL<>F��©Î�<>�Y;�P{?EDG?JLD��Î�<>�Y;�<>?}CEDG��DGF�CE�©R@D���}=@HICED�� (sn)
DGC (λn)

P{=ô� <>HL�}HIF�P{M D.R@D
l
Í*a <>CE<>F�� λ′ JLD5?EDG;@?E~��EDGF�CQP{FqC�R@D λ̇ ��=@H�P{;@;�P{?}C}HLDGF�C�÷ P(M) ,Ð�}H l D��}Có=@F�D�ÿ�DG=@HIJIJLDôR@D λn Ò:P{JL<>?E�Æ�E<>F;!<>HLR@�AR�P{F�� λn CEDGF�R¦÷�öGC}?EDóP{=/��<>HIF���P{=��Q�}H�MO?QP{F�R/�q=�Dó�E<>F-;!<>HLR@�AR�P{F�� λ′ Í � <>�Y��D lsn(l) −→ ∞ DGC
��=�D lsn(λn)

D��}C©B!<>?}F�~�DOÒ�<>F/P l 6⊂ |λn| ;!<>=@? n P>�E�ED9f�MO?QP{F�R Í� |�<>HL�EHL�E�E<>F���=@F�DÔ�}=@HICEDÔDõÚ�C}?QP{HICEDÔCEDGJIJLD��q=�D (|λn|) Î�<>Fq� DG?}M D.M ~�<>��~GC}?}HL��=�DG��DGFqC©� DG?E��=@F�DÔJsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�D L′ Í ù�<>HIC V(l) =@F[� <>HL�}HIF�P{M D�P{F@F�=@JsP{HI?ED�R@D l ,�R0ñòP{;@?Eø��^J´ñòP2.�?}��P{C}HL<>F�' Í ' Í '³Ò l ⊂ L′
Í ïÔF DGF

R@~�R³=@HICÆ�q=�DY;!<>=@? n P>�E�ED9f�MO?QP{F�R0Ò V(l) ∩ |λn| D��EC^Î�<>F��}C}HIC}=�~�R@D��EDGMO��DGFqCE�ÆR³HL�%ð}<>HIFqCE�^��=@H0ð}<>HIMOF�DGFqCóJLD��R@DG=³Ú7Î�<>�Y;!<O�QP{F�CED��YR@D ∂V(l) DGCóCE<>=@?}F�D2R@DôF�<>�^B@?EDG=��ED��Æÿ�<>HL�YP{=@CE<>=@?YR@D l %Îõÿ Í ��MO=@?EDô� Í � � Í Õ�ñòP{;@?Eø��J´ñòP2.�?}��P{C}HL<>F(' Í ' Í �³Ò i(λn, l) −→ 0 Ò0JLD�;�<>HLR@�NCE<>CQP{J�R@D�JsPþ��D��}=@?EDYC}?QP{F��}� DG?E�ED�;�<>?}CE~�D�;�P{? |λn| ∩ V(l)CEDGF�R`R@<>F�ÎN� DG?E� 0
Í

ù�<>HIC κn ⊂ c =@F�D`�}=@HICEDþR@Dþ�EDGMO��DGF�CE��CEDGJIJLDþ��=�D lim
∫

κn
dλn > 0

Í � <>�Y��D c ∩ |λ̇| ⊂ l Ò�P{JL<>?E�iÒR0ñòP{;@?Eø��.J´ñòP2.�?}��P{C}HL<>Fm' Í ' Í �OÒ ∫
κn−V(l) dλn −→ 0

Íu) JÐ�E=�.�C.R@<>F�Î�R@DÆ;@?E<>=@� DG?�J´ñòP2.�?}��P{C}HL<>F � Í ' Í '5;!<>=@?
κn ⊂ V(l)

Í ïÔFy;�DG=@CóP{=��Q�}H��}=@;@;!<O�EDG?^��=�D ∂κn ⊂ |λn| Ò�P{HIF��EH ∂κn D��}C^Î�<>F�CEDGFq=kR�P{F�� |λn| ∩ c DGC κnD��}C�B@HLDGF R@~���F@HK;!<>=@?�F�ñ HI�Y;�<>?}CED-�q=�DGJIJLD2��~GC}?}HL��=�D2| � ;�DG?}B!<>JIHL��=�Dþ�}=@? S Ü� <>HI?YJsP¦F�<>CEDþR@D2JsPW�ED�ÎGC}HL<>F
� Í � � Í ; CQP{FqCKR@<>F@F�~�D�=@F�D�<>?}HLDGFqCQP{C}HL<>F`R@D c <>Fô�^=@F@HICJLD���;�<>HIF�CE��R@D κn ∩λn R@DAJ´ñû<>?ER³?ED�HIF�R³=@HIC Í Õ�ñòP{;@?Eø��JsP�R@D��EÎG?}HI;@C}HL<>FØuÿ�P2¯LCEDó;@JI=��A|�P{=@C � R@D λn ∩ V(l) Ò�;�<>=@? n P>�Q�ED9f^MO?QP{F�R0Ò κn Î�<>FqC}HLDGF�C�=@F[P{?EÎ κ′n CEDGJ���=�D
∫

κ′n
dλn ≥ 1

2

∫

κn
dλn

DGC���=�D�CE<>=@C�;�<>HIF�C xn R@D κ′n∩λn D��}C�?EDGJIHL~K÷Ô=@FY;�<>HIF�C yn > xn
R@D κn∩λn ;�P{?�=@FP{?EÎ ]xn, yn[⊂ λn−κn

Íi� H Ú@<>F�� n DGC�Î�<>F��}HLR@~G?E<>F��Ð=@Fó;�<>HIF�C xn R@D κ′n∩λn DGC:JLD�;!<>HIFqC yn P>�E�E<�ÎGHL~ Íia <>CE<>F��
cxnyn

JsPôÎ�<>=@?}B!D��}HI�Y;@JLD�Î�<>�Y;�P>ÎGCEDY?E~G=@F@HL<>F[R@D [xn, yn] ⊂ λn
DGC.R@DóJ´ñòP{?EÎ κxnyn ⊂ κn

ðÀ<>HIMOF�P{F�C xn ÷
yn
Í � DGC}CED©Î�<>=@?}B!D cxnyn

D��}CÐJIHIB@?EDG��DGF�C�|�<>��<>CE<>;�DK÷ l Ò>R@<>F�Î lsn(cxnyn) ≥ lsn(l)
Í ïÔF�DGFYR@~�R³=@HIC���=�D ∀n Ò

∀xn ⊂ κ′n ∩ λn
Ò lsn([xn, yn]) ≥ lsn(l) − lsn(κn)

Í � <>�Y��D
lsn(λn) ≥ inf{lsn([xn, yn]) |xn ⊂ κ′n ∩ λn}

∫

κ′n
dλn

ÒÐP{JL<>?E� lsn(λn) ≥ (
∫

κ′n
dλn)(lsn(l) − lsn(κn))

Í
ïÔF2P�R@<>F�Î lsn(κn) ≥ lsn(l)− 2

R

κn
dλn

lsn(λn)
Í � <>�Y��D lsn(l) −→∞ DGC���=�D lsn(λn)

D��}C�B�<>?}F�~�DOÒ�P{JL<>?E�
lsn(κn) −→∞ Í

ù�<>HIC 0 < ε < i(c,λ′)
2

,�HIJ�R@~�Î�<>=@JLDôR@D�JsP/R@D��EÎG?}HI;@C}HL<>FkR@D λn ∩ V(l) �q=�DOÒ�;�<>=@? n P>�E�ED9f5MO?QP{F�R0Ò�<>F
;!DG=@C�R@~�Î�<>=@;�DG? c DGF b i(c,λn)

ε
c �EDGMO��DGF�CE� κjn CEDGJL���q=�D ∀j ≤ b i(c,λn)

ε
c Ò ε ≤ ∫

κ
j
n
dλn < 2ε

Í ÕÆñòP{;@?Eø��



c

l

λn

xn

yn

κn

cxnyn

Ý �ÜßoÞ�� Í � } Õ.D��E�}HIF`R@D V(l)

J´ñòP2.�?}��P{C}HL<>F � Í ' Í '³Ò ∀j Ò lsn(κjn) −→ ∞ Í ; CQP{FqC^R@<>F@F�~ ε CEDGJ���=�D 2ε ≤ π
3
Ò�F�<>CE<>F�� cn JsPô?E~G=@F@HL<>F R@D���EDGMO��DGF�CE�^M ~�<�R@~��}HL��=�D��NR@D (M,σn)

�q=@H�?EDGJIHLDGFqC^JLD��^DõÚ�C}?E~G�YHICE~��ÆR@D��N�EDGMO��DGF�CE� κjn Í Õ�ñòP{;@?Eø��^JLDYJLDG�Y��DR0ñòP{;@;@?E<�Ú�HI��P{C}HL<>F�R@D����EDGMO��DGF�CE��JL~GM øG?EDG��DGF�C�;@JIHL�E�Q~��yÜJLDG�Y��D ÝÆÍ � � ∃Kε > 0 CEDGJq��=�DOÒ lsn(c) ≤ Kεlσn(cn)DGC©R0ñòP{;@?Eø��JsP^ÿ%<>?}�ó=@JLD�R@Dq��P{=��E�ÀÂoú<>F@F�DGC©JLD��©P{?EÎ��M ~�<�R@~��EHL�q=�D��©��=@H0Î�<>F��}C}HIC}=�DGFqC cn ÿ�<>FqCKDGF�C}?ED�DG=³Ú5R@D��P{F@MOJLD����}=@;�~G?}HLDG=@?E��÷ π−2π3 = π
3

Í ü P�Î�<>=@?}B�D cn D��}C�R@<>F�ÎAJsP.?E~G=@F@HL<>F5R@DA�EDGMO��DGFqCE���q=@H��Q<>FqC�R@DK;@JI=���DGF;@JI=���JL<>F@M<Ü;�<>=@?JLD�����~GC}?}HL��=�D�� σn � DGC�ÿ%<>F�CDGF�C}?ED�DG=³Ú5R@D��©P{F@MOJLD��©�}=@;!~G?}HLDG=@?©÷ π
3

Í Õ�ñòP{;@?Eø��=@F2?E~��}=@JICQP{C
ÎGJsP>�E�EHL�q=�D�Ü� <>HI?[W ïÔC�'�X�;�P{?�DõÚ@DG�Y;@JLD � Ò ∃K ′

ε
CEDGJ!�q=�D lσn(cn) ≤ K ′

εlσn(c∗)
ÍqÝ HIF��}H�DGFô;@?EDGF�P{FqC K = K ′

εKε<>F`<>B@C}HLDGF�CAJsPY�ED�Î�<>F�R@DN;@?E<>;@?}HL~GCE~NR³=`JLDG�Y��D�� Í ' Í � Í
�

W��XW Y]%� 	&¼"M12.	Gw"$�T%� S+	0
E

ù�<>HIC S =@F�DóÎ�<>�Y;!<O�QP{F�CEDÆÎ�<>F@F�DõÚ@DÆR@D ∂χ<0M − λ(p) ,B�@Ú@<>F�� n DGC�ÎQ|�<>HL�}HL�E�E<>F��Ô=@F�Dó�E=@HICED (νk)R@DÔM ~�<�R@~��EHL�q=�D���}HI�Y;@JLD���Î�<>�Y;�P>ÎGCED��;�<>F�R@~G?E~�D��©��=@H�Î�<>F�� DG?}M D�R�P{F�� ML(S) � DG?E� λn ∩ S
Í ïÔFþPÆP{JL<>?E�

lsn(νk) −→ lsn(λn ∩ S)
Í � <>�Y��D lsn(λn)

D��}CAB�<>?}F�~�D�ÜJLDG�Y��DN� Í � Í � � Ò�<>F-Î�<>F��}C}?}=@HIC�Ò�DGF`=@C}HIJIHL�QP{FqCÔ=@F�DDõÚ³C}?QP>ÎGC}HL<>F�R³HsP{M <>F�P{JLDOÒO=@F�D©�}=@HICEDR@D�M ~�<�R@~��EHL�q=�D����}HI�Y;@JLD���Î�<>�Y;�P>ÎGCED���;�<>F�R@~G?E~�D�� (νn)
CEDGJIJLD©�q=�D lsn(νn)D��}C�B�<>?}F�~�DKDGC��q=�D (ν̇n)

Î�<>Fq� DG?}M DÔ� DG?E� λ̇∩S ÍqÝ ��F�R@DA�}HI�Y;@JIH`��DG?�JLD���Î�P{JLÎG=@JL��ÒOF�<>=���P{JIJL<>F����}=@;@;!<O�EDG?���=�D
lsn(νn) ≤ lsn(λn)

DGCÔ��=�D i(νn, ∂′S̄(λi)) ≤ i(λn, ∂
′S̄(λi)) ;!<>=@?�CE<>=@CEDóÎ�<>�Y;!<O�QP{FqCEDÆÎ�<>F@F�DõÚ@D λi R@D λ%Î�DGC}CEDôÎ�<>F�R³HIC}HL<>F7;!DG=@CóöGC}?ED�?E~�P{JIHL�E~�DôDGFy�^=@JIC}HI;@JIHsP{F�CYJsPþ��D��}=@?ED5R@D νn ;�P{?Æ=@F�D�Î�<>F��}CQP{F�CEDôP>R@~���=�P{CED

Cn < 1 �q=@H�� P{C}HL�Àÿ�P{HICAP{JL<>?E� Cn −→ 1 � Íù�<>HLDGF�C λi =@F^�YHIF@HI��P{J³DõÚ@Î�DG;@C}HL<>F@F�DGJ�R@D λ̇ DGC S(λi) JsPK�}=@?Àÿ´P>Î�D���=�ñ HIJ�DG�^B@?QP>�Q�ED Í2a <>=���P{JIJL<>F�����<�R³H`��DG?
νn∩S(λi) ;�P{?�J´ñû<>;!~G?QP{C}HL<>F�HIJIJI=��}C}?E~�DÔR�P{F���JsP[��MO=@?EDA� Í � Í � D�ÎGH�F�<>=���ÿ%<>=@?}F@HI?QP.JsPN�}=@HICEDKR@DK�ó=@JIC}H ÂoÎ�<>=@?}B�D��;!<>F�R@~G?E~�D�� (γin)

�q=@H:HIFqCEDG?}��HLDGFqC�R�P{F���JLDóJLDG�Y��D^� Í ' Í � Í � DGC}CED�Î�<>F��}C}?}=�ÎGC}HL<>FWF�<>=��ÔR@<>F@F�Dóÿ´P>ÎGHIJLDG��DGFqC.JLD
Î�<>F�C}?�b>JLDNP{C}CEDGF�R³=`R@D lsn(γin)

��P{HL�©<>FþR@<>HIC�öGC}?ED�;@JI=��KP{C}CEDGFqC}H ÿ:;�<>=@?MqP{?QP{F�C}HI?K�q=�D γin F�D�CEDGF�Rô;�P>��� DG?E�JsPÆJsP{�YHIF�P{C}HL<>F/M ~�<�R@~��}HL��=�D���D��}=@?E~�DNC}?}HI��HsP{JLD Í� <>F��}HLR@~G?E<>F��K=@F�D��}=@HICED.DõÚ�C}?QP{HICED.CEDGJIJLD.��=�D |ν̇n| Î�<>Fq� DG?}M D�M ~�<>��~GC}?}HL��=�DG��DGFqCÔ� DG?E�=@F�D.JsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�D N ,0R0ñòP{;@?Eø��.J´ñòP2.�?}��P{C}HL<>F�' Í ' Í '³Ò |λ̇| ⊂ N
Í ïÔF[DGF R@~�R³=@HICN�q=�D k = N ∩ S(λi) D��}C.JsP?E~G=@F@HL<>FyR@D |λi| Ò0R@D�M ~�<�R@~��}HL��=�D��N�}HI�Y;@JLD��^�q=@H��};@HI?QP{JLDGF�C^R@D��NR@DG=³Ú[ÎNb>CE~��^P{=@CE<>=@?^R@D |λi| DGCNR@DYR@DG�YH ÂM ~�<�R@~��}HL��=�D����}HI�Y;@JLD����=@H�;�P{?}CEDGF�C©R@D ∂′S̄(λi) DGC�};@HI?QP{JLDGF�C©P{=@CE<>=@?©R@D |λi| Í ù�<>HIC c ⊂ S(λi) =@F�DÔÎ�<>=@?}B!D�}HI�Y;@JLD5Î�<>�Y;�P>ÎGCED-,�CE<>=@CED�ÿ�DG=@HIJIJLD�R@D N ��=@H�HIFqCEDG?E�QD�ÎGCED S(λi) HIF�CEDG?E�ED�ÎGCEDôP{=��Q�}H c Í*) J�DGFUR@~�Î�<>=@JLD5��=�ñ HIJ



kn

x1
x2 x3 x4

Ý �uß�Þ�� Í � } � <>F��}C}?}=�ÎGC}HICE<>F/R0ñ =@F�DN�^=@JIC}H ÂoÎ�<>=@?}B!DÆ÷Æ;�P{?}C}HI?AR@D kn
DõÚ³HL�}CED.=@F`?E~��ED�P{=2ÿ�DG?}?E<���HsP{HI?EDL�P�� D�ÎNR@D��#^o� <>HLD��AR@D�MqP{?QP{M D�_ � τ ⊂ S̄(λi) CEDGJ��q=�D�d} τ ;!<>?}CED N ∩ S(λi) Ò�H Í D Í N ∩ S(λi) ⊂ τ DGCAÎQ|�P>�q=�D�B@?QP{F�ÎQ|�D^R@D τ ;!<>?}CED N ,

} τ P�=@F/P{HIMO=@HIJIJsP{M D A ⊂ c DGCKJLD��ÔP{=@C}?ED����E<>FqCÔÎ�<>FqCEDGFq=��.R�P{F�� ∂′S̄(λi) %DGCAHIJL�ÔÎ�<>?}?ED��};�<>F�R@DGF�C�P{=³Ú� <>HLD��KR@D�MqP{?QP{M D � ,} CE<>=@CEDK;�P{HI?EDAR0ñòP{?EÎ�� k1, k2 ⊂ k−A CEDGJIJLDA��=�D k̄1 DGC k̄2 �E<>FqC�HL�E<>CE<>;�D���?EDGJsP{C}HI� DG��DGFqCK÷ A∪∂′S̄(λi)D��}CKÎ�<>FqCEDGF�=�D^R�P{F��K=@F�DNB@?QP{F�ÎE|�D^R@D τ Í�ÔF-CEDGJ�?E~��ED�P{=`ÿ�DG?}?E<���HsP{HI?EDó;�DG=@C�öGC}?ED^<>B@CEDGFq=WR@DNJsP���P{F@HLøG?EDó�E=@HI�>P{F�CED Í ù�<>HIC τ ′ ⊂ S̄(λi) =@F/?E~��ED�P{=ÿ�DG?}?E<���HsP{HI?EDL�P�� D�Î^R@D��K� <>HLD��ÔR@D�MqP{?QP{M D � ��=@H0;!<>?}CED N ∩ S̄(λi) DGCA;�<O�E�Qø�R@D.=@F/P{HIMO=@HIJIJsP{M D A ⊂ c CQP{F�R³HL���=�D�JLD��NP{=@C}?ED��óP{HIMO=@HIJIJsP{M D��ó�E<>FqCNÎ�<>F�CEDGFq=��ÆR�P{F�� ∂′S̄(λi) Ü� <>HI?YWûú�< �4X�<>=ØW ïÔC�'�X�;�<>=@?�JsP2Î�<>F��EC}?}=�ÎGC}HL<>FR@D τ ′ � Í ù�<>HLDGFqC b1 DGC b2 R@DG=³Ú¦B@?QP{F�ÎQ|�D��^R³HL�}C}HIF�ÎGCED��NR@D τ ′ ��=@HÐÎ�<>F�C}HLDGF@F�DGFqC�R@DG=³Ú[P{?EÎ�� k1 ⊂ k ∩ b1 DGC
k2 ⊂ k ∩ b2 �q=@H!�E<>FqCHL�E<>CE<>;!D���?EDGJsP{C}HI� DG��DGFqCÔ÷ A∪ ∂′S̄(λi) ,�HIJ�DõÚ³HL�}CED�R@DG=³Ú2P{?EÎ�� κ1, κ2 ⊂ A∪ ∂′S̄(λi)CEDGJL�ô�q=�D k1 ∪ κ1 ∪ k2 ∪ κ2

B!<>?ER@D`=@F
R³HL�E��=�D D ⊂ S̄(λi)
Í ù�<>HIC k3

=@F�D-Î�<>�Y;!<O�QP{FqCED¦Î�<>F@F�DõÚ³D¦R@D
k ∩D ,�P{JL<>?E� ∂k3 ∈ κ1 ∪ κ2

Í � <>�Y��D κ1
Ò κ2

DGC k3
�E<>F�CÔR@D��ÔP{?EÎ��ÔM ~�<�R@~��}HL�q=�D��iÒ@JLD��ADõÚ³C}?E~G�YHICE~��ÔR@D k3F�ñòP{;@;�P{?}C}HLDGF@F�DGF�Có;�P>�^P{=y��öG��D��EDGMO��DGFqC κi Í0ü D��EDGMO��DGF�C k3

D��ECNR@<>F�ÎYHL�E<>CE<>;!D�÷ k1
?EDGJsP{C}HI� DG��DGFqCY÷

κ1 ∪ κ2 ⊂ A ∪ ∂′S̄(λi)
Í ù�H [D − (b1 ∪ b2)] ∩ k 6= ∅ Ò�?EDG�Y;@JsP4��<>F�� k2

;�P{? k3
DGC b2 ;�P{?AJsP�B@?QP{F�ÎE|�D�R@D

τ ′ �q=@HÐÎ�<>FqC}HLDGF�C k3
DGC.?E~G;�~GCE<>F���Î�DGC}CED�<>;!~G?QP{C}HL<>F2ð =��E��=�ñò÷5Î�DÆ��=�D [D − (b1 ∪ b2)] ∩ k = ∅ Í ; CEDGF�R@<>F��DGF��}=@HICED�JLD���ÿ%DG=@HIJIJLDGCQP{M D��NR@D b1 DGC�R@D b2 DGF[=@FWÿ%DG=@HIJIJLDGCQP{M D�R@D b1 ∪ D ∪ b2 ;@=@HL��?EDG�Y;@JsP4��<>F�� b1 DGC b2;�P{?�JsPYF�<>=@� DGJIJLDÆB@?QP{F�ÎE|�D b1 ∪D ∪ b2 P{HIF��}HÐÎ�<>F��}C}?}=@HICED Í Ù�F/?E~G;!~GCQP{FqC�Î�D���<>;�~G?QP{C}HL<>F���=@F¦F�<>�^B@?ED���F@HR@D�ÿ�<>HL��Ò@<>F-<>B@C}HLDGF�CAJLD.?E~��ED�P{=þÿ�DG?}?E<���HsP{HI?ED τ P{C}CEDGF�R³= Í

� H Ú@<>F�� n P>�E�ED9f�MO?QP{F�Rô;�<>=@?©��=�D |νn| ∩ S̄(λi) �E<>HIC�;�<>?}CE~�D�;�P{? τ DGC�F�<>CE<>F�� kn JsPó?E~G=@F@HL<>FþR@D�R@DG=³ÚÎ�<>;@HLD��©;�P{?QP{JIJLøGJLD��ÔR@D |νn| ∩ S̄(λi) ;!<>?}CE~�D��©;�P{? τ Í ù�<>HIC d =@F�D�Î�<>�Y;!<O�QP{F�CEDNÎ�<>F@F�DõÚ³D^R@D ∂′S̄(λi) ,�P{JL<>?E�
](d ∩ kn) D��}C�;�P{HI? Í � |�<>HL�}HL�Q�E<>F�� x1

CEDGJ��q=�DY�}H x1, x2, ..., x2p
�E<>FqCNJLD��N;�<>HIF�CE�NR@D d ∩ kn <>?ER@<>F@F�~��NJLDJL<>F@M`R@D d Ò�P{JL<>?E��J´ñòP{?EÎ [x1, x2p] ⊂ d ð}<>HIMOF�P{FqC x1

÷ x2p
�QP{F��.;�P>�E�QDG?�;�P{? x2

F�ñûD��}C.;�P>�NÎ�<>FqCEDGF�=yR�P{F��
τ
Í Ã�<>=@?óÎE|�P>��=�D i ≤ p Ò!P¼ð}<>=@CE<>F��N÷ kn J´ñòP{?EÎYR@D d ðÀ<>HIMOF�P{F�C xi ÷ x2p+1−i

DGC�Î�<>FqCEDGF�P{FqC [x1, x2p]
%Îõÿ Í

��MO=@?ED�� Í ' � ÍÙ�Fþÿ�P{HL� P{FqCAÎ�D�ÎGH�;�<>=@?KÎQ|�P>�q=�DóÎ�<>�Y;�<O�QP{F�CED^R@D ∂′S̄(λi) ��=@H0HIFqCEDG?E�ED�ÎGCED kn Ò@<>F-<>B@C}HLDGF�CÔ=@F�D.ÿ´P{�YHIJIJLD
k′n

R@DÆÎ�<>=@?}B!D��Ô�}HI�Y;@JLD���Î�<>�Y;�P>ÎGCED�� Í � |�P>��=�DóÎ�<>�Y;!<O�QP{FqCEDÆR@D k′n D��}CÔ<>=¦B@HLDGF¦JIHIB@?EDG��DGFqC.|�<>��<>CE<>;�D�÷=@F�D©M ~�<�R@~��}HL��=�DK�}HI�Y;@JLDÔÎ�<>�Y;�P>ÎGCEDA<>=�|�<>��<>CE<>;!DÔ÷.=@F�;�<>HIF�Cg, F�<>CE<>F�� |γin| JsP�?E~G=@F@HL<>F5R@D���M ~�<�R@~��}HL��=�D��Î�<>�Y;�P>ÎGCED��^P{HIF��EHÐ<>B@CEDGF�=�D���%<>F[F�D��QP{HIC.;�P>��DGF�Î�<>?EDY�}H |γin| D��}C.��HLR@DÆ<>=WF�<>F � Í Ù�F[�ó=@F@HL�E�QP{F�CNÎE|�P>��=�Dÿ�DG=@HIJIJLDYR@D |γin| R0ñ =@F�DY��D��}=@?ED�R@DYÕ�HI?QP>Î�R@<>F�CNJLDY;!<>HLR@�ND��}C�JsPô��<>HIC}HL~�R@D�Î�DGJI=@H�R@D νn <>F <>B@C}HLDGF�C^=@F�D�ó=@JIC}H ÂoÎ�<>=@?}B�D^;�<>F�R@~G?E~�D γin ∈ML(S(λi))
Í � DGC}CEDN�^=@JIC}H ÂoÎ�<>=@?}B!D^;!<>F�R@~G?E~�D�� ~G?}H`��D

lsn(γin) ≤ lsn(νn) + i(νn, ∂
′S̄(λi))lsn(∂′S̄(λi)) ≤ lsn(λn) + i(λn, ∂

′S̄(λi))lsn(∂′S̄(λi))

R0ñòP{;@?Eø��AF�<O�©| � ;�<>C}|�ø��QD��A�}HI�Y;@JIH`��Î�P{C}?}HLÎ�D��Ô�}=@? lsn(νn)
DGC i(νn, ∂′S̄(λi))

Í



x1

x2

x6

|νn|

kn

A

k′n

k′n

Ý �uß�Þ�� Í ' } �ÔF`DõÚ³DG�Y;@JLDóR@D.JsPYÎ�<>F��}C}?}=�ÎGC}HL<>F-R@D k′n
z <>FqC}?E<>F��A��P{HIFqCEDGF�P{F�C���=�D |γin| F�ñûD��}CK;�P>�©��HLR@D Í�54m�4��²�ÌiÀQ��Ó ò � ò �JÁ�� º K�U9KeOcA�U�E4r�?�E4M914OP8:A~S]A k′n −A OuAo?BA9Ke8�<98J3�Aq;eE4rYET87E@?B6�A�Ss14OBM A £

»�6�rYE4OBM98J3|1T8J5wE4Oc£ � H Ú³<>F�� n DGC.ÎE|�<>HL�}HL�Q�E<>F���=@F�DóÎ�<>�Y;!<O�QP{FqCED κ R@D k′n − A
Í ù�H κ D��}C�=@F�DóÎ�<>�Y;!<O�QP{FqCEDR@D kn − A Ò�P{JL<>?E��ÎOñûD��}CA=@F¦�EDGMO��DGFqC�M ~�<�R@~��EHL�q=�D Í � <>�Y��D A D��}C.P{=��E�}H�=@FW�EDGMO��DGFqC�M ~�<�R@~��}HL�q=�DOÒ κ F�D;!DG=@C.;�P>��öGC}?ED�|�<>��<>CE<>;�~YR�P{F�� A Í ù�H κ F�ñûD��}C�;�P>�.=@F�DYÎ�<>�Y;!<O�QP{FqCEDYR@D kn − A Ò0ÎOñûD��}C.JsPô?E~G=@F@HL<>F R@DR@DG=³ÚþÎ�<>�Y;�<O� P{FqCED�� κ1

DGC κ2
R@D kn −A DGCKR0ñ =@F-P{?EÎ κ3

Î�<>FqCEDGF�=/R�P{F�� ∂′S̄(λi) ��P{HL�©;�P>�AR�P{F�� τ Í ù�ñ HIJDõÚ³HL�}CED.=@F-P{?EÎ κ4 ⊂ ∂′S̄(λi)− (κ1 ∪ κ2)
CEDGJ��q=�D κ1 ∪ κ4 ∪ κ2

;!DG=@CKöGC}?ED�|�<>��<>CE<>;!~NR�P{F�� A Ò�P{JL<>?E� κ1DGC κ2
�E<>FqC�|�<>��<>CE<>;�D���?EDGJsP{C}HI� DG��DGF�CA÷ A∪∂′S̄(λi) ÒqHIJL���Q<>FqCR@<>F�ÎÔÎ�<>F�CEDGFq=��©R�P{F���JsPN��öG��DÔB@?QP{F�ÎE|�D bR@D τ DGC κ4 ⊂ b

Í Ã:P{?Î�<>F��}C}?}=�ÎGC}HL<>F κ3 6⊂ b R@<>F�Î κ1∪κ3∪κ2
F�DA;�DG=@C�;�P>��öGC}?EDA|�<>��<>CE<>;�~�R�P{F�� A Í

�54m�4��²�ÌiÀQ��Ó ò � ò ��Üu� ¤@GeAFp45�M�8:A�KeOcA�U�E4Ke3DC�A�M@5Qr�?�GVA�U�E4r�?�1sUN8:A c′ ⊂ S(λi) 8:A9G�GVAoI9KBA i(γin, c′) ≥ 1
2

∫

A
dλi?�ETK]3 n 1�M�MDA�×�v43F14O�S>£

»�6�rYE4OBM98J3|1T8J5wE4Oc£�ïÔF P`��=¸R�P{F��ÆJsP-;@?EDG=@� D2R@DôJ´ñòP2.�?}��P{C}HL<>F ;@?E~�Î�~�R@DGF�CEDþ�q=�DôCE<>=@CED2Î�<>�Y;�<O� P{FqCEDþR@D
k′n − A D��}CK|�<>��<>CE<>;!DÆ<>=/B@HLDGF¦÷�=@F/?QP{HIJ:R@D τ <>=¦B@HLDGF¦÷�JsPY?E~G=@F@HL<>F[R@D^R@DG=³Ú`?QP{HIJL��DGCÔR0ñ =@FW�EDGMO��DGFqCÎ�<>F�CEDGFq=WR�P{F�� ∂′S̄(λi)

ÍP) J � PÆ=@F`F�<>�óB@?ED���F@H�R@D�;!<O�E�}HIB@HIJIHICE~��K;�<>=@?KJsP�ÎGJsP>�E�ED�R0ñ |�<>��<>CE<>;@HLDN?EDGJsP{C}HI� DÆ÷
A∪ ∂′S̄(λi) R0ñ =@FôCEDGJ0P{?EÎ Í Õ�ñ =@FþP{=@C}?ED.ÎNb>CE~OÒqHIJ!DõÚ�HL�ECEDA=@F�DÔHIF���F@HICE~.R@DAM ~�<�R@~��}HL��=�D����EHI�Y;@JLD���Î�<>�Y;�P>ÎGCED����=@H�;�P>�E�ED�;@?Eø��óR@D A Í ïÔF7;�DG=@C^R@<>F�Î5C}?E<>=@� DG?^=@F�D5Î�<>=@?}B�D c′ DGCN=@FUP{?EÎ A′ ⊂ c′ ��=@H�D��}Có;@?E<�ÎQ|�D�R@D



A DGC�CEDGJK�q=�ñòP{=�ÎG=@F�D/Î�<>�Y;�<O� P{FqCED`R@D k′n − A′ F�D2;@=@HL�E�EDþöGC}?EDþ|�<>��<>CE<>;!~�D-R�P{F�� c′ − A′
Í ù�H A′ D��}C�}=�.�� P{�Y��DGFqCY;@?E<�ÎE|�D2R@D A Ò:HIJ�R@~�Î�<>=@JLDþR@D5J´ñòP2.�?}��P{C}HL<>F � Í � Í �2��=�ñòP{=�ÎG=@F�DôÎ�<>�Y;!<O�QP{F�CEDþR@D k′n − A′F�DÆ;!DG=@C�öGC}?ED�|�<>��<>CE<>;!~�D�R�P{F�� A′ Ò!R@<>F�Î�P{=�ÎG=@F�DYÎ�<>�Y;!<O�QP{F�CEDYR@D k′n − A′ F�DÆ;!DG=@C.öGC}?EDÆ|�<>��<>CE<>;!~�DR�P{F�� c′ Í ïÔFWDGF[R@~�R³=@HICN��=�D i(γin, c′) ≥ ∫

A′
dνin

Í Õ�ñòP{;@?Eø��.J´ñòP2.�?}��P{C}HL<>F�' Í ' Í �OÒ lim ∫

A′
dνin =

∫

A′
dλi

Í
� <>�Y��D A′ D��}C©;@?E<�ÎE|�DNR@D A P{JL<>?E� ∫

A′
dλi =

∫

A
dλi DGC i(γin, c′) ≥ 1

2

∫

A
dλi ;!<>=@? n P>�E�ED9f�MO?QP{F�R Í

� <>�Y��D λi HIFqCEDG?E�QD�ÎGCED A C}?QP{F��E� DG?E�QP{JLDG��DGFqC�ÒP{JL<>?E� ∫

A
dλi > 0

Í ïÔF�R@~�R³=@HIC�R@DþJ´ñòP2.�?}��P{C}HL<>F
ÎGH Â
R@D��E�E=��K�q=�DOÒ³;!<>=@? n P>�E�ED9f�MO?QP{F�R0Ò i(γin, c′) > 0 Ò@R@<>F�Î^�q=�D γin F�ñûD��}C©;�P>�©C}?}HI��HsP{JLD Íù�<>HIC d ⊂ S(λi) =@F�D M ~�<�R@~��}HL��=�D �}HI�Y;@JLD Î�<>�Y;�P>ÎGCEDOÒ R0ñòP{;@?Eø�� J´ñòP2.�?}��P{C}HL<>F ' Í ' Í �³Ò
i(d, νn) −→ i(d, λ)

Í Ã:P{?�Î�<>F��}C}?}=�ÎGC}HL<>F i(d, γin) ≤ i(d, νn)
ÒqR@<>F�ÎOÒq��=@HIC}CEDA÷�DõÚ³C}?QP{HI?EDK=@F�DK�E<>=��}Âo�}=@HICEDOÒ γinÎ�<>F�� DG?}M D R�P{F�� ML(∂M) � DG?E� =@F�D JsP{�YHIF�P{C}HL<>F M ~�<�R@~��}HL�q=�D ��D��}=@?E~�D γi∞

Í � <>�Y��D
i(γin, c

′) ≥ 1
2

∫

A
dλi > 0 Ò γi∞ F�ñûD��}C©;�P>�KC}?}HI��HsP{JLD Í� |�<>HL�EHL�E�E<>F��.=@F�DY�}=@HICED�DõÚ³C}?QP{HICED�CEDGJIJLDY�q=�D |γin| Î�<>Fq� DG?}M DYM ~�<>��~GC}?}HL��=�DG��DGFqCó� DG?E�.=@F�D�JsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�D Ei Í�z <>F�C}?E<>F�����=�D Ei D��}CÔ=@F�DóDõÚ³;�P{F��}HL<>F/R@D λi Í Ã:P{?�Î�<>F��}C}?}=�ÎGC}HL<>F |γi∞| ⊂ Ei ⊂ S(λi) ÒHIJ��}=�.�CÔR@<>F�ÎNR@D.��<>FqC}?EDG?ÔJ´ñòP2.�?}��P{C}HL<>F¦�}=@HI�OP{FqCED Í

�54m�4��²�ÌiÀQ��Ó ò � ò � ï ��Â 1�G`14r~5QO�1T8J5wE4O�v]6FEDS>6@M�5JINKBA |γi∞| OÊ¥ 5QOP8:A�3@MNAFUD8:A�?B1�M |λi| 8J3|14O	M@/�A�3@M91TGRA�r�A�O�8:£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>CE<>F�� w(νn)

JLD^;!<>HLR@��R@D νn Í � <>�Y��D�ÎQ|�P>�q=�Dóÿ�DG=@HIJIJLDóR@D γn D��}C�|�<>��<>CE<>;!D�÷�=@F�DÎ�<>�Y;!<O�QP{FqCED^R@D k′n DGCKPÆ=@Fþ;!<>HLR@�©~GMqP{JLD^÷ w(νn)
Ò�P{JL<>?E� i(γn, νn) ≤ w(νn)

∫

k′n
dνn

Í � <>�Y��D kn D��}CJsP?E~G=@F@HL<>F¦R@DNR@DG=³Ú-Î�<>;@HLD��K;�P{?QP{JIJLøGJLD���R@D |νn| ∩ S(λi) P{JL<>?E� ∫

kn
dνn = 0

Í Ã:<>=@?�<>B@CEDGF@HI? k′n Ò@F�<>=��ÔP�� <>F��P¼ð}<>=@CE~ó÷ kn R@D��ÔP{?EÎ���Î�<>FqCEDGFq=��.R�P{F�� ∂′S̄(λi)
Í � <>�Y��DNJLD^F�<>�^B@?EDÆR0ñ HIFqCEDG?E�ED�ÎGC}HL<>F[R@DNÎQ|�P>ÎG=@F�DÆR@D^Î�D��

P{?EÎ���P�� D�Î νn D��ECN;@JI=��^;!DGC}HICó��=�D i(∂′S̄(λi), νn)
Ò�<>FUP ∫

k′n
dνn ≤ ]{(|νn| ∩ ∂′S̄(λi))}i(∂′S̄(λi), νn)

Í
) J���ñûDGF �}=@HIC`��=�D i(γn, νn) ≤ w(νn)]{(|νn| ∩ ∂′S̄(λi))}i(∂′S̄(λi), νn) = i(∂′S̄(λi), νn)

2 Í Õ�ñòP{;@?Eø��
J´ñòP2.�?}��P{C}HL<>F0' Í ' Í �³Ò i(∂′S̄(λi), νn) −→ 0 Ò�R@<>F�Î i(γn, νn) −→ 0

Í
ù�=@;@;!<O�E<>F��Ð��=�D γi∞ HIFqCEDG?E�ED�ÎGCED λi C}?QP{F��}� DG?E�QP{JLDG��DGF�C Í Õ�ñòP{;@?Eø��oW ïÔC�'4XoÒ�HIJ³DõÚ�HL�}CED�=@Fó?E~��QD�P{=^ÿ�DG?}?E<���HsP{HI?ED

τγ ⊂ S(λi) ��=@H�;�<>?}CED Ei Ò{��=@H�;!<O�E�Eø�R@D�=@FY�EDG=@J�P{HIMO=@HIJIJsP{M D©�q=@H@D��}CÐR³HL�%ð}<>HIFqC�R@D |λi| DGC�R@<>FqCÐCE<>=@C�JLD��:?QP{HIJL��E<>F�C�C}?QP{F��}� DG?E�QD���÷ λi Í ù�<>HIC bγ =@F�DKB@?QP{F�ÎQ|�D�R@D τγ ��=@H�;�<>?}CED γi∞ DGC�HIFqCEDG?E�QD�ÎGCED λi ÒOF�<>CE<>F�� bγ(γi∞) > 0JsP γi∞ Â´��D��}=@?ED2R0ñ =@F�DôC}?QP�� DG?E�QDþR@D bγ DGC ∫

bγ
dλi > 0 JsP λi Â´��D��}=@?ED2R0ñ =@FU?QP{HIJ©R@D bγ Í � <>�Y��D (|γin|)Î�<>F�� DG?}M D/� DG?E� Ei Ò�;�<>=@? n P>�E�QD9f-MO?QP{F�R0Ò γin D��}Cô;!<>?}CE~�D-;�P{?ô=@F&�E<>=��}Â´?E~��ED�P{=
R@D τγ Í � <>�Y��D (γin)Î�<>F�� DG?}M D�� DG?E� γi∞ Ò0<>FyP bγ(γin) −→ bγ(γ

i
∞)
Í Õ�ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>F�' Í ' Í �OÒ ∫

bγ
dνn −→

∫

bγ
dλi

Í ïÔF
P5R@<>F�ÎOÒ!;�<>=@? n P>�Q�ED9f�MO?QP{F�R0Ò i(γin, νn) ≥ bγ(γ

i
n)

∫

bγ
dνn ≥ 1

2bγ(γ
i
∞)

∫

bγ
dλi > 0

Í � DG;�DGF�R�P{F�C�Ò!F�<>=��
P�� <>F��2��=�Ò�R�P{F��2JLD-;�P{?QP{MO?QP{;@|�DW;@?E~�Î�~�R@DGF�C�ÒK��=�D i(γin, νn) −→ 0

Í � DGC}CEDWÎ�<>F�C}?QP>R³HLÎGC}HL<>F Î�<>F�ÎGJI=@C2JsP
;@?EDG=@� DNR@DNJ´ñòP2.�?}��P{C}HL<>F-� Í � Í '

Ù�F�ÿ�P{HL�QP{F�C-Î�DGC}CED[Î�<>F��}C}?}=�ÎGC}HL<>Fê;!<>=@?`ÎE|�P>��=�D[�YHIF@HI��P{J^DõÚ@Î�DG;@C}HL<>F@F�DGJ^R@D λ DGC`DGF P¼ðÀ<>=@CQP{F�C/P{=
?E~��}=@JICQP{C:JLD���ÿ%DG=@HIJIJLD��ÐÎ�<>�Y;�P>ÎGCED���R@D λ Òi<>F�<>B@C}HLDGFqCÐ=@F�D�JsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL��=�D E �q=@H�D��}C�=@F�D�DõÚ³;�P{F��}HL<>F
R@D λ DGCK�QP{C}HL�Àÿ´P{HIC©JLD��KÎ�<>F�R³HIC}HL<>F���R³=þJLDG�Y��D�� Í ' Í � Í

W��?e ��0�&q��*H"M12�!-/.'0�&q&M.'1}Q!0RK½%�1v+
¶ Î�D©�}CQP>R@D©R@D©JsP�R@~G��<>F��}C}?QP{C}HL<>F�ÒqHIJ�D��}C�;�DG=@CÀÂoöGC}?ED�ð =�R³HLÎGHLDG=³ÚYR@D?E~�Î�P{;@HIC}=@JLDG? Í ù�<>HLDGFqC M =@F�D©�OP{?}HL~GCE~

| � ;!DG?}B�<>JIHL��=�D�Î�<>�Y;�P>ÎGCEDOÒO<>?}HLDGFqCQP{B@JLDOÒOR@D�R³HI��DGF��}HL<>FY'³Ò (σn) =@F�D��E=@HICED�R@D���~GC}?}HL�q=�D��:M ~�<>��~GC}?}HL��=�DG��DGFqC��F@HLD��.�}=@? int(M) DGC λn ⊂ ML(∂M) JsP�JsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�Dó��D��E=@?E~�DÆR@Dó;@JIHL�E�QP{M D�R@D σn Í Õ�P{F��JLD��Y�ED�ÎGC}HL<>F���;@?E~�Î�~�R@DGFqCED���Ò�F�<>=��5P�� <>F��Y��<>F�C}?E~-��=�Dô�EH λ̇n Î�<>F�� DG?}M Dþ� DG?E� λ̇ R�P{F�� P+(M)/R Ò�P{JL<>?E�HIJ�DõÚ³HL�}CEDY=@F�D5�}=@HICED ρn : π1(M) → Isom(H3) R@D�?EDG;@?E~��EDGF�CQP{C}HL<>F���P>�Q�E<�ÎGHL~�D��ÆP{=³Ú (σn)
CEDGJIJLD���=�ñ =@F�D

�}=@HICED^DõÚ�C}?QP{HICEDóR@D (ρn)
Î�<>Fq� DG?}M Dó� DG?E�A=@F�DN?EDG;@?E~��EDGFqCQP{C}HL<>F ρ∞ : π1(M) → Isom(H3)

Í Õ�ñòP{;@?Eø���Wû�q<>?FXoÒ
ρ∞

D��}C���R@øGJLD�DGC�R³HL�QÎG?EøGCED Íca <>=���P{JIJL<>F�����P{HIFqCEDGF�P{FqC^��<>FqC}?EDG?N��=�D ρ∞ D��}C�M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD�DGC
Î�<>?}?ED��};!<>F�R2÷�=@F�DK��~GC}?}HL��=�D σ∞ �E=@?�J´ñ HIFqCE~G?}HLDG=@?©R@D M Í Ù�F���F5F�<>=�����<>FqC}?EDG?E<>F��©��=�ñ =@F�DA�E=@HICEDÔDõÚ³C}?QP{HICED



R@D (σn)
Î�<>Fq� DG?}M D^� DG?E� σ∞ Ò�Î�D��q=@H0F�<>=��A;�DG?}��DGC}C}?QP�R@DNÎ�<>F�ÎGJI=@?ED^÷�JsPÆ;@?E<>;@?EDGCE~óR@D bR Í

� <>�Y��DGF	��<>F��Ô;�P{?KHL�E<>JLDG?©JLD��AÎ�<>=@?}B�D��ÔÎ�<>�Y;�P>ÎGCED��AR@D ∂M R@<>F�CAJsPÆJL<>F@MO=�DG=@?ACEDGF�R`� DG?E� 0
Í

æy�]�!�!� ò � ö �JÁP��¾ Ke5J8w8:A�ª0AFpT8J3F145Q3FA�KeOcA~MNE4K]M@¹7M�K]5J8:A@�\5QGyAFp45�M�8:AYK]OuA�r~KeGH8J5Q¹�U�ETK]3DC�A L0 ⊂ ∂χ<0M
I9Ke5\1

GVA@M�?�3FE@?�3�5w6N8:6@M�M@Ke5�/�14OP8:A@M�¦
§ 87E4K�8:A�U�E4r�?�E�M91TOP8:A~U�E4O	OuAFp>A c S>A L0 /�6�3�5 xoA lsn(c) −→ 0 «§ M@5 c ⊂ ∂χ<0M

A@M98\KeOcA�U�E4Ke3NC�ALM@5Qr�?�GRALU�E4r�?�1>UN8:A<A98�Ou¥ A@M�8\G�57C�3�A�r�A�OP8\;eE4rYET87E@?	A^ª+14KBU9KeOcA^S>A@M
tNA9K]5QG�GVA@MoS]A L0 �u1TG`E43@M�GR1�M@Ke5J8:A lsn(c) A@M�8ur~5QO�E43�6�A*?�143oKeO�O�E4r�C�3�AoM�8J3�5wUN8:A�r�A�OP8>?�E�M�5Q8J5 t�6�I9Ke5uS>6¬?BA�O�SS>A c ¨s£

»�6�rYE4OBM98J3|1T8J5wE4Oc£AÎõÿ Í Wûú�<qïYÒ ü DG�Y��D��D�2X Í
) J�R@~�Î�<>=@JLDG?QPWR@D5JsP/Î�<>FqC}HIFq=@HICE~þR@D bR ��=�D L0 D��ECóDGF7ÿ�P{HICÆJsP`?E~G=@F@HL<>F¸R@D��óÿ�DG=@HIJIJLD��ÆR@D λ′ R@<>FqC�JLD;!<>HLR@���OP{=@C π Í Ã�<>=@?�JLDÔ��<>��DGFqC�Ò�F�<>=���P{JIJL<>F���F�<>=���Î�<>FqCEDGF�CEDG?KR@DA��<>F�C}?EDG?��=�D L0 F�ñ HIF�CEDG?E�ED�ÎGCED.;�P>� |λ̇|C}?QP{F��}� DG?E� P{JLDG��DGFqC Í

�54m�4��²�ÌiÀQ��Ó ò � ö ��ÜÊ��Â 1�r�KeG`8J5�¹|U�E4Ke3NC�A L0 OÊ¥ 5QOP8:A�3@MNA�UN8:A�?�1�M |λ̇| 8J3|1TOBM@/�A93�MN14GRA9rYA9OP8:£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=��5P{JIJL<>F��ô�}=@HI��?ED!Wûú�<qïYÒ�JLDG�Y��D7� ë X Í ù�<>HIC c =@F�D-Î�<>�Y;!<O�QP{F�CED/Î�<>F@F�DõÚ@D-R@D L0 ,
F�<>CE<>F�� λ′ JLD�?EDG;@?E~��EDGF�CQP{FqC.R@D λ̇ ��=@H�P{;@;�P{?}C}HLDGF�C�÷ P(M)

Í ù�H c HIFqCEDG?E�QD�ÎGCED |λ̇| C}?QP{F��}� DG?E� P{JLDG��DGFqC�P{JL<>?E�;!<>=@? n P>�E�ED9f-MO?QP{F�R0Ò i(c, λn) ≥ 1
2 i(c, λ

′) %Îõÿ Í P2.�?}��P{C}HL<>F¡' Í ' Í � � Í ïÔF&DGF
R@~�R³=@HIC5��=�D c F�ñûD��}C�;�P>�JIHIB@?EDG��DGF�CK|�<>��<>CE<>;�Dó÷Æ=@F�D�ÿ%DG=@HIJIJLD�R@D λn Ò³DGFþ;�P{?}C}HLÎG=@JIHLDG? c F�ñûD��}C©;�P>�©|�<>��<>CE<>;!DN÷Æ=@F�D.;�<>HIF�CEDNR@D sn ÍÕ.D.Î�DÔÿ�P{HIC c D��EC�JIHIB@?EDG��DGF�CK|�<>��<>CE<>;!DN÷N=@FþM ~�<�R@~��}HL��=�D��EHI�Y;@JLD�Î�<>�Y;�P>ÎGCED^R@D sn DGC�Ò³��=@HIC}CEDN÷óDõÚ³C}?QP{HI?ED=@F�DK�Q<>=��ÀÂo�}=@HICEDOÒ lsn(c) → 0
Í ü P�M ~�<�R@~��}HL��=�D c D��}C�J´ñª¡{��DKR0ñ =@F�C}=@B!D©R@D z P{?}MO=@JIHL��R@D ∂M DGC λn C}?QP�� DG?E�EDÎ�D�C}=@B!DNR@D�;@JI=��ÔDGF`;@JI=��KJsP{?}M D Í � <>�Y��D i(c, λn) ≥ 1

2 i(c, λ
′) > 0 Ò�HIJ���ñûDGF`�}=@HICA��=�D lsn(λn) −→ ∞ Ò�Î�D

��=@H�Î�<>FqC}?ED�R³HICÔJLD�JLDG�Y��D�� Í � Í � Í
ù�<>HIC c =@F�DþÎ�<>�Y;!<O�QP{FqCED/R@D L0 Í � <>�Y��D c F�ñ HIF�CEDG?E�ED�ÎGCED`;�P>� λ̇ ∈ P+(M)/R Ò c ?EDG;@?E~��QDGFqCED`=@F~GJL~G��DGF�CÆF�<>FUC}?}HI��HsP{J i∗(c) R@D π1(M)

Í � <>�Y��D ρn Î�<>Fq� DG?}M D2� DG?E� ρ∞ DGCÆ��=�D lσn(c) ≤ lsn(c) → 0 ÒP{JL<>?E� ρ∞ ◦ i∗(c) D��}C©=@F�D�HL�E<>��~GC}?}HLDN;�P{?QP{B�<>JIHL��=�D Í
� <>�Y��D λ̇n Î�<>F�� DG?}M DY� DG?E� λ̇ Ò!��=@HIC}CED�÷ôDõÚ³C}?QP{HI?ED�=@F�D��E<>=��ÀÂo�}=@HICEDOÒ�JsP5�^=@JIC}H ÂoÎ�<>=@?}B!D λ(p) ⊂ L0 ÿ�<>?ÀÂ

��~�Dó;�P{?.JsP�?E~G=@F@HL<>F[R@D��Aÿ%DG=@HIJIJLD��.Î�<>�Y;�P>ÎGCED���R@D λn R@<>F�C�JLDó;!<>HLR@�Ô�OP{=@C π F�DÆR@~G;�DGF�R/;�P>�.R@D n Í ù�<>HIC
hn : M − λ(p) → N(ρn)

=@F |�<>��~�<>��<>?};@|@HL�}��D P>�E�E<�ÎGHL~ ÷ σn
, J´ñòP{;@;@JIHLÎ�P{C}HL<>F

fn = hn ◦ i : ∂χ<0M − λ(p) → H3/ρn(π1(M)) D��EC�=@F�D-�E=@?Àÿ�P>Î�Dþ;@JIHL�Q�E~�D-Î�<>F�� DõÚ³D/DGC5�QPWJsP{�YHIF�P¼ÂC}HL<>F�M ~�<�R@~��}HL��=�D©��D��}=@?E~�DÔR@D©;@JIHL�E�QP{M DKD��EC λn−λ(p) Ísa <>=���P{JIJL<>F�����<>F�C}?EDG?���=�DKÎ�DGC}CEDK�E=@HICEDKR@DA�}=@?Àÿ´P>Î�D��
;@JIHL�E�Q~�D��ÔCEDGF�RW� DG?E�.=@F�D��}=@?Àÿ´P>Î�DÆ;@JIHL�E�E~�D f∞ : ∂M − L0 → M∞

Í � <>�Y��DYR�P{F���Wûú<qï�XoÒ�F�<>=��.� DG?}?E<>F��
��=�DKJ´ñ HI��P{M D�R@D f∞ D��EC ∂N(ρ∞) DGC�F�<>=���=@C}HIJIHL�EDG?E<>F���=@FôP{?}MO=@��DGF�CR0ñ |�<>��<>JL<>MOHLD�;!<>=@?�DGFôR@~�R³=@HI?EDÔ��=�D
ρ∞

D��}C©M ~�<>��~GC}?}HL�q=�DG��DGF�C\��F@HLD Í
ù�<>HIC S =@F�D-Î�<>�Y;�<O�QP{F�CED`Î�<>F@F�DõÚ@D`R@D ∂χ<0M − L0 ,ÐF�<>CE<>F�� Ŝ JLD2?EDG� öGCEDG��DGF�C�=@F@HI� DG?E�EDGJÔR@D S Í; CQP{F�C�R@<>F@F�~�D2=@F�DôHL�E<>��~GC}?}HLD2DGFqC}?ED Ŝ �^=@F@HLDþR@DôJsP/��~GC}?}HL�q=�Dô?EDGJLDG� ~�DþR@D sn DGC�=@F�D5;�P{?}C}HLD2R@D H2 Ò

JLD��.C}?QP{F��Àÿ�<>?}��P{C}HL<>F��NR@D�?EDG� öGCEDG��DGF�CNF�<>=��.ÿ�<>=@?}F@HL�E�EDGFqC�=@F�D�?EDG;@?E~��QDGFqCQP{C}HL<>F rn : π1(S) → Isom(H2)P>�E�Q<�ÎGHL~�D�÷ sn Í*a <>=��^R³HI?E<>F��Æ�q=�D�JLD��^?ED��EC}?}HLÎGC}HL<>F�� sSn R@D sn ÷ S Î�<>Fq� DG?}M DGFqC�P{JIM DGB@?QP{HL��=�DG��DGFqC��EH�<>F
;!DG=@CKÎE|�<>HL�}HI?�R@D��©?EDG;@?E~��EDGF�CQP{C}HL<>F�� rn P>�E�E<�ÎGHL~�D��AP{=³Ú sSn ��=@H�Î�<>Fq� DG?}M DGF�C.P{JIM ~GB@?}HL��=�DG��DGFqC Íæy�]�!�!� ò � ö � ï ��Â 1YM@Ke5J8:A (sSn) U�E4OP8J57A�OP8�K]OcAqMNE4K>M�¹7M�K]5J8:A�I9K]5oU�E4O	/�A93Jv>AY14G v]6DC�3�5JI9K	A�r�A�OP8:£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F���JLD�Î�<>FqC}?QP{HI?ED-,�R0ñòP{;@?Eø���JsP2R@~���F@HIC}HL<>FyR@D L0 Ò lsn(S̄ − S) −→ 0 Ò0<>F[;�DG=@CR@<>F�Î.=@C}HIJIHL�EDG?AJsPÆC}|�~�<>?}HLDNR@D�W z <qù��NX Í ÕÆñòP{;@?Eø���W z <qù���X�DGCqW z <qï�X�=@F�D��}=@HICED�DõÚ³C}?QP{HICEDNR@D (sSn) CEDGF�R2� DG?E�=@F�DYJsP{�YHIF�P{C}HL<>F7M ~�<�R@~��EHL�q=�D Λ Â´��D��}=@?E~�D L Í � <>�Y��D lsn(λn)

D��}C�B�<>?}F�~�DOÒ:P{JL<>?E�NR0ñòP{;@?Eø��NJLD�C}|�~�<>?EøG��D
ú Í �OÒ |λ̇| F�ñ HIFqCEDG?E�ED�ÎGCED^;�P>� |L| C}?QP{F��}� DG?E� P{JLDG��DGFqC Í�54m�4��²�ÌiÀQ��Ó ò � ö � ò ��Â A�M@Ki?s?�E4398�S>A L A�M�8©KeOcA�r~K]G`8J5Q¹�U�E4Ke3DC�AD£



»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F��ACE<>=@C.R0ñòP{B!<>?ER/��=�D |L| Î�<>FqC}HLDGF�C�=@F/�YHIF@HI��P{J�DõÚ³Î�DG;@C}HL<>F@F�DGJ Í ù�<>HIC η > 0 ,Î�<>�Y��D |λ̇| F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� |L| C}?QP{F��}� DG?E� P{JLDG��DGFqC�Ò�HIJ�DõÚ�HL�ECEDY=@F�D�Î�<>=@?}B!D��}HI�Y;@JLD�Î�<>�Y;�P>ÎGCED cη CEDGJIJLD��=�D i(λ′, cη) ≤ η DGC��q=�D δL(cη) > 0
Í ÕÆñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>F^' Í ' Í �³Ò ;�<>=@? n P>�E�QD9f©MO?QP{F�R i(λn, cη) ≤ 2η ÒR@<>F�Î�R0ñòP{;@?Eø��©JLD.JLDG�Y��D^R0ñòP{;@;@?E<�Ú³HI��P{C}HL<>F/R@D��KÎ�<>=@?}B!D��©JL~GM øG?EDG��DGFqCÔ;@JIHL�E�E~�D��qÜJLDG�Y��D ÝÆÍ � � Ò ∃K2η, A2ηCEDGJ���=�D lsn(cη) ≤ K2η(lσn(c∗η) + A2η)

Í � <>�Y��D δL(cη) > 0 Ò lsn(cη) −→ ∞ R@<>F�Î lσn(c∗η) −→ ∞ Í
� <>�Y��D σn Î�<>Fq� DG?}M DóP{JIM ~GB@?}HL�q=�DG��DGF�C�Ò lσn(c∗η)

D��}CB�<>?}F�~�D�DGC©JLD.Î�P>�K~GC}=�R³HL~.HLÎGH!F�ñòP{;@;�P{?QP{HICÔ;�P>��Ò³ÎOñûD��}CÀÂ
÷¼ÂoR³HI?EDN��=�D L F�D^Î�<>FqC}HLDGFqCÔ;�P>�KR@D��YHIF@HI��P{J�DõÚ@Î�DG;@C}HL<>F@F�DGJ Íù�<>HIC c =@F�DÐÿ%DG=@HIJIJLD�Î�<>�Y;�P>ÎGCED�R@D |L| CEDGJIJLD���=�D δL(c) > 0 ,iR0ñòP{;@?Eø��yW z <qù��9X lsn(c) −→∞ Í � <>�Y��D |λ̇|F�ñ HIF�CEDG?E�ED�ÎGCEDK;�P>� |L| C}?QP{F��}� DG?E�QP{JLDG��DGFqC�Ò i(c, λ′) = 0 DGC�R0ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>F^' Í ' Í �³Ò i(c, λn) −→ 0

Í ïÔF
R@~�R³=@HIC�P{JL<>?E�ÐR³=^JLDG�Y��DR0ñòP{;@;@?E<�Ú³HI��P{C}HL<>F�R@D���Î�<>=@?}B!D��:JL~GM øG?EDG��DGFqCÐ;@JIHL�E�E~�D��:��=�ñ HIJ�DõÚ³HL�}CED�R@D��:Î�<>F��}CQP{F�CED��
K,A CEDGJIJLD^�q=�D�;!<>=@? n P>�E�QD9f�MO?QP{F�R0Ò lsn(c) ≤ K(lσn(li∗) +A)

Í � D�ÎGH0ÿ�<>=@?}F@HICKJsP���öG��DóÎ�<>FqC}?QP>R³HLÎGC}HL<>F
��=�D�R�P{F��KJLD.;�P{?QP{MO?QP{;@|�D^;@?E~�Î�~�R@DGFqC�Ò�R@<>F�ÎN;�<>=@?KCE<>=@CED�ÿ%DG=@HIJIJLDNÎ�<>�Y;�P>ÎGCED c R@D L Ò δL(c) = 0

Í
Õ�ñòP{;@?Eø��AJ´ñòP2.�?}��P{C}HL<>F7� Í � Í �OÒ�Î�D�ÎGH�DGF�C}?QP{HIF�D^��=�D |L| D��}C©=@F�D.�ó=@JIC}H ÂoÎ�<>=@?}B�D Í
� <>�Y��D |L| ⊂ S ⊂ ∂M − L0 Ò ∃C2 > 0 CEDGJIJLD`�q=�D lsn(c) > C2

;!<>=@?�CE<>=@C n DGC�;!<>=@?YCE<>=@CED
Î�<>�Y;!<O�QP{FqCED c R@D |L| Í Õ�ñòP{;@?Eø���JsPNÎ�<>F��}C}?}=�ÎGC}HL<>F2R³= Λ Â®P{?}B@?ED AL Ò JsP^�}=@HICEDAR@D���?ED��}C}?}HLÎGC}HL<>F��R@D sn ÷�=@F�DÎ�<>�Y;!<O�QP{FqCED Î�<>F@F�DõÚ³D R@D S − |L| D��}C B!<>?}F�~�D Í ) J DõÚ³HL�}CED R@<>F�Î C1 > 0 CEDGJIJLD ��=�D
inf{lsn(c)/ c D��}C©=@F�D�M ~�<�R@~��}HL��=�D��}HI�Y;@JLDNÎ�<>�Y;�P>ÎGCEDóR@D S − |L|} > C1

;!<>=@?�CE<>=@C n Í � <>�Y��D |L|D��}C/=@F�Dy�ó=@JIC}H ÂoÎ�<>=@?}B�DOÒNP{JL<>?E� δL(|L|) = 0 Ò�R@<>F�Î lsn(L) D��}C¦��P¼ðÀ<>?E~�D Í ïÔFçDGF»R@~�R³=@HIC ∃C3 > 0CEDGJIJLD[��=�DOÒ�;�<>=@?2CE<>=@C n Ò inf{lsn(c)/ c HIF�CEDG?E�ED�ÎGCED L C}?QP{F��}� DG?E�QP{JLDG��DGF�C } > C3
Íz P{HIFqCEDGF�P{F�C�Ò©F�<>=��

P�� <>F�� inf{lsn(c)/ c D��}C©=@F�D�M ~�<�R@~��}HL��=�D��}HI�Y;@JLDNÎ�<>�Y;�P>ÎGCEDóR@D S} > min{C1, C2, C3} > 0
Í ïÔFUR@~õÂ

R³=@HIC�P{JL<>?E��R³=ÆJLD�JLDG�Y��DR@D z =@��ÿ�<>?ER�%Îõÿ Í W � Ùo�[X � �q=�D�JsPK�}=@HICED sSn D��}C:B�<>?}F�~�D�R�P{F���J´ñûD��E;�P>Î�D���<�R³=@JsP{HI?EDOÒÎOñûD��}CÀÂ®÷¼ÂoR³HI?EDó�q=�ñ HIJ�DõÚ�HL�}CED^R@D��AR³H`
0~�<>��<>?};@|@HL�}��D�� ψn CEDGJL�A��=�D.JsPY�}=@HICED (ψn∗s
S
n) D��}C©B�<>?}F�~�D^;�<>=@?AJsP�CE<{Â;!<>JL<>MOHLD^P{JIM ~GB@?}HL��=�D Í� <>�Y��D�JsP2?ED��}C}?}HLÎGC}HL<>FUR@D sSn ÷þÎE|�P>��=�D�Î�<>�Y;!<O�QP{FqCED5R@D S − |L| D��}C^B�<>?}F�~�DOÒ�<>Fy;�DG=@C^�E=@;@;�<O�EDG?��=�D ψn D��}CAÎ�<>�Y;!<O�E~�R@D�C¬h©HL�}CE�KR@DNÕ.DG|@F`JLD.JL<>F@M5R@D��ÿ%DG=@HIJIJLD��ÔR@D |L| Í

�54m�4��²�ÌiÀQ��Ó ò � ö � ö ��Â AqO�E4r�C�3�A~S>A�87E4K]3@M�S>A@M�8V¿-5�M�8QM�S>A[»�A�;>O�I9K]5oU�E4r�?�E�MDA�OP8 ψn A�M�8�CFE43�Oc6D£
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÃ:<>=@?�=@F�D�Î�<>=@?}B�D�Î�<>�Y;�P>ÎGCED c ∈ ∂M DGC n ∈ N <>FóF�<>CEDG?QP ρn(c) J´ñû~GJL~G��DGFqC�Î�<>?}?ED��};!<>F³ÂR�P{F�C�R@D ρn(π1(M))

Í ù�<>HIC c =@F�D�Î�<>�Y;�<O�QP{F�CEDÔÎ�<>F@F�DõÚ@D�R@D L , Î�<>�Y��D (ρn)
Î�<>F�� DG?}M D.P{JIM ~GB@?}HL��=�DG��DGFqC�Ò

ρn(c)
Î�<>Fq� DG?}M DY� DG?E� ρ∞(c)

Í�z <>F�C}?E<>F��^��=�D ρ∞(c) F�ñûD��}C�;�P>��;�P{?QP{B!<>JIHL��=�D Í ù�=@;@;�<O�Q<>F���JLDYÎ�<>FqC}?QP{HI?EDOÒP{JL<>?E� lσn(c∗) −→ 0
Í Õ�ñòP{;@?Eø��AJ´ñòP2.�?}��P{C}HL<>F�' Í ' Í �³Ò i(λn, c) −→ 0 Ò�R@<>F�ÎOÒ�R0ñòP{;@?Eø��AJLD.JLDG�Y��D^R0ñòP{;@;@?E<�Ú�H Â��P{C}HL<>F¦R@D��AÎ�<>=@?}B!D��AJL~GM øG?EDG��DGF�CÔ;@JIHL�E�Q~�D���Ò lsn(c) −→ 0

Í ïÔF¦DGF-R@~�R³=@HIC���=�D c ⊂ L0 Ò�Î�DN��=@H�Î�<>F�C}?ED�R³HIC
JLDÔÿ´P{HIC��=�D |L| ⊂ S ⊂ ∂M −L0 Í³Ý HIF��}H ρ∞(c) D��EC�| � ;!DG?}B!<>JIHL�q=�D�DGC©��=@HIC}CEDN÷óDõÚ³C}?QP{HI?ED.=@F�D��E<>=��ÀÂo�E=@HICEDOÒ
ρn(c)

D��}CAP{=��E�}H0| � ;!DG?}B�<>JIHL��=�D Í
ù�=@;@;!<O�E<>F��:�q=�D ψn ÿ�P{HIC pn CE<>=@?E��JLD�JL<>F@M�R@D c DGC���=�D pn −→∞ Í2a <>CE<>F�� F 1 DGC F 2 JLD���Î�<>�Y;!<O�QP{F�CED��

Î�<>F@F�DõÚ@D���%~G� DGF�C}=�DGJIJLDG��DGFqC©Î�<>F³ÿ%<>F�R³=�D�� � R@D S−|L| R@<>F�C�JLD©B!<>?ER�Î�<>FqC}HLDGF�C c Í � <>�Y��D |L| F�ñ HIFqCEDG?E�QD�ÎGCED;�P>� λ′ C}?QP{F��}� DG?E�QP{JLDG��DGF�C�Ò:P{JL<>?E�^;�<>=@?NCE<>=@C ε > 0 Ò F j �P�� D�Î j = 1, 2 � Î�<>FqC}HLDGF�Có=@F�D�Î�<>=@?}B!D��}HI�Y;@JLDÎ�<>�Y;�P>ÎGCED bj,ε CEDGJIJLD©��=�D i(bj,ε, λ′) ≤ ε
Í ïÔF5P λ′ ∈ P(M) Ò4�@Ú³<>F�� ε < min{2π, η} <4� η > 0 D��}C�CEDGJ���=�D��=�D^;!<>=@?�CE<>=@C�P{F@F�D�P{=[D��E�QDGFqC}HLDGJ E Ò i(λ′, ∂E) ≥ η

Í�ü P5Î�<>F�R³HIC}HL<>F c) DGFqC}?QP{HIF�DY��=�D i∗(bj,ε) ∈ π1(M)F�ñûD��}C�;�P>�NC}?}HI��HsP{J Íg� H Ú@<>F��.=@F ;!<>HIFqC x ∈ F 1 DGCNÎ�<>F��}HLR@~G?E<>F��^=@F[JsP>Î�DGC a 3 x |�<>��<>CE<>;�D�÷ b1,ε DGC�=@FJsP>Î�DGC b 3 x |�<>��<>CE<>;!D^÷ b2,ε Í	a <>=��K�E<>�Y��D��KR�P{F��©JsP��}HIC}=�P{C}HL<>F-R@D�JsP���MO=@?ED�� Í � Í� <>�Y��D-JsP[�E=@HICED ψn∗sSn D��}C�B!<>?}F�~�DOÒ�P{JL<>?E� lsS
n
(ψn(ab))

D��}C�B�<>?}F�~�D/DGC lσn(ψn(ab)
∗) D��}C2P{=��E�}HB!<>?}F�~�D Í ïÔFU;!DG=@CYR@<>F�Î2DõÚ�C}?QP{HI?EDô=@F�D2�E<>=��ÀÂo�}=@HICED5CEDGJIJLD2�q=�D ρn(ψn(ab)) = ρn(ac

pnbc−pn) Î�<>Fq� DG?}M D Í� <>�Y��D ρn(a) Î�<>F�� DG?}M DOÒ�<>F�DGF&R@~�R³=@HIC2��=�D ρn(cpnbc−pn) = ρn(c)
pnρn(b)ρn(c)

−pn Î�<>F�C}HLDGFqC2=@F�D
�E<>=��}Âo�}=@HICED�Î�<>Fq� DG?}M DGF�CED Í

ù�<>HLDGF�C ln ⊂ H3 J´ñòP¼Ú³DR@D ρn(c) DGC xn ∈ ln =@F�D�}=@HICED©��=@H�Î�<>F�� DG?}M D©� DG?E� x∞ ∈ l∞ ,>Î�<>F��}HLR@~G?E<>F���=@F�D
�E<>=��}Âo�}=@HICED�CEDGJIJLD���=�D ρn(c)pnρn(b)ρn(c)

−pn(xn)
Î�<>Fq� DG?}M D Í � <>�Y��D ρn(c) Î�<>F�� DG?}M D©� DG?E� ρ∞(c) ��=@H�D��EC| � ;!DG?}B�<>JIHL��=�DOÒ P{JL<>?E� ρn(c)−pn(xn)

Î�<>F�� DG?}M DK� DG?E��=@FY;!<>HIFqC&�@Ú@D©R@D ρn(c) Í ïÔF�� P{HIC��q=�D ρn(b) Î�<>Fq� DG?}M D� DG?E� ρ∞(b) Ò �q=�D ρn(c)
−pn(xn)

CEDGF�R � DG?E� JLD B�<>?ER ÷ J´ñ HIF���F@H DGC ��=�D



a

b
x

c

F 1

F 2

Ý �uß�Þ�� Í � } � <>FqC}?�b>JLDóR³=þF�<>�^B@?ED^R@DNC:h©HL�}CE�ÔR@D�Õ�DG|@F

dH3(ρn(c)
−pn(xn), ρn(b)ρn(c)

−pn(xn)) = dH3(xn, ρn(c)
pnρn(b)ρn(c)

−pn(xn))
D��}CÔB!<>?}F�~�D Í � D�ÎGH�DGF³Â

C}?QP{HIF�Dþ��=�D ρn(c)−pn(xn)
CEDGF�RU� DG?E�Y=@Fk;!<>HIFqC~�@Ú@D2R@D ρ∞(b)

Í�ü D���HL�E<>��~GC}?}HLD�� ρ∞(b) DGC ρ∞(c) <>FqCR@<>F�Î.=@Fþ;!<>HIFqC��@Ú@D�Î�<>�Y�^=@F Í � <>�Y��D ρ∞(π1(M)) D��}C=@FþMO?E<>=@;�D�R³HL�EÎG?EDGC�Ò ρ∞(b) DGC ρ∞(c) �E<>FqCKR@D���ó=@JIC}HI;@JLD���R³=/��öG��DÆ~GJL~G��DGFqC�HIF�R³HI��HL�}HIB@JLDÆR@D ρ∞(π1(M)) Ò�H Í D Í HIJÐDõÚ³HL�}CED d ∈ π1(M) Ò p, q ∈ N CEDGJÐ�q=�D
b = dp DGC c = dq

Í � <>�Y��D b2,ε D��}CÔJIHIB@?EDG��DGF�CN|�<>��<>CE<>;!D�÷ b Ò�<>FWR@~�R³=@HICNR@DÆJ´ñòP2.�?}��P{C}HL<>F7� Í � Í �ô��=�D
b2,ε ∪ c B!<>?ER@D�=@F-P{F@F�D�P{=/D��Q�EDGFqC}HLDGJ Í � <>�Y��D i(λ′, c ∪ b2,ε) ≤ ε < η Ò@Î�D�ÎGH�Î�<>FqC}?ED�R³HICÔJsPYÎ�<>F�R³HIC}HL<>F c) Í

ïÔFô;!DG=@C���P{HIF�CEDGF�P{FqCAÎ�<>F�ÎGJI=@?ED.��=�DOÒ���=@HIC}CED�÷óDõÚ³C}?QP{HI?EDÔ=@F�D��E<>=��ÀÂo�E=@HICEDOÒ ∃n1
CEDGJ!��=�DKJLD��R³H`
0~�<>��<>?ÀÂ

;@|@HL�}��D�� ψn ◦ ψ−1
n1

�Q<>FqCKHL�E<>CE<>;!D��A÷�J´ñ HLR@DGF�C}HICE~ Í � D�ÎGH�P>ÎQ|�øG� DNJsPÆ;@?EDG=@� DNR³=-JLDG�Y��D�� Í � Í ' Í
Ù�F�=@C}HIJIHL�QP{F�CôJsPyÎ�<>Fq� DG?}M DGF�Î�DWR@D��5��~GC}?}HL�q=�D��ô�}=@?�JLD-B�<>?ER0Ò�F�<>=��ôP{JIJL<>F��ôÎ�<>F��}C}?}=@HI?ED/=@F�D-�}=@?Àÿ´P>Î�D

;@JIHL�E�Q~�D�Î�<>Fq� DõÚ@D f∞ : S → H3/ρ∞(π1(M))
Í

æy�]�!�!� ò � ö �V÷Ê��� ET5Q8 S KeOcA~U�E4r�?�E4M914OP8:A~U�E4O	OcAFp]A�S>A ∂M − L0 « 14GRE43@Mq5�G&AFp45�M�8:A�KeOcAqM@Ke3�tN1sU�Az?�GH5�M�MN6�AU�ETO	/�AFp>AYE4K+1@?s?cG`1T8J57A f∞ : S → H3/ρ∞(π1(M)) I9Ke5oA@M�8y;eE4rYET87E�?BA�ªYG�¥ 5QO�U9GHK]M@5wE4Oc£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC rn : π1(S) → Isom(H2) =@F�Dþ?EDG;@?E~��EDGFqCQP{C}HL<>FêP>�E�Q<�ÎGHL~�D`÷ sSn CEDGJIJLD-�q=�D (rn)Î�<>F�� DG?}M DóP{JIM ~GB@?}HL��=�DG��DGFqC�� DG?E�©=@F�D�?EDG;@?E~��EDGF�CQP{C}HL<>F r∞ : π1(S) → Isom(H2)

Í
a <>=���P{JIJL<>F����}=@HI��?EDKJLD���HLR@~�D���R@D�W � Ù��[X�P2��FôR0ñûDõÚ�C}?QP{HI?ED�R@D (fn)

=@F�DÔ�Q<>=��ÀÂo�}=@HICEDKÎ�<>F�� DG?}M DGFqCED Í Ã:<>=@?
Î�DGJsPôHIJ�F�<>=���ÿ�P{=@C���<>F�C}?EDG?ó��=�D�CE<>=@CED���JLD���HI��P{M D�� fn(S) HIFqCEDG?E�ED�ÎGCEDGF�CóJ´ñ HI��P{M D�R�P{F�� H3/ρn(π1(M))R0ñ =@F�D�;�P{?}C}HLD5Î�<>�Y;�P>ÎGCEDôR@D H3 Í �ÔF�D�CEDGJIJLD�;@?E<>;@?}HL~GCE~5D��ECNMqP{?QP{FqC}HLD5;�P{?^JLD�JLDG�Y��D5�}=@HI�OP{FqCÆR@D�Wûú<qï\X Ía <>CE<>F�� xn J´ñ HI��P{M D^R�P{F�� H3/ρn(π1(M)) R@D.J´ñû<>?}HIMOHIF�D o ∈ H3 Ò@<>F/P^d
æy�]�!�!� ò � ö �QÎÅÄ9Æ`·~�À¸~É|Ëq¿��e�!�!� ÁPÎPÏD��a O�143FU kn �-°NE45Rv4O�14OP8 fn(S) 14K�?�ET5�OP8~CF1�MDA xn �o?BA9Ke8Á<98J3�AU�;�E45�M�5yS>A�G`ETO]v4K	A�K]3�K]OP5 tNE43�rY69rYA9OP8oCFET3@Oc6�AD£

ù�<>HIC k̃n =@F ?EDGJLDG� ~�R@D kn R@<>FqCó=@F�D�DõÚ�C}?E~G�YHICE~5D��}C o ,�F�<>CE<>F�� y ∈ ∂C(ρn)
J´ñòP{=@C}?ED5DõÚ�C}?E~G�YHICE~5R@D

k̃n
DGC ∂yC(ρn)

JsPYÎ�<>�Y;�<O� P{FqCED^R@D ∂C(ρn)
�q=@H�Î�<>F�C}HLDGFqC y ÍPa <>CE<>F�� S′ JsPYÎ�<>�Y;!<O�QP{FqCEDóR@D ∂M − λ(p)

��=@HKÎ�<>FqC}HLDGF�C S Ò r′n : π1(S
′) → Isom(H2) =@F�Dþ?EDG;@?E~��QDGFqCQP{C}HL<>F
P>�Q�E<�ÎGHL~�D/÷ sn R@<>FqC�JsP[?ED��}C}?}HLÎGC}HL<>F÷ π1(S) Î�<>HIF�ÎGHLR@D-P�� D�Î rn DGC Γn = r′n(π1(S

′))
Í � <>�Y��D r′n D��}C�P>�E�E<�ÎGHL~�D2÷ sn Ò�<>Fk;�DG=@C�HLR@DGF�C}H`��DG?

H2/Γn
DGC (S′, sn)

,0ÎE|�<>HL�}HL�Q�E<>F��N=@F�D�;@?E<{ð}D�ÎGC}HL<>FyR@D�?EDG� öGCEDG��DGFqC pn : H2 → S′
ÍÊ� H Ú@<>F�� n DGC�F�<>CE<>F��

f̂n : H2 → ∂yC(ρn)
=@Fó?EDG� öGCEDG��DGFqC�HL�E<>��~GC}?}HL��=�D�CEDGJ���=�D�J´ñòP{;@;@JIHLÎ�P{C}HL<>FY��=�<>C}HLDGFqC fn : H2/Γn → N(ρn)Î�<>HIF�ÎGHLR@D.P�� D�Î hn ◦ i : S′ → N(ρn)

JL<>?E�E��=�DKJ´ñû<>FôHLR@DGFqC}H`��D (S′, sn)
DGC H2/Γn

Í ïÔFþP^P{JL<>?E� ∀a ∈ π1(S
′) Ò

f̂n ◦ r′n(a) = (ρn ◦ i∗)(a) ◦ f̂n(a)
Í

a <>CE<>F�� tn = ρn ◦ i∗ ◦ r′−1
n

DGC t∞ = ρ∞ ◦ i∗ ◦ r−1
∞

Í Õ�ñòP{;@?Eø���JLD`C}|�~�<>?EøG��D-R0ñ Ý �EÎ�<>JIH´Ò�HIJKDõÚ³HL�}CED
=@F�DW�}=@HICEDWDõÚ³C}?QP{HICEDWCEDGJIJLD[�q=�D (f̂n)

Î�<>Fq� DG?}M D =@F@H ÿ%<>?}��~G��DGF�C-�}=@?2CE<>=@CþÎ�<>�Y;�P>ÎGC`� DG?E�2=@F�D[P{;@;@JIHLÎ�P¼Â
C}HL<>F f̂∞ : H2 → H3 Í Õ�ñòP{;@?Eø��0W � Ù���XoÒ f̂∞ D��EC5=@F�D¦�}=@?Àÿ´P>Î�D-;@JIHL�E�Q~�D Í � <>�Y��D lsn(S̄ − S) −→ 0 Ò
(Γn)

Î�<>Fq� DG?}M DWM ~�<>��~GC}?}HL��=�DG��DGFqC-� DG?E� r∞(π1(S))
Í�) J���ñûDGF��}=@HICþ�q=�ñ =@F�DW�}=@HICED (bn)

P�� D�Î bn ∈ ΓnÎ�<>F�� DG?}M D5�}H�DGC^�EDG=@JLDG��DGF�C��iñ HIJ�DõÚ�HL�ECED a ∈ π1(S) CEDGJ���=�D bn = r′n(a)
Í ïÔFkP-P{JL<>?E� bn −→ r∞(a) DGC

tn(bn) = ρn ◦ i∗(a) −→ ρ∞ ◦ i∗(a) = t∞(r∞(a))
Í ïÔF[DGF R@~�R³=@HICN��=�DÆJsP5�E=@HICEDÆR@DY�E=@?Àÿ�P>Î�D��.;@JIHL�E�Q~�D��

Î�<>F�� DõÚ³D�� (f̂n,Γn, tn)
Î�<>Fq� DG?}M DK� DG?E��JsP.�}=@?Àÿ�P>Î�D;@JIHL�Q�E~�D (f̂∞, r∞(π1(S)), t∞)

Í Õ�ñòP{;@?Eø���JLDJLDG�Y��D�' Í � Í �OÒ



f̂∞
D��}C�=@F�D.�}=@?Àÿ´P>Î�DÔ;@JIHL�E�E~�D�Î�<>Fq� DõÚ@D�<>=2P{;@;@JsP{C}HLD Í � <>�Y��D r∞(a) = ρ∞ ◦ i∗(a) ;!<>=@?�CE<>=@C a ∈ π1(S) ÒJ´ñòP{;@;@JIHLÎ�P{C}HL<>F���=�<>C}HLDGFqC f∞ : H2/r∞(π1(S)) ≈ S → H3/ρ∞(π1(M)) D��EC:|�<>��<>CE<>;!DA÷ÔJ´ñ HIF�ÎGJI=��}HL<>F Í
z <>FqC}?E<>F��ÔDGF��}=@HICEDN��=�D C

f̂∞

Î�<>FqC}HLDGFqCÔJ´ñûDGFq� DGJL<>;@;!D^Î�<>F�� DõÚ³D C(ρ∞) R@D Lρ∞�54m�4��²�ÌiÀQ��Ó ò � ö � õ ��Â ¥ A�OBMNA9rYC9GRA C(ρ∞) A@M98�U�E4O�8:A�O	K�S>14OBM C
f̂∞

£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC Π∞

=@Fk;@JsP{FkR@D2�}=@;@;�<>?}CÆ;!<>=@? f̂∞ DGC (Πn)
=@F7;@JsP{F¸R@Dô�}=@;@;!<>?}CÆ;!<>=@? f̂nCEDGJ�q=�D (Πn)

Î�<>F�� DG?}M Dô� DG?E� Π∞
Í�ü D�B!<>?ERUR@D�J´ñòP>R³|�~G?EDGF�Î�D Π̄n ⊂ H

3 R@D5ÎQ|�P>�q=�D Πn
D��}Có=@FUÎ�DG?EÎGJLD

DGC`Î�D[Î�DG?EÎGJLD[B!<>?ER@D[=@FêR³HL�E��=�D Dn ⊃ Lρn

Í©ü DWB�<>?ER(R@D Π̄∞
B!<>?ER@DW=@FêR³HL�E��=�D D∞ ⊂ ∂H

3 ��=@H
D��}C�JsP[JIHI�YHICED¦R@D�� Dn

Í�z <>FqC}?E<>F��ô�q=�D Lρ∞ ⊂ D∞
Í ù�<>HIC w ∈ Lρ∞

,�Î�<>�Y��D/JLD���;!<>HIFqCE���@Ú³D��5R@D��
HL�E<>��~GC}?}HLD���| � ;�DG?}B!<>JIHL��=�D����E<>F�C�R@DGF��ED���R�P{F�� Lρ∞ Ò <>F�;�DG=@C��E=@;@;�<O�EDG?���=�D w D��}C�JLD©;!<>HIFqC©�@Ú@DKP{C}C}?QP>ÎGC}H ÿ
R0ñ =@F�DÔHL�E<>��~GC}?}HLDÔ| � ;�DG?}B!<>JIHL�q=�D ρ∞(a)

Í � <>�Y��D (ρn)
Î�<>F�� DG?}M D�P{JIM ~GB@?}HL��=�DG��DGFqC�Ò�P{JL<>?E��JLD���;!<>HIFqCE���@Ú@D��

P{C}C}?QP>ÎGC}H ÿ�� wn R@D ρn(a) Î�<>Fq� DG?}M DGF�C�� DG?E� w Í � <>�Y��D wn ⊂ Lρn ⊂ Dn
DGC.Î�<>�Y��D Dn

Î�<>F�� DG?}M D�� DG?E�
D∞

Ò!P{JL<>?E� w ∈ D∞
Í!Ý HIF��}H Lρ∞ ⊂ D∞

DGC C(ρ∞) ⊂ H+
Π∞

Í ïÔF[Î�<>F�ÎGJI=@C�JsP�;@?EDG=@� DYR@DóJ´ñòP2.�?}��P{C}HL<>F
� Í � Í ñYDGF2ÿ´P{HL�QP{F�CAR@D���öG��D�;!<>=@?©CE<>=��KJLD��©;@JsP{F��AR@DN�}=@;@;!<>?}CKR@D f̂n Í

� <>�Y��D f̂∞ D��}C�=@F�DÆ�E=@?Àÿ�P>Î�DÆ;@JIHL�E�E~�DOÒ f̂∞(H2) ⊂ C(ρ∞)
Í�ü ñòP2.�?}��P{C}HL<>FyÎGH ÂoR@D��E�}=��.DGF�C}?QP{HIF�D�R@<>F�Î

��=�D f̂∞(H2) D��}CKÎ�<>FqCEDGF�=�DóR�P{F��A=@F�D�Î�<>�Y;�<O�QP{F�CED^Î�<>F@F�DõÚ@D ∂iC(ρ∞) R@D ∂C(ρ∞)
Í

�54m�4��²�ÌiÀQ��Ó ò � ö �Vðg��Â ¥ 1@?s?�GH5JU�1T8J5JETO f̂∞ : H2 → ∂iC(ρ∞) A@M�8yK]O03�A�/x<98:A9rYA9OP8:£
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÕ�ñòP{;@?Eø��YWûÙ�; z XoÒ0�}H f̂∞ F�ñûD��EC�;�P>�.=@F[?EDG� öGCEDG��DGFqC�Ò�P{JL<>?E� int(C

f̂∞
) = ∅ Í ïÔFWR@~�R³=@HIC

R@<>F�ÎôR@D�J´ñòP2.�?}��P{C}HL<>Fk� Í � Í ñ/�q=�D5�}H f̂∞ F�ñûD��}C^;�P>�ó=@F7?EDG� öGCEDG��DGF�C�Ò int(C(ρ∞)) = ∅ Í � D�ÎGH�DGFqC}?QP{HIF�D��=�D M D��EC©=@F���B@?E~NDGF`HIF�CEDG?}�>P{JIJLD�� I × Σ �E=@?K=@F�DN�}=@?Àÿ´P>Î�D Σ
Í Ã:<>=@? n ∈ N Ò³F�<>CE<>F�� λ̂n JsP�JsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�DY��D��}=@?E~�D�R@DY;@JIHL�Q�QP{M D�R@D f̂n Í Ã�<>=@? n ∈ N Ò0<>FUP`P{JL<>?E� pn(λ̂n) = λn

Í Õ�ñòP{;@?Eø��^JLDYJLDG�Y��D
' Í � Í '³Ò λ̂n CEDGF�R5� DG?E��=@F�D�JsP{�YHIF�P{C}HL<>FþM ~�<�R@~��}HL�q=�DÔ��D��}=@?E~�D λ̂∞ R@<>F�C�JLD.�}=@;@;!<>?}CD��}C�JLD�JIHLDG=þR@DÔ;@JIHL�E�QP{M D
R@D f̂∞ Í Õ�DJsP�Î�<>F�� DG?}M DGF�Î�D©M ~�<>��~GC}?}HL�q=�DAR@D Γn

� DG?E� r∞(π1(S)) <>FYR@~�R³=@HIC���=�D (pn)
Î�<>F�� DG?}M DK�}=@?ÐCE<>=@C

Î�<>�Y;�P>ÎGC�� DG?E�A=@F�DÆP{;@;@JIHLÎ�P{C}HL<>F p∞ : H2 → S
Í Õ�DóÎ�D�ÿ´P{HIC pn(λ̂n) = λn

CEDGF�R-� DG?E� p∞(λ̂∞)
Í � <>�Y��D

λ̇n
Î�<>F�� DG?}M DN� DG?E� λ̇ Ò@<>F/PYP{JL<>?E� λ′ ∩ S = p∞(λ̂∞)

ÍMc =@H�;@JI=��KD��}C�Ò@R0ñòP{;@?Eø��AJLD.JLDG�Y��D�' Í � Íkl Ò |p∞(λ̂∞)|D��}C=@F�D��ED�ÎGC}HL<>F`R³=^��B@?E~ I × ∂Σ
Í ù�H Σ D��EC©=@Fþ;�P{FqCQP{JL<>F�Ò�Î�D�ÎGH�Î�<>F�C}?ED�R³HICKJsP�Î�<>F�R³HIC}HL<>F d) Í Õ�P{F��©JLD.Î�P>�Î�<>F�C}?QP{HI?EDOÒ�F�<>CE<>F�� c ⊂ Σ =@F�D�Î�<>=@?}B!D��}HI�Y;@JLDôÎ�<>�Y;�P>ÎGCEDô�q=@H�F�ñûD��}C^;�P>�óJIHIB@?EDG��DGFqC�|�<>��<>CE<>;!Dô÷`=@F�D

Î�<>�Y;!<O�QP{FqCED5R@D ∂Σ ,�P{JL<>?E� I × c ⊂ I × Σ D��EC�=@F7P{F@F�D�P{=7D��E�QDGFqC}HLDGJ�DGC i(λ, ∂I × c) = 0 ;!<>=@?NCE<>=@C?EDG;@?E~��EDGF�CQP{FqC λ R@D λ̇ Ò0Î�D���=@H�Î�<>FqC}?ED�R³HICNJsP2Î�<>F�R³HIC}HL<>F b) ÍÊ� HIF�P{JLDG��DGFqC�Ò�<>FyPô��<>FqC}?E~���=�D��}H f̂∞ F�ñûD��}C
;�P>�©=@F-?EDG� öGCEDG��DGFqC�Ò λ̇ F�ñòP{;@;�P{?}C}HLDGFqC�;�P>�A÷ P+(M)/R Í

ü ñòP{;@;@JIHLÎ�P{C}HL<>Fk��=�<>C}HLDGFqC f∞ D��}CÆR@<>F�Î�=@F7?EDG� öGCEDG��DGFqC Í Õ�ñòP{;@?Eø��^JsP`?EDG��P{?E�q=�Dô��=@H��}=@HIC^JsP`;@?EDG=@� D
R³=
JLDG�Y��D�' Í � Í �³Ò�CE<>=@CED��2JLD��ô| � ;!<>C}|�ø��ED��2R³=&JLDG�Y��D�' Í � Í �7�E<>F�CôHLÎGH�?E~G=@F@HLD��`÷7�QP�� <>HI?þ��=�ñû<>F(Py=@F�D
�}=@HICEDYR@DY�E=@?Àÿ�P>Î�D���;@JIHL�Q�E~�D�� (f̂n,Γn, rn)

�q=@H�Î�<>F�� DG?}M D�� DG?E��=@F�D��E=@?Àÿ�P>Î�D�;@JIHL�E�Q~�D (f̂∞,Γ∞, r∞) DGCN��=�D
int(C

f̂∞
) ⊃ int(C(ρ∞)) 6= ∅ Í ïÔF ;!DG=@C R@<>F�Î =@C}HIJIHL�EDG? Î�D JLDG�Y��D HLÎGHyDGC DGFbR@~�R³=@HI?ED ��=�D

f∞ : S → ∂iN(ρ∞) D��}C©=@F`|�<>��~�<>��<>?};@|@HL�}��D Í
� P{HL�E<>F�� JsPí��öG��D Î�<>F��}C}?}=�ÎGC}HL<>F ;�<>=@? ÎE|�P>��=�D Î�<>�Y;!<O�QP{FqCED R@D ∂χ<0M − L0

DGC F�<>CE<>F��
f∞ : ∂χ<0M − ∂N(ρ∞) J´ñòP{;@;@JIHLÎ�P{C}HL<>F¦P{HIF��}H�<>B@CEDGF�=�D Í Õ�ñòP{;@?Eø��AÎ�D���=@H�;@?E~�Î�ø�R@DOÒ@J´ñ HI��P{M D^R@D f∞ D��}C©JsP
?E~G=@F@HL<>F-R@D^Î�DG?}CQP{HIF�D��AÎ�<>�Y;!<O�QP{FqCED��ÔR@D ∂N(ρ∞) DGC f∞ D��}C©=@Fþ|�<>��~�<>��<>?};@|@HL�}��DóJL<�Î�P{J Í
�54m�4��²�ÌiÀQ��Ó ò � ö �JÁ�ÃÊ��Â ¥ 1@?s?cG�5wU�1T8J5wE4O f∞ : ∂χ<0M − L0 → ∂N(ρ∞) A@M98y5QOD°DAFUN8J5Q/�AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F���JLDKÎ�<>F�C}?QP{HI?ED-,q<>F5P���<>FqC}?E~K;@JI=���|�P{=@C���=�D©JsP.?ED��}C}?}HLÎGC}HL<>FôR@D f∞ ÷�ÎE|�P>��=�D
Î�<>�Y;!<O�QP{FqCED^R@D ∂χ<0M − L0

D��}C©=@Fþ|�<>��~�<>��<>?};@|@HL�}��D^�E=@?K�E<>FþHI��P{M DOÒ³HIJ�DõÚ�HL�ECED�R@<>F�ÎNR@DG=³Ú2Î�<>�Y;!<{Â
�QP{F�CED��Î�<>F@F�DõÚ³D�� S DGC S′ R@D ∂χ<0M −L0

CEDGJIJLD�����=�D f∞(S)∩ f∞(S′) 6= ∅ ,�;�<>=@?~G��HICEDG?�JLD��Î�<>F³ÿÜ=��EHL<>FF�<>CE<>F�� f ′∞ JsP�?ED��}C}?}HLÎGC}HL<>F/R@D f∞ ÷ S′ ÍBa <>CE<>F�� Ŝ DGC Ŝ′ JLD��A?EDG� öGCEDG��DGFqCE��=@F@HI� DG?E�EDGJL�ÔR@D S DGC S′ Ò�ÎQ|�<>H Â�}HL�Q�E<>F���R@D��.?EDGJLDG� ~�� f̂∞ : H2 = Ŝ → C(ρ∞) DGC f̂ ′∞ : H2 = Ŝ′ → C(ρ∞) �q=@H���ñ HIF�CEDG?E�ED�ÎGCEDGFqCÆDGCNR@D��



?EDGJLDG� ~�� f̂n : H2 → C(ρn)
R@D fn|S Ü?ED��}; Í R@D��^?EDGJLDG� ~�� f̂ ′n : H2 → C(ρn)

R@D fn|S′ � �q=@HÎ�<>Fq� DG?}M DGF�C� DG?E� f̂∞ Ü?ED��}; Í f̂ ′∞ � Í ïÔF-P�P{JL<>?E� f̂n(H2) ⊂ int(C
f̂ ′n

) Ò f̂ ′n(H2) ⊂ int(C
f̂n

) DGC f̂∞(H2) ∩ f̂ ′∞(H2) 6= ∅ Í
ïÔF�DGF&R@~�R³=@HIC��q=�D f̂∞(H2) = f̂ ′∞(H2) D��}C�Î�<>FqCEDGF�=
R�P{F���=@F ;@JsP{F CE<>CQP{JLDG��DGFqCôM ~�<�R@~��}HL�q=�D-,�<>F&PP{JL<>?E� f∞(S) = f ′∞(S′)

Í ù�<>HIC c ⊂ S =@F�D5Î�<>=@?}B�D5�}HI�Y;@JLDôÎ�<>�Y;�P>ÎGCED5��=@H�F�ñ HIFqCEDG?E�QD�ÎGCED5;�P>�^JLD�JIHLDG=UR@D
;@JIHL�E� P{M D�R@D f∞ ,0F�<>CE<>F�� c′ = f ′−1

∞ (f∞(c))
Í ïÔFyR@~�R³=@HICóR³= JLDG�Y��DL' Í � Í '-�q=�D i(c, λn) −→ 0 DGC^��=�D

i(c′, λn) −→ 0 Î�D��q=@H�DGFqC}?QP{HIF�Dô�q=�D i(c, λ′) = i(c, λ′) = 0
Í � <>�Y��D f∞ DGC f ′∞ �E<>FqCó|�<>��<>CE<>;�D���÷

J´ñ HIF�ÎGJI=��}HL<>F�Ò�P{JL<>?E� c DGC c′ �Q<>FqC�JIHIB@?EDG��DGF�C�|�<>��<>CE<>;!D���R�P{F�� M Í Õ�ñòP{;@?Eø��\W ù�|i{�XoÒ c∪c′ B!<>?ER@D©=@F�P{F@F�D�P{=
E DGC i(∂E, λ′) = 0 Ò�Î�DN�q=@H�Î�<>F�C}?ED�R³HICAJsPYÎ�<>F�R³HIC}HL<>F b) Í

ïÔF�;�DG=@C���P{HIF�CEDGF�P{FqCô��<>FqC}?EDG?�Ò�DGF �}=@HI�OP{FqC+Wûú<qï\XoÒ���=�D ρ∞ D��}CYM ~�<>��~GC}?}HL�q=�DG��DGF�C���F@HLD/DGC�D��}C
P>�E�Q<�ÎGHL~�DN÷Æ=@F`��~GC}?}HL��=�D�| � ;!DG?}B�<>JIHL��=�DNÎ�<>�Y;@JLøGCEDó�}=@? int(M)

Í
æy�]�!�!� ò � ö �JÁPÁ�� ¤@G�AFp45�M�8:ALKeO�r�698J3�5wI9KBA~v]6FE4r�698J3�5JI9K	A�r�A�OP8&xyO	5wA σ∞ M@Ke3 int(M) 8:A�GQGRA�I9K	A ρ∞ A�M�8
KeOcA�3FA¬?�3F6�MNA�OP871s8J5JE4O!14M�M9EiU95w6�A~ª σ∞ £
»�6�rYE4OBM98J3|1T8J5wE4Oc£ Ý ÎQ|�P>�q=�D�ÿ%DG=@HIJIJLD c R@D L0 Î�<>?}?ED��};!<>F�R@DGFqCAR@DG=³Ú2B!<>=@CE�KR@D ∂χ<0M −L0 Í@ü D��©HI��P{M D��
R@DóÎ�D��ÔR@DG=³Ú`B!<>=@CE�A;�P{? f∞ �E<>F�C�R@DG=³Ú/P{F@F�D�P{=³Ú-CE<>CQP{JLDG��DGF�C.M ~�<�R@~��}HL��=�D���DGCAF�<>FWÎ�<>�Y;�P>ÎGCE����=@H��Q<>FqC
Î�<>F�CEDGFq=��ÆR�P{F���=@F�D�;�<>HIF�CED�R@D H3/ρ∞(π1(M))

Í ïÔCE<>F��NÎ�D��^R@DG=³Ú[P{F@F�D�P{=³Ú R@D f∞(∂χ<0M − L0) DGCð}<>HIMOF�<>F��ÐJLD��ÐR@DG=³ÚÆÎ�<>�Y;!<O�QP{FqCED���R³=�B!<>?ER�R@D�JsP��}=@?Àÿ´P>Î�D�?ED��}CQP{FqCED;�P{?Ð=@F�P{F@F�D�P{=�Î�<>�Y;�P>ÎGC Í Ù�FY<>;�~G?QP{F�C
R@DAJsPN�E<>?}CEDA;�<>=@?�ÎE|�P>��=�DKÿ�DG=@HIJIJLDAR@D L0 Òq<>Fô<>B@C}HLDGFqC�=@F�DA�}=@?Àÿ´P>Î�DAÎ�<>�Y;�P>ÎGCED F∞ ⊂ H3/ρ∞(π1(M))

Í�ü P
��öG��DÆÎ�<>F��}C}?}=�ÎGC}HL<>F[D�
!D�ÎGC}=�~�DÆR�P{F�� M ;@?E<�R³=@HIC�=@F�Dó�}=@?Àÿ´P>Î�D S∞ CEDGJIJLDó�q=�D S∞ ∪ ∂χ=0M

B�<>?ER@Dó=@F�D
;�P{?}C}HLDÆÎ�<>�Y;�P>ÎGCEDóR@D M Í�a <>CE<>F�� F ′∞ JsP��}=@?Àÿ�P>Î�Dó<>B@CEDGFq=�D�DGF[P¼ðÀ<>=@CQP{F�C.÷ F∞ JLDNB!<>?ER/R0ñ =@F/� <>HL�}HIF�P{M D
R@D��5;�<>HIF�CED��2R@D`?QP{F@M 2 R@D H3/ρ∞(π1(M)) ,�DGF&��<�R³H`��P{F�C f∞ Ò�<>F�<>B@C}HLDGFqCô=@F&|�<>��~�<>��<>?};@|@HL�E��D
f : S∞ ∪ ∂χ=0M → F ′∞

��=@H�D��}C.|�<>��<>CE<>;�D5÷ôJ´ñ HIF�ÎGJI=��}HL<>F Íg) JÐ�iñûDGFW�E=@HICN�q=�D F ′∞ D��}C�|�<>��<>JL<>MO=�D�÷ 0DGC�R@<>F�ÎNB!<>?ER@DN=@F 3 ÂoÎ � ÎGJLD^R@D^� <>JI=@��Dq��F@H Í � |�P>�q=�DóÎ�<>�Y;�<O�QP{F�CEDóR@D F ′∞ − F∞
B!<>?ER@DN=@F�DN;!<>HIFqCEDÆR@D

?QP{F@M 2 Ò�Î�<>�Y��D^=@F�D�CEDGJIJLDN;@HIF�CEDóPÆ=@F`� <>JI=@��Dq��F@H´Ò F∞ B!<>?ER@D�=@F 3 ÂoÎ � ÎGJLDóR@D�� <>JI=@��D���F@H Í�ü PY�}=@?Àÿ´P>Î�D
f∞(∂χ<0M −L0)−F∞ D��EC�ÿ�<>?}��~�D�R@DAJ´ñ =@F@HL<>Fþ;!<>=@?©ÎE|�P>��=�D.Î�<>�Y;�<O�QP{F�CED c R@D L0 R@D.R@DG=³ÚôP{F@F�D�P{=³Ú
CE<>CQP{JLDG��DGF�CÔM ~�<�R@~��}HL��=�D���Ò@Î�D��AR@DG=³Ú-P{F@F�D�P{=³Ú`�E<>FqC�Î�<>F@F�D�ÎGCE~��K;�P{?K=@F¦P{F@F�D�P{=/Î�<>�Y;�P>ÎGCÔÎ�<>F�CEDGFq=WR�P{F��
F∞

DGCôJsP7�}=@?Àÿ�P>Î�D ac ?E~G=@F@HL<>F(R@D��5R@DG=³Ú�P{F@F�D�P{=³Ú&F�<>F�Î�<>�Y;�P>ÎGCE�þDGCôR@D/J´ñòP{F@F�D�P{=(Î�<>�Y;�P>ÎGCôB!<>?ER@D
=@F 3 ÂoÎ � ÎGJLDYR@D�� <>JI=@��D���F@H Í Ù�F7P¼ð}<>=@CQP{FqC^P{= Î�<�Î � ÎGJLD�B!<>?ER@~�;�P{? F∞ JLD��^Î�<�Î � ÎGJLD��.B�<>?ER@~��.;�P{?�JLD�� acÎ�<>?}?ED��};!<>F�R�P{FqCY÷2CE<>=@CED��óJLD��^Î�<>�Y;!<O�QP{FqCED��ÆR@D L0 <>F7<>B@C}HLDGFqCÆ=@F 3 ÂoÎ � ÎGJLD�R@DY� <>JI=@��D���F@H C∞ B!<>?ER@~
;�P{? f∞(∂χ<0M − L0)

Í
Õ�ñòP{;@?Eø��þJ´ñòP2.�?}��P{C}HL<>F � Í � Í ���³Ò f∞ D��ECô=@F(|�<>��~�<>��<>?};@|@HL�E��DyDGCþ�E<>F�HI��P{M D D��}C2JsP7?E~G=@F@HL<>F R@D

Î�DG?}CQP{HIF�D���Î�<>�Y;�<O�QP{F�CED���Î�<>F@F�DõÚ@D���R@D ∂N(ρ∞)
Í ù�H�=@F�DKÎ�<>�Y;!<O�QP{F�CED ∂iN(ρ∞) R@D ∂N(ρ∞) F�ñû~GCQP{HIC�;�P>�Î�<>F�CEDGFq=�D�R�P{F�� f∞(∂χ<0M −L0) Ò�P{JL<>?E��JsPNÎ�<>�Y;!<O�QP{F�CED b R@D [H3/ρ∞(π1(M))]−N(ρ∞) B�<>?ER@~�DÔ;�P{?

∂iN(ρ∞) �EDG?QP{HIC©Î�<>FqCEDGF�=�DNR�P{F�� C∞ Í � <>�Y��D b D��}C�=@F�D�Î�<>�Y;!<O�QP{F�CED�R@D [H3/ρ∞(π1(M))]−N(ρ∞) ÒÎOñûD��}C�=@F B�<>=@C�M ~�<>��~GC}?}HL�q=�DG��DGF�C���F@H�DGC�HIJÔP¦=@F�� <>JI=@��D`HIF���F@H Í � D�ÎGHÔÎ�<>F�C}?ED�R³HIC�JLD2ÿ´P{HIC���=�D C∞ P
=@F[� <>JI=@��D~��F@H Í ïÔF DGF R@~�R³=@HIC^�q=�D f∞(∂χ<0M − L0) = ∂N(ρ∞) Ò0R@<>F�Î C∞ = N(ρ∞) DGC ρ∞ D��}C
M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD Í� <>�Y��DNJ´ñ |�<>��~�<>��<>?};@|@HL�}��D f∞ : ∂χ<0M − L0 → ∂N(ρ∞) D��}CK|�<>��<>CE<>;!D^÷ÆJ´ñ HLR@DGFqC}HICE~OÒ�HIJ�DõÚ³HL�}CED=@F�D©~���=@HI�>P{JLDGF�Î�D©R0ñ |�<>��<>CE<>;@HLD M−(L0∪∂χ=0M) → N(ρ∞) ��=@H@Î�<4_�F�ÎGHLR@DAP�� D�Î f∞ �E=@? ∂χ<0M−L0 Í
Õ�ñòP{;@?Eø��<W {yPT'2XoÒ�Î�DGC}CEDþ~���=@HI�>P{JLDGF�Î�DþR0ñ |�<>��<>CE<>;@HLD`;�DG=@C�öGC}?ED2?E~�P{JIHL�E~�D2;�P{?�=@F¸|�<>��~�<>��<>?};@|@HL�}��D Í Ù�F
Î�<>�Y;!<O�QP{FqC.Î�DGC�|�<>��~�<>��<>?};@|@HL�}��DYP�� D�Îó=@F-|�<>��~�<>��<>?};@|@HL�}��D int(N(ρ∞)) → H3/ρ∞(π1(M)) Ò�<>F<>B@C}HLDGF�CAJsPÆ��~GC}?}HL��=�D�M ~�<>��~GC}?}HL�q=�DG��DGF�C\��F@HLD σ∞ �}=@? int(M) ��=@H�~GCQP{HICÔP{C}CEDGF�R³=�D Í

W��C� Y]%� t 0�12(�0� 'GH0I+	0 (σn) t 0�12& σ∞
Ý ��F�R@D©Î�<>F�ÎGJI=@?EDK��=�D bR D��}CÐ;@?E<>;@?EDOÒOHIJ@F�<>=���?ED��}CEDK÷���<>F�C}?EDG?���=�ñ =@F�DK�E<>=��ÀÂo�}=@HICED©R@D (σn)

Î�<>Fq� DG?}M D
� DG?E� σ∞ Í©a <>=��2P{JIJL<>F���CE<>=@C2R0ñòP{B�<>?ER&��<>FqC}?EDG?2��=�DOÒ���=@HIC}CED¦÷[DõÚ³C}?QP{HI?ED/=@F�D/�E<>=��}Âo�}=@HICEDOÒ ρn(π1(M))Î�<>F�� DG?}M D�ÿ%<>?}CEDG��DGF�C�� DG?E� ρ∞(π1(M))

ÍÊa <>CE<>F�� Ω(ρn)
JLD�R@<>��P{HIF�DYR@D�R³HL�EÎ�<>FqC}HIF�=@HICE~�R@D ρn(π1(M)) ,F�<>=��AP{JIJL<>F��A=@C}HIJIHL�EDG?KJLD.?E~��}=@JICQP{CÔ�}=@HI�>P{F�CAR@DYWû� < z XoÜ� <>HI?ÔP{=��Q�}H©W z P4�oX � d



���*�]�P���]��� ò � ö ��� Ki?s?�E4M9E4OBM�I9K	A Ω(ρ∞) OÊ¥ A�M�8*?�1�M�/D5JS]A « M�5 (Ω(ρn))
U�E4O	/�A�3wv>AY/�A�3@M Ω(ρ∞) 14K+MNA�OBMS>A � 143F1T8Q;�6�EDSsE43�=��o14GRE43�M ρn U�E4O	/�A93Jv>A�t9E4398:A�r�A�OP8�/�A�3@M ρ∞ £

Ó�P{;@;�DGJL<>F��2��=�D (Ω(ρn))
Î�<>Fq� DG?}M DW� DG?E� Ω(ρ∞) P{=(�EDGF��ôR@D � P{?QP{C}|�~�<�R@<>? � �}H.DGCô�EDG=@JLDG��DGF�C`�}H

(Ω(ρn))
�QP{C}HL�}ÿ�P{HIC©JLD��KR@DG=³Ú`Î�<>F�R³HIC}HL<>F��Ô�}=@HI�>P{F�CED���d

} CE<>=@CÎ�<>�Y;�P>ÎGC K Î�<>F�CEDGFq=-R�P{F�� Ω(ρ∞) D��}C�Î�<>F�CEDGFq=-R�P{F���CE<>=��JLD�� Ω(ρn)
;�<>=@? n P>�E�ED9f�MO?QP{F�R�,} CE<>=@CA<>=@� DG?}C O Î�<>F�CEDGFq=/R�P{F�� Ω(ρn)

;�<>=@?A=@FþF�<>�^B@?EDNHIF���F@H�R@D n D��}CAÎ�<>FqCEDGF�=/R�P{F�� Ω(ρ∞)
Í

a <>=��AP{JIJL<>F��A��<>FqC}?EDG?Ô��=�D (Ω(ρn))
DGC Ω(ρ∞) �QP{C}HL�Àÿ�<>FqCKÎ�D��ÔR@DG=³Ú2Î�<>F�R³HIC}HL<>F�� Í

æy�]�!�!� ò �V÷Ê�JÁP��� E4K>M�GRA@M�;>=@?�ET8Q;�Ð@MDA@M~S]A�G`1q?�3FE@?�E�M�5Q8J5wE4OÂ¹�£9Ã�5�G-AFp45�M�8:A�KeOcA�M@Ke5J8:A�AFpT8J3F145Q8:A�S>A (ρn)
INK]5

U�ETO	/�A�3wv>AotNE4398:A�r�A�OP8�/�A�3@M ρ∞ £
»�6�rYE4OBM98J3|1T8J5wE4Oc£ � <>�Y��D ρ∞ D��}C©M ~�<>��~GC}?}HL�q=�DG��DGF�C\��F@HLDOÒ Ω(ρ∞) F�ñûD��}C©;�P>�K��HLR@D Íù�<>HLDGF�C K ⊂ Ω(ρ∞) =@F`�Q<>=��ÀÂoDGF��EDG�^B@JLD^Î�<>�Y;�P>ÎGCKÎ�<>F@F�DõÚ³DNDGC Ω(ρ∞)1

JsP�Î�<>�Y;!<O�QP{FqCEDNÎ�<>F@F�DõÚ@D�R@D
Ω(ρ∞) ��=@H�Î�<>FqC}HLDGF�C K Í*a <>CE<>F�� Σ̃1 ⊂ ∂Ñ (ρ∞) DGC K ′ ⊂ Σ̃1

JLD��^HI��P{M D��ÆR@D Ω(ρ∞)1
DGCóR@D K ;�P{?

J´ñòP{;@;@JIHLÎ�P{C}HL<>F¦R@D�?E~GC}?QP>ÎGC}HL<>F Ω(ρ∞)1 → ∂C(ρ∞)
Í � <>�Y��DNR�P{F��AJLD��K�ED�ÎGC}HL<>F��©;@?E~�Î�~�R@DGF�CED���Ò�F�<>CE<>F�� λ̂nJsPNJsP{�YHIF�P{C}HL<>F5M ~�<�R@~��}HL��=�DA��D��}=@?E~�DÔR@DK;@JIHL�E� P{M DAR@D f̂n DGC�DõÚ�C}?QP � <>F���=@F�DÔ�}=@HICEDKCEDGJIJLDÔ�q=�D |λ̂n| Î�<>Fq� DG?}M DM ~�<>��~GC}?}HL��=�DG��DGFqC5� DG?E�Y=@F�D2JsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL��=�D L̂ ⊂ H2 Í � <>F��}HLR@~G?E<>F��Y=@F�D2ÿ´P{�YHIJIJLDþR@D2;�<>HIF�CE�

x̂1, ..., x̂∞ ∈ H2− L̂ CEDGJIJLDK��=�DKÎE|�P>��=�DKÎ�<>�Y;!<O�QP{FqCEDÔR@D H2− L̂ Î�<>FqC}HLDGF�C�=@F x̂i DGC�F�<>CE<>F�� Πi
JLD©;@JsP{F�R@D

�}=@;@;!<>?}C�DGF f̂∞(x̂i)
Í�ü DÔB!<>?ER�R�P{F�� ∂H

3 R@D Πi
B!<>?ER@DA=@FôR³HL�E��=�D Di ⊂ ∂H

3 CEDGJ!�q=�D int(Di) ⊂ Ω(ρ∞)DGC2<>F
P Ω(ρ∞) =
⋃

i int(Di)
Í ù�<>HIC i ∈ N ,�;!<>=@? n P>�E�ED9f/MO?QP{F�R0Ò x̂i ∈ H2 − |λ̂n| Ò�F�<>CE<>F�� Πi,nJLD�;@JsP{FUR@Dô�}=@;@;!<>?}CóDGF f̂n(x̂i) Í�ü D5B!<>?ER7R�P{F�� ∂H

3 R@D Πi,n
B�<>?ER@D5=@F7R³HL�Q�q=�D Di,n ⊂ ∂H

3 CEDGJ���=�D
int(Di,n) ⊂ Ω(ρn)

DGCK<>F¦P Ω(ρn) =
⋃

i int(Di,n)
Í

� <>�Y��D (f̂n)
Î�<>F�� DG?}M D�� DG?E� f̂∞ P{JL<>?E��Òi;�<>=@?�CE<>=@C i ∈ N Ò (Di,n)

Î�<>F�� DG?}M D�� DG?E� Di
;!<>=@?�JsPCE<>;!<>JL<>MOHLD

R@DY�.P{=��ER@<>?|
 Í � <>�Y��D K D��}C�=@FyÎ�<>�Y;�P>ÎGCÆÎ�<>FqCEDGFq=kR�P{F�� Ω(ρ∞) Ò0HIJ�D��}C�?ED�Î�<>=@� DG?}Có;�P{?N=@F F�<>�óB@?ED��F@H�R@DKÎ�<>�Y;�P>ÎGCE� Kj
CEDGJL���q=�DÔÎE|�P>��=�D Kj

D��}C�Î�<>FqCEDGFq=2R�P{F���J´ñ HIFqCE~G?}HLDG=@?R0ñ =@F Di
Í Ã:<>=@? n P>�E�ED9fAMO?QP{F�R0ÒÎQ|�P>�q=�D Kj

D��}CKÎ�<>F�CEDGFq=WR�P{F��©J´ñ HIFqCE~G?}HLDG=@?.R³= Di,n
Î�<>?}?ED��};!<>F�R�P{FqC�Ò�R@<>F�Î K D��}CKÎ�<>FqCEDGF�=¦R�P{F�� Ω(ρn)

Í
ù�<>HLDGF�C O =@F[<>=@� DG?}CNÎ�<>FqCEDGFq=7R�P{F�� Ω(ρn)

;�<>=@?.=@F�DÆHIF���F@HICE~YR@D��>P{JLDG=@?E��R@D n DGC w ∈ O ∩ Lρ∞
Í

Õ�ñòP{;@?Eø��JsPóÎ�<>Fq� DG?}M DGF�Î�D^P{JIM ~GB@?}HL��=�D�R@D (ρn)
Ò�HIJ!DõÚ�HL�}CED�=@F�D��}=@HICED.R@D�;�<>HIF�CE� (wn)

�q=@H!Î�<>Fq� DG?}M D.� DG?E� wDGCAD��ECACEDGJIJLD^��=�D wn ∈ Lρn

%Îõÿ Í ;@?EDG=@� D^R@DNJ´ñòP2.�?}��P{C}HL<>F¦� Í � Í ñ � Í Ã�<>=@? n P>�E�ED9fNMO?QP{F�R0Ò wn ⊂ O ∩ Lρn

Ò
Î�D5�q=@H�Î�<>FqC}?ED�R³HICÆF�<>C}?ED�| � ;!<>C}|�ø��ED���=�D O ⊂ Ω(ρn)

;�<>=@?ó=@F�D�HIF���F@HICE~5R@D��OP{JLDG=@?E�^R@D n Í�ü D�JLDG�Y��D� Íîë³Í �ND��ECAP{HIF��}H0;@?E<>=@� ~ Í
Ã:<>=@? n ∈ N F�<>CE<>F���CE<>=>ð}<>=@?E� Mn = H3/ρn(π1(M)) ≈ int(M) Ò xn ∈ Mn

JsPW;@?E<{ð}D�ÎGC}HL<>F�R@D
J´ñû<>?}HIMOHIF�D o ∈ H3 DGCÔÎ�<>F��}HLR@~G?E<>F��Ô=@F-|�<>��~�<>��<>?};@|@HL�E��D hn : M − (λ

(p)
n ∪ ∂χ=0M) → N(ρn)

P>�E�E<�ÎGHL~
÷ σn Í� <>�Y��D ρn(π1(M)) Î�<>F�� DG?}M D�ÿ%<>?}CEDG��DGF�C�� DG?E� ρ∞(π1(M)) Ò�HIJ!DõÚ³HL�}CEDAR@D���}=@HICED��R@DÔ?E~�DGJL� kn −→ 1DGC rn −→ ∞ DGC�=@F�DÔ�}=@HICED�R0ñòP{;@;@JIHLÎ�P{C}HL<>F�� ũn : B(o, rn) ⊂ H3 → H3 �q=@H�<>FqCJLD���;@?E<>;@?}HL~GCE~��©�}=@HI�>P{F�CED��
%Îõÿ Í WûúD�Ã-X�;�P{?ADõÚ@DG�Y;@JLD � d} J´ñòP{;@;@JIHLÎ�P{C}HL<>F ũn

D��}CY=@F |�<>��~�<>��<>?};@|@HL�}��D kn Â´B@HIJIHI;��EÎE|@HICFf¦�}=@?��E<>F HI��P{M DOÒ un(o) = o DGC ũnÎ�<>Fq� DG?}M DN� DG?E�KJ´ñ HLR@DGFqC}HICE~^�E=@?KCE<>=@CKÎ�<>�Y;�P>ÎGCg,
} J´ñòP{;@;@JIHLÎ�P{C}HL<>F ũn D��}C©~���=@HI�>P{?}HsP{F�CEDOÒ@ÎOñûD��}CÀÂ®÷¼ÂoR³HI?EDN��=�DA;!<>=@?CE<>=@C x ∈ B(o, rn)

DGC a ∈ π1(M) CEDGJL��q=�D ρ∞(a)(x) ∈ B(o, rn)
Ò un ◦ ρ∞(a)(x) = ρn(a) ◦ un(x)

Í

Õ.D(Î�DGC}CED(R@DG=³Ú³HLøG��D�;@?E<>;@?}HL~GCE~OÒ�<>FeR@~�R³=@HIC���=�D ũn
;�P>�Q�ED(P{=e�q=�<>C}HLDGF�C�DGF =@F�DêP{;@;@JIHLÎ�P{C}HL<>F

un : B(x∞, rn) ⊂ M∞ → Mn
��=@H�D��}Cþ~GMqP{JLDG��DGFqC`=@FêR³H`
0~�<>��<>?};@|@HL�}��D kn Â´B@HIJIHI;��EÎQ|@HICFfy�}=@?þ�E<>FHI��P{M D Í

� <>�Y��D M∞
D��}C�M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLDOÒ0;�<>=@? rn P>�E�ED9f�MO?QP{F�R0Ò B(x∞, rn) ⊂ M∞

D��}C.|�<>��~�<{Â
��<>?};@|�D`÷ M DGC�J´ñ HIF�ÎGJI=��}HL<>F B(x∞, rn) ⊂ M∞ ≈ int(M) D��}C�=@F�D2~��q=@HI�OP{JLDGF�Î�DþR0ñ |�<>��<>CE<>;@HLD Í ïÔFDGF(R@~�R³=@HIC`��=�D un(B(x∞, rn))

D��}C2|�<>��~�<>��<>?};@|�Dy÷ M Í � <>�Y��D ũn D��}C}Ä��=@HI�>P{?}HsP{F�CEDOÒJ´ñ HIF�ÎGJI=��}HL<>F



un(B(x∞, rn)) ⊂Mn ≈ int(M) D��}C�=@F�DÔ~���=@HI�>P{JLDGF�Î�D.R0ñ |�<>��<>CE<>;@HLD Í Õ�ñòP{;@?Eø���=@F5?E~��E=@JICQP{CR@D�W z¦z ù>XoÒ
M − int(B(x∞, rn))

DGC M −un(B(x∞, rn))
�E<>FqC|�<>��~�<>��<>?};@|�D��K÷ ∂M × [0, 1] DGC<>Fô;�DG=@C~GCEDGF�R³?ED

un : B(x∞, rn) ⊂ int(M) → int(M) DGF =@F7|�<>��~�<>��<>?};@|@HL�}��D vn : M → M ��=@H�D��ECN|�<>��<>CE<>;�D
÷`J´ñ HLR@DGFqC}HICE~ Í Ã:<>=@?ó��<>F�C}?EDG?���=�D (σn)

Î�<>Fq� DG?}M Dô� DG?E� σ∞ Ò�HIJ�F�<>=��ó?ED��}CEDô÷`��<>FqC}?EDG?Y��=�D�JLD�� vn �Q<>FqCHL�E<>CE<>;!D��A÷ÆJ´ñ HLR@DGF�C}HICE~ Í
Ã:<>=@?NCE<>=@C n ∈ N Ò�Î�<>�Y��D�J´ñòP{;@;@JIHLÎ�P{C}HL<>F fn : ∂χ<0M − L0 → ∂N(ρn) ⊂ Mn ≈ int(M) D��}C.JsP?ED��}C}?}HLÎGC}HL<>F�R0ñ =@F�|�<>��~�<>��<>?};@|@HL�}��D hn P>�E�Q<�ÎGHL~÷ ρn Ò>DGJIJLDD��}CÐHL�E<>CE<>;!D�÷ÔJ´ñ HIF�ÎGJI=��}HL<>F ∂χ<0M−L0 →M

Í
� <>�Y��D un D��}C kn Â´B@HIJIHI;��EÎQ|@HICFf ÒÐP{JL<>?E�ó;!<>=@? n P>�E�ED9f�MO?QP{F�R0Ò un(B(x∞, rn))

Î�<>FqC}HLDGF�C B(xn, rn − 1)
Í

ù�<>HIC S =@F�DóÎ�<>�Y;!<O�QP{FqCEDYR@D ∂χ<0M − L0 ,�R0ñòP{;@?Eø��.JLD���JLDG�Y��D��.� Í � Í 'ôDGCÔ� Í � Íkl Ò�;!<>=@? n P>�E�ED9fÆMO?QP{F�R0ÒJsP�;�P{?}C}HLD^~G;�P{HL�E�EDóR@D fn(S) D��}CAÎ�<>F�CEDGFq=�D�R�P{F�� B(xn, rn − 1) ⊂ un(B(x∞, rn))
Í ïÔF¦P���<>FqC}?E~ÆR�P{F��

JsP�;@?EDG=@� D^R³=-JLDG�Y��Dó� Í � Íîë ��=�D fn : S → ∂N(ρn)
Î�<>F�� DG?}M D^� DG?E� f∞ : S → ∂N(ρ∞) DGCÔ<>F¦�QP{HICA��=�D

ũn
Î�<>F�� DG?}M D.� DG?E��J´ñ HLR@DGF�C}HICE~��}=@?�CE<>=@CÎ�<>�Y;�P>ÎGC Í ïÔFôDGF2R@~�R³=@HIC�q=�D u−1

n ◦ fn = v−1
n ◦ fn Î�<>Fq� DG?}M D�� DG?E�

f∞
�}=@?.CE<>=@C�Î�<>�Y;�P>ÎGCg,0R@<>F�ÎOÒ�;!<>=@? n P>�E�ED9fÆMO?QP{F�R0Ò�JLD��Ô?ED��EC}?}HLÎGC}HL<>F��NR@D v−1

n ◦ fn DGC�R@D f∞ ÷ S �E<>F�C
HL�E<>CE<>;!D�� Í � <>�Y��D fn DGC f∞ �Q<>FqC©HL�E<>CE<>;!D��K÷óJ´ñ HIF�ÎGJI=��}HL<>F S →M Ò�JsPÆ?ED��}C}?}HLÎGC}HL<>F`R@D vn ÷ S ⊂ ∂M D��EC
HL�E<>CE<>;!DN÷�J´ñ HIF�ÎGJI=��}HL<>F S →M

Í
ù�<>HIC V(L0) =@F2� <>HL�}HIF�P{M DNP{F@Fq=@JsP{HI?ED^R@D L0 ,³Î�<>�Y��D λ̇ ∈ P+(M)/R DGC©Î�<>�Y��D L0 F�ñ HIFqCEDG?E�ED�ÎGCEDGF�C

;�P>� |λ̇| C}?QP{F��E� DG?E�QP{JLDG��DGFqC�Ò V(L0) ∪ ∂χ=0M
F�D-Î�<>FqC}HLDGFqC2F@H�R³HL�E�q=�D���F@HÔP{F@F�D�P{=³Ú�D��E�EDGF�C}HLDGJL� Í ïÔF�P

��<>F�C}?E~�;@?E~�Î�~�R@DG�Y��DGFqC^��=�D vn D��}C�|�<>��<>CE<>;!D�÷�J´ñ HLR@DGF�C}HICE~YDGC.��=�DÆ�QP�?ED��EC}?}HLÎGC}HL<>F[÷ ∂χ<0M − V(L0)D��}CAHL�E<>CE<>;�Dó÷�J´ñ HIF�ÎGJI=��}HL<>F ∂χ<0M − V(L0) → M
Í Õ�ñòP{;@?Eø���Wû� <>|	XoÒ�Î�D�ÎGH�DGF�C}?QP{HIF�D^��=�D vn D��}CKHL�E<>CE<>;!D^÷J´ñ HLR@DGF�C}HICE~OÒ�Î�DN��=@H�Î�<>F�ÎGJI=@CKJsP�;@?EDG=@� DNR@DNJsPÆ;@?E<>;@?EDGCE~^R@D bR Í



ý þ ÿ �������	� Å
�  ëâè ã $âî[é& ë

Õ�P{F���Î�D�ÎE|�P{;@HIC}?EDOÒ�F�<>=��NP{JIJL<>F���R@~�R³=@HI?ED�JLD��.C}|�~�<>?EøG��D Ý DGC�Õ R³=WC}|�~�<>?EøG��D � ÍÊa <>=��.R@~�R³=@HI?E<>F��
DGF��}=@HICED^R³=þC}|�~�<>?EøG��D Ý �q=�D Ô DGC O �E<>F�CAÎ�<>F@F�DõÚ@D��©;�P{?ÔP{?EÎ Í

e/��� �Æ�Ç�T����(�0�+	0
bGF

a <>=��AP{JIJL<>F��A��P{HIFqCEDGF�P{FqC.R@~�R³=@HI?ED^R@DNJsPÆ;@?E<>;@?EDGCE~^R@D bGF %��=@H�R@~�Î�<>=@JLDNR@D^Î�DGJIJLDNR@D bR Ò@C}|�~�<>?EøG��D� � JLD.ÿ´P{HICK��=�ñ =@F�D�JsP{�YHIF�P{C}HL<>F/R@D P(M) D��}CKR�P{F��KJ´ñ HI��P{M D^R@D bGF Í���*�]�P���]�!� ��� � E457A�OP8 M KeOcA /2143�5w698:6 ;>=@?BA93NCFETG�5wI9K	A#U�E4r�?�1sUD8:A S>A ST5�r�A�OBM�5JETO� %A98
λ ∈ ML(∂M) K]OuALG`14r~5QO�1T8J5wE4O�v>6FEDS>6�M@5wI9KBA�r�A@M@Ke3F6�A�M@Ke3�MNE4OÖCFE43FS>£y¤@GoA�p45�M98:A�M@Ke3YG�¥ 5QOP8:6�3�5wA9K]3^S>A MKeOcA[r�698J3�5JINKBA�;>=@?BA�3DCFE4GH5JI9K	A[v>6FE4r�698J3�5wI9KBA9rYA9OP8PxyO	5wA�OcE4O	¹kt�KBU�;sM@57A�O	OuA σ SsE4OP8 λ A@M�8&GR1~GR14r~5�Oc1T8J5JETO�v>6FE4¹S>6�M@5wI9KBA�r�A@M�K]3�6�A~S>A�?�GH5�M�M91iv>AqM@5�A98yMNA�KeGVA�r�A�OP8yM@5-GVA@M�U�E4O�ST5Q8J5wE4OBM�M@Ke5Q/214OP8:A@M�MNE4OP8y3F6F1TG�5�MN6�A�M~¦

§ 1�¨Y87E4K�8:A©tDA�Ke5�GQGVA©tDA�3�r�6�A�S>A λ 1YKeOY?BE45JS4Mq5�ODtD6�3�5wA9K]3�E4K06wvs14G&ª π «§ C¬¨ ∃η > 0 8:A�GINKBA@�g?�E4Ke3�87E4K�8o14OPOcAF14K�A�M�MNA9OP8J5wA9G E � i(∂E, λ) ≥ η «§ U�¨ i(λ, ∂D) > 2π ?�E4Ke3�87E4K�8�S45�MNI9K	A�A�M�MNA9OP8J5wA9G D £

»�6�rYE4OBM98J3|1T8J5wE4Oc£�ïÔFþP���=5R�P{F���JsP^�QD�ÎGC}HL<>F^' Í �^�q=�D�Î�D���Î�<>F�R³HIC}HL<>F��©�Q<>FqC�F�~�Î�D��E�QP{HI?ED�� Í�Ý ��F2R@DA��<>F�C}?EDG?
��=�ñûDGJIJLD���E<>FqC�}=�.��QP{F�CED���Ò�F�<>=��P{JIJL<>F��=@C}HIJIHL�QDG?�JLDÔC}|�~�<>?EøG��D�ú DGCJLDA?E~��E=@JICQP{C�R@D�Wûú<qï�X�;!<>=@?�JLD����ó=@JIC}H Â
Î�<>=@?}B!D��©;!<>F�R@~G?E~�D�� Í	) J0F�<>=��©ÿ´P{=@C©CE<>=@CAR0ñòP{B�<>?ER`��<>FqC}?EDG?Ô��=�D P+(M) D��ECK<>=@� DG?}C Í
�54m�4��²�ÌiÀQ��Ó ö �JÁP�JÁ���Â ¥ A�OBMNA9rYC9GRA P+(M) r�KeO	5yS>A�GR1�87E@?�E4GRE�v457A�t91T5wC�GVA ∗ A@M98�E4Ke/�A�398:£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC λ ∈ P+(M) ,�F�<>=��ÆP{JIJL<>F��Æ��<>F�C}?EDG?���=�D�;!<>=@?^CE<>=@CEDô�}=@HICED (λn)

Î�<>F�� DG?}M D�P{FqC
� DG?E� λ Ò ∃N CEDGJ��q=�D.;!<>=@? n ≥ N Ò λn ∈ P+(M)

Í
ù�<>HIC λn ∈ ML(∂M) =@F�DY�}=@HICEDY��=@H�Î�<>Fq� DG?}M D�� DG?E� λ ,0Î�<>�Y��D λ � P{C}HL�Àÿ�P{HIC�JsPôÎ�<>F�R³HIC}HL<>F d) P{JL<>?E�

λn
JsP��QP{C}HL�}ÿ�P{HICA~GMqP{JLDG��DGF�CA;!<>=@? n P>�E�ED9f�MO?QP{F�R Íz <>FqC}?E<>F�����=�D�;�<>=@?ÔCE<>=@CÔR³HL�E��=�DND��E�QDGFqC}HLDGJ D Ò�DGCK;!<>=@? n P>�E�QD9fNMO?QP{F�R0Ò i(λn, ∂D) > 2π

Í ù�HIF�<>F�Ò
��=@HIC}CED�÷^DõÚ�C}?QP{HI?EDOÒ�HIJ�DõÚ�HL�}CEDA=@F�DÔ�E=@HICED Dn

R@DÔR³HL�E�q=�D���D��E�EDGF�C}HLDGJL��CEDGJL����=�D i(∂Dn, λn) ≤ 2π
Í ù�H!��=@HIC}CED

÷�DõÚ�C}?QP{HI?EDOÒ�JsP��}=@HICED Dn
D��}CÔÎ�<>F��}CQP{F�CEDYP{JL<>?E�AHIJ:DõÚ�HL�}CED^=@F/R³HL�E��=�D^D��Q�EDGFqC}HLDGJ D CEDGJ���=�D i(∂D, λ) ≤ 2π ÒÎ�D��q=@H�Î�<>FqC}?ED�R³HICJsPóÎ�<>F�R³HIC}HL<>F c) Í ù�HIF�<>F�Ò���=@HIC}CED�÷óDõÚ³C}?QP{HI?EDOÒqJsPó�}=@HICED ∂Dn

Î�<>F�� DG?}M DÔM ~�<>��~GC}?}HL��=�DG��DGFqC
� DG?E��=@FYJsP{�YHIF�P{C}HL<>F5M ~�<�R@~��EHL�q=�D L DGC�<>F�P���=�R�P{F���JsP.R@~G��<>F��}C}?QP{C}HL<>F5R³=YJLDG�Y��D©� Í � Í �A�q=�D L Î�<>FqC}HLDGFqC=@F�D.ÿ�DG=@HIJIJLD.|�<>��<�ÎGJIHIF@HL�q=�D l CEDGJIJLDN��=�D i(l, λ) ≤ 2π Ò@Î�DN��=@H�Î�<>FqC}?ED�R³HICÔJsPYÎ�<>F�R³HIC}HL<>F c1) Í) J©F�<>=��Y?ED��}CED/÷¦;@?E<>=@� DG?��q=�D λn � P{C}HL�Àÿ�P{HICYJsP Î�<>F�R³HIC}HL<>F b) ;�<>=@? n P>�E�ED9fþMO?QP{F�R Í ù�=@;@;�<O�E<>F���JLD
Î�<>F�C}?QP{HI?EDOÒ�ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED���=�D��q=@HIC}CED�÷2DõÚ³C}?QP{HI?EDOÒ!HIJ�DõÚ�HL�ECEDó=@F�DY�E=@HICEDÆR0ñòP{F@F�D�P{=³Ú <>=[?}=@B�P{F��NR@D z�µ B@HI=��
D��E�QDGFqC}HLDGJL� an CEDGJL����=�D i(∂an, λn) −→ 0

ÍÈc =@HIC}CEDÔ÷.DõÚ�C}?QP{HI?EDOÒ ∂an Î�<>F�� DG?}M DKM ~�<>��~GC}?}HL��=�DG��DGFqC�� DG?E��=@F�DJsP{�YHIF�P{C}HL<>FWM ~�<�R@~��}HL�q=�D A �q=@H:F�ñ HIFqCEDG?E�QD�ÎGCEDó;�P>� λ C}?QP{F��}� DG?E� P{JLDG��DGFqC Í Õ�ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>Fy� Í � Í '³Ò A
ësl



D��}CAP{F@F�=@JsP{HI?EDOÒ�Î�DN��=@H�Î�<>FqC}?ED�R³HICÔJsPYÎ�<>F�R³HIC}HL<>F b1) Í

a <>=���;!<>=@� <>F��Y��P{HIFqCEDGF�P{F�C5Î�<>F�ÎGJI=@?ED2JsP¦;@?EDG=@� DþR³=¸C}|�~�<>?EøG��D ÝÆÍ ù�<>HIC λ ∈ ML(∂M) =@F�D2JsP¼Â�YHIF�P{C}HL<>FUM ~�<�R@~��EHL�q=�DY��D��E=@?E~�D5��=@H��QP{C}HL�Àÿ´P{HICNJLD��ÆÎ�<>F�R³HIC}HL<>F�� a) Ò b) DGC c) ,�Î�<>F��}HLR@~G?E<>F��^=@F�D5�}=@HICED�R@D�ó=@JIC}H ÂoÎ�<>=@?}B�D��A;�<>F�R@~G?E~�D�� λn ��=@H0Î�<>Fq� DG?}M D�� DG?E� λ R�P{F�� ML(∂M)
Í � <>�Y��D λ �QP{C}HL�}ÿ�P{HICJsP�Î�<>F�R³HIC}HL<>F

a) Ò�<>F[;!DG=@C�ÎE|�<>HL�}HI?NR@D��.�ó=@JIC}H ÂoÎ�<>=@?}B�D��^;�<>F�R@~G?E~�D�� λn ��=@HÐF�ñû<>FqC�;�P>��R@DÆÿ�DG=@HIJIJLD���R@DÆ;�<>HLR@���}=@;!~G?}HLDG=@?÷ π Í Õ�ñòP{;@?Eø��NJ´ñòP2.�?}��P{C}HL<>F�� Í � Í �OÒ0;�<>=@? n P>�Q�ED9fYMO?QP{F�R λn ∈ P+(M)
Í � <>�Y��D�<>FUP2ÎE|�<>HL�}HIC^R@D�� λn��=@H:� P{C}HL�Àÿ%<>F�CÔJsP5Î�<>F�R³HIC}HL<>F a) P{JL<>?E�.<>FWP λn ∈ P(M) Ò!DGF/;�P{?}C}HLÎG=@JIHLDG? λn �QP{C}HL�}ÿ�P{HIC�JLD���| � ;�<>C}|�ø��EDÆR³=C}|�~�<>?EøG��D��2R@D^Wûú<qï�X Í Õ�ñòP{;@?Eø��NÎ�D�C}|�~�<>?EøG��D<Wûú<qïÆÒ!C}|�~�<>?EøG��D��2XoÒ!HIJ�DõÚ³HL�}CEDÆ=@F�D���~GC}?}HL��=�DY| � ;�DG?}B!<{Â

JIHL��=�D�M ~�<>��~GC}?}HL�q=�DG��DGF�C���F@HLD σn �E=@?�J´ñ HIFqCE~G?}HLDG=@?óR@D M R@<>FqCóJsPôJsP{�YHIF�P{C}HL<>FyM ~�<�R@~��}HL�q=�D���D��E=@?E~�D�R@D
;@JIHL�E� P{M D�D��}C λn Í � <>�Y��D λn Î�<>Fq� DG?}M D^� DG?E� λ Ò@<>F`R@~�R³=@HICÔR³=þC}|�~�<>?EøG��D^ú��q=�DOÒ@��=@HIC}CEDN÷�DõÚ³C}?QP{HI?ED�=@F�D�E<>=��}Âo�}=@HICEDOÒ (σn) Î�<>Fq� DG?}M D�� DG?E��=@F�DA��~GC}?}HL��=�D�| � ;�DG?}B!<>JIHL�q=�DÔM ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD σ �E=@?�J´ñ HIFqCE~G?}HLDG=@?R@D M DGCÔ��=�D λ D��}CKJsPYJsP{�YHIF�P{C}HL<>F/M ~�<�R@~��}HL��=�D���D��}=@?E~�D^R@DN;@JIHL�E�QP{M D^R@D σ Í � D�ÎGH:P>ÎE|�øG� DóJsP�;@?EDG=@� DóR³=C}|�~�<>?EøG��D ÝóÍ

e/�?> ÉÊ�!&$Gd%� �"v�! /.'�?"v*�+'0LQË�X��GÌ"$�!%� S+'0
Mod(M)

&$.�1 ML(∂M)

Õ�P{F��KÎ�DGC}CED��QD�ÎGC}HL<>F�Ò@F�<>=��AP{JIJL<>F��©��<>F�C}?EDG?ÔÎ�<>�Y��DGFqC�R@~�R³=@HI?ED�JLD.C}|�~�<>?EøG��DNÕ»R@D��©C}|�~�<>?EøG��D�� Ý DGC
ú Í

���*�]�P���]�!� Ñ ��� 5 M Ou¥ A@M�8Ê?�1�M�KeO�C�3�A98�×2A�G¼S>A[v>A9O	3FA 2 �o1TG`E43@M D(M) A@M98yGVA�S>E4rY145�OuA�S>A�S45�M9U�E4O	¹8J5QO	Ke5Q8:6�?�E4Ke3qG�¥ 1sUD8J5JE4O�S>A Mod(M) M@Ke3 ML(∂M) £
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÓÔP{;@;!DGJL<>F��¸��=�D&JLD(R@<>��P{HIF�D R@D
R³HL�QÎ�<>FqC}HIFq=@HICE~ ;�<>=@?¸J´ñòP>ÎGC}HL<>FeR@D Mod(M) �}=@?
ML(∂M) D��}C�JLD-;@JI=���MO?QP{F�R&<>=@� DG?}C5HIF��>P{?}HsP{F�C2�E=@?�JLD��q=�DGJ�Î�DGC}CED¦P>ÎGC}HL<>F
D��}C�;@?E<>;@?EDG��DGF�CþR³HL�EÎ�<>FqC}H ÂF�=�D Í � <>�Y��D�=@F2~GJL~G��DGFqCKR@D Mod(M) DGF�� <>HLD�JLD��P{F@F�D�P{=³Ú2DGC�R³HL�Q�q=�D���D��E�EDGF�C}HLDGJL�©�}=@?�R@D��P{F@F�D�P{=³ÚôDGCR³HL�E��=�D��.D��E�EDGF�C}HLDGJL��Ò D(M) D��}C�HIFq�OP{?}HsP{FqC ÍÊa <>=���P{JIJL<>F���R@~�Î�<>=@;!DG?.JsP5;@?EDG=@� DÆR³=¦C}|�~�<>?EøG��DYÕ DGFWR@DG=³Ú
;�P{?}C}HLD�� Í
æy�]�!�!� ö ��Üu�JÁP��� 5 M Ou¥ A@M98�?�1�M�KeO�C�3�A98�×2A�G*S>Azv]A�O	3�A 2 �&GF¥ 1sUN8J5wE4O�S>A Mod(M) M@Ke3 D(M) A@M98�?�3FE@?�3�A�¹r�A�OP8oS45�M9U�E4O�8J5�O	K	AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F�� JLD Î�<>FqC}?QP{HI?EDOÒUHIJ&DõÚ³HL�}CED P{JL<>?E� λ ∈ D(M) Ò (λn) ∈ D(M) DGC
(φn) ∈ Mod(M) CEDGJL�N��=�D (λn)

DGC (φn(λn))
Î�<>Fq� DG?}M DGF�Có� DG?E� λ R�P{F�� ML(∂M) DGCN�q=�D�;!<>=@?NCE<>=@C

n 6= m Ò φn F�ñûD��}C.;�P>�.HL�E<>CE<>;!D�÷ φm Í � <>�Y��D λ ∈ D(M) Ò ∃η > 0 CEDGJ���=�D i(λ, ∂D) > η ;!<>=@?�CE<>=@CR³HL�E��=�D.D��E�EDGF�C}HLDGJ D Í ù�<>HIC 2π
η
λ JsPÆJsP{�YHIF�P{C}HL<>F`M ~�<�R@~��}HL��=�D.��D��}=@?E~�D�<>B@CEDGFq=�DNDGFþ�ó=@JIC}HI;@JIHsP{FqCÔJsPÆ��D��}=@?EDR@D λ ;�P{? 2π

η

Í � DGC}CEDÔJsP{�YHIF�P{C}HL<>F5M ~�<�R@~��}HL��=�DA��D��E=@?E~�DA�QP{C}HL�Àÿ´P{HIC�JLD���Î�<>F�R³HIC}HL<>F�� b) Ò c) DGC d) Í ù�<>HIC λi =@F�Dÿ�DG=@HIJIJLD�Î�<>�Y;�P>ÎGCEDR@D 2π
η
λ R@<>FqC:JLD�;!<>HLR@�:D��}C��}=@;!~G?}HLDG=@?Ð<>=ó~GMqP{J@÷ π ,i�EH´Òi��=@HIC}CED�÷ÔDõÚ�C}?QP{HI?ED�=@F�D��E<>=��}Âo�}=@HICEDOÒ

λi D��}C�=@F�DÔÿ%DG=@HIJIJLD.Î�<>�Y;�P>ÎGCED�R@DÔCE<>=@CED��JLD���JsP{�YHIF�P{C}HL<>F��KM ~�<�R@~��}HL��=�D�����D��}=@?E~�D�� λn Ò�?EDG�Y;@JsP4��<>F���Ò@R�P{F��
2π
η
λ DGC©R�P{F��JLD�� 2π

η
λn
Ò λi ;�P{?=@F�D�ÿ�DG=@HIJIJLD.R@DÔ;!<>HLR@� π Í ù�<>HLDGFqC λ′∞ DGC λ′n JLD��JsP{�YHIF�P{C}HL<>F��©M ~�<�R@~��}HL��=�D����D��}=@?E~�D���<>B@CEDGFq=�D���DGF�<>;�~G?QP{F�C�P{HIF��}H@;!<>=@?�ÎE|�P>��=�D©ÿ�DG=@HIJIJLD©R@D 2π

η
λ R@<>FqC�JLD©;�<>HLR@��D��}C��}=@;!~G?}HLDG=@?�<>=�~GMqP{J÷ π ,!?EDG��P{?E��=�<>F��^��=�D λ′∞ ;!DG=@C^P�� <>HI?óR@D��.ÿ%DG=@HIJIJLD��^R@D�;�<>HLR@�N�E=@;�~G?}HLDG=@?ó÷ π ��P{HL�N��=�D�;!<>=@? n P>�E�ED9fMO?QP{F�R0ÒOJLD��:ÿ�DG=@HIJIJLD���Î�<>�Y;�P>ÎGCED���R@D λ′n <>FqC�=@FY;!<>HLR@��HIF³ÿ%~G?}HLDG=@?�<>=�~GMqP{J�÷ π Í ÓÔDG��P{?E�q=�<>F���~GMqP{JLDG��DGF�C���=�DJLD����}=@HICED�� (λ′n)

DGC (φn(λ
′
n))

Î�<>Fq� DG?}M DGF�C©� DG?E� λ′∞ R�P{F�� ML(∂M)
Í Õ�ñòP{;@?Eø���JLDKJLDG�Y��D�' Í � Í �OÒ λ′∞ DGC λ′n�QP{C}HL�}ÿ%<>F�CÔJLD���Î�<>F�R³HIC}HL<>F�� b) Ò c) DGC d) Í Ã�<>=@? n P>�Q�ED9fóMO?QP{F�R0Ò�JLD�� λ′n � P{C}HL�Àÿ%<>F�C�~GMqP{JLDG��DGFqC�JsPôÎ�<>F�R³HIC}HL<>F

a) R@<>F�ÎOÒ@R0ñòP{;@?Eø��JLD.C}|�~�<>?EøG��D Ý Ò�HIJ0DõÚ�HL�}CED�=@F�D���~GC}?}HL��=�D.M ~�<>��~GC}?}HL�q=�DG��DGF�Cz��F@HLD σn R@<>FqC©JsPóJsP{�YHIF�P¼ÂC}HL<>FWM ~�<�R@~��}HL�q=�DÆ��D��}=@?E~�DYR@DÆ;@JIHL�E� P{M DÆD��EC (λ′n)
Í!ü P5JsP{�YHIF�P{C}HL<>F M ~�<�R@~��}HL��=�DÆ��D��}=@?E~�DYR@DÆ;@JIHL�E�QP{M D�R@D

φn∗(σn)
D��}C φn(λ′n) DGC;�P{?KÎ�<>F��}C}?}=�ÎGC}HL<>F φn(λ′n) −→ λ′∞

Í Õ�ñòP{;@?Eø��©JLD.C}|�~�<>?EøG��DNú.Ò³<>Fþ;�DG=@CKDõÚ³C}?QP{HI?ED
=@F�D.�E<>=��ÀÂo�E=@HICEDACEDGJIJLD.��=�D (σn)

DGC (φn∗(σn))
Î�<>F�� DG?}M DGFqCK� DG?E�R@D�����~GC}?}HL�q=�D��M ~�<>��~GC}?}HL��=�DG��DGFqCz��F@HLD�� Í

ïÔF2;!DG=@CP{JL<>?E�©ÎQ|�<>HL�}HI?©R@D��?EDG;@?E~��EDGFqCQP{C}HL<>F�� ρn : π1(M) → Isom(H3) DGC φn∗ ◦ ρn ��=@H0Î�<>Fq� DG?}M DGF�C



P{JIM ~GB@?}HL��=�DG��DGFqC Í �ÔFÆ?E~��}=@JICQP{C:ÎGJsP>�Q�}HL�q=�D�F�<>=��ÐR³HICÐ�q=�D�J´ñòP>ÎGC}HL<>F�R@D Mod(M)/Mod0(M) �}=@?:J´ñûDGF��EDG�^B@JLD
{ρ : π1(M) → Isom(H3) CEDGJIJLD��q=�D H3/ρ(π1(M)) D��}C�M ~�<>��~GC}?}HL��=�DG��DGFqC���F@HLD�DGCN|�<>��~�<>��<>?};@|�Dô÷
int(M)} D��}C©;@?E<>;@?EDG��DGFqC�R³HL�EÎ�<>FqC}HIF�=�D Í ïÔFþDGF`R@~�R³=@HICA��=�DOÒ³�q=@HIC}CEDN÷�DõÚ³C}?QP{HI?ED.=@F�D��E<>=��ÀÂo�}=@HICEDOÒ ∃n0

CEDGJ
��=�D φ−1

n0
◦ φn ∈Mod0(M)

Í
� <>�Y��D (λ′n)

Î�<>F�� DG?}M DY� DG?E� λ′∞ Ò0�q=@HIC}CEDY÷ôDõÚ�C}?QP{HI?ED�=@F�DY�Q<>=��ÀÂo�}=@HICEDOÒ!JsP5?E~G=@F@HL<>F λ(p) R@D���ÿ�DG=@HIJIJLD��
Î�<>�Y;�P>ÎGCED��R@D λ′n R@<>FqC�JLDK;!<>HLR@���OP{=@C π D��}C�HIF�R@~G;�DGF�R�P{F�CED.R@D n Í � <>�Y��D (φn(λ

′
n))

Î�<>Fq� DG?}M D�� DG?E� λ′∞P{JL<>?E��Ò³��=@HIC}CED�÷óDõÚ³C}?QP{HI?ED.=@F�D.�E<>=��ÀÂo�}=@HICEDOÒ (φn(λ(p))) D��}C�HIF�R@~G;�DGF�R�P{F�CAR@D n Í¼c =@HIC}CEDN÷ÆÎE|�P{F@M DG? n0
DGCK÷

DõÚ³C}?QP{HI?ED^=@F�DÆ�E<>=��ÀÂo�E=@HICEDOÒ�<>F¦;�DG=@C.R@<>F�Î��}=@;@;!<O�EDG?Ô��=�D φ−1
n0
◦ φn(λ(p)) = λ(p) DGCÔ��=�D φ−1

n0
◦ φn JsP{HL�E�EDÎQ|�P>�q=�DNÎ�<>�Y;!<O�QP{F�CED^R@D ∂M − λ(p) HIF��>P{?}HsP{F�CED Í

ù�<>HIC S =@F�D�Î�<>�Y;�<O�QP{F�CEDYÎ�<>F@F�DõÚ³D�R@D ∂M − λ(p) ,�F�<>CE<>F�� sSn JsP5��~GC}?}HL�q=�DÆ| � ;!DG?}B�<>JIHL��=�DÆHIF�R³=@HICED�}=@? S ⊂ ∂M ;�P{?�=@F |�<>��~�<>��<>?};@|@HL�}��D hn : M − (λ(p) − ∂χ=0M) → N(σn)
P>�E�E<�ÎGHL~�÷ σn Í ïÔFyP��<>F�C}?E~�R�P{F���JLD�ÎQ|�P{;@HIC}?ED�;@?E~�Î�~�R@DGF�C�ÜJLDG�Y��D�� Í � Í ' � �q=�DOÒ0��=@HIC}CED�÷2DõÚ³C}?QP{HI?EDY=@F�D��E<>=��ÀÂo�E=@HICEDOÒ0JsP2�}=@HICED

(sSn) Î�<>F�� DG?}M D�P{JIM ~GB@?}HL��=�DG��DGFqC Í � <>�Y��D φ−1
n0
◦φn(λ′n) Î�<>F�� DG?}M DÔ� DG?E� φ−1

n0
(λ′∞) P{JL<>?E��ÒqR0ñòP{;@?Eø���JLDAÎQ|�P¼Â;@HIC}?ED.;@?E~�Î�~�R@DGF�C�Ò�JsPÆ�}=@HICED�R@D����~GC}?}HL��=�D�� (φ−1

n0
◦ φn)∗sSn Î�<>Fq� DG?}M D^P{JIM ~GB@?}HL��=�DG��DGFqC Íc) J!D��EC�B@HLDGF`Î�<>F@F�=��=�D Mod(S) P{MOHIC�;@?E<>;@?EDG��DGF�CóR³HL�EÎ�<>F�C}HIFq=�DG��DGFqCY�}=@?.J´ñûD��};�P>Î�D�R@D���ÎGJsP>�E�ED���R0ñ HL�E<>CE<>;@HLD��óR@D���~GC}?}HL�q=�D��| � ;!DG?}B�<>JIHL��=�D���Î�<>�Y;@JLøGCED��Ô�}=@? S Í ïÔF/DGF¦R@~�R³=@HIC���=�ñ HIJ�DõÚ³HL�}CED n1

CEDGJ���=�DOÒ���=@HIC}CEDó÷YDõÚ³C}?QP{HI?EDN=@F�DÆ�E<>=��ÀÂ
�}=@HICEDOÒ³JLD��A?ED��}C}?}HLÎGC}HL<>F��AR@D φ−1

n0
◦ φn DGCKR@D φ−1

n0
◦ φn1

÷ S ⊂ ∂M �E<>F�CKHL�E<>CE<>;!D�� Íü D��^|�<>��~�<>��<>?};@|@HL�}��D�� φ−1
n0
◦ φn �E<>FqCóCE<>=��^|�<>��<>CE<>;!D��Æ÷`J´ñ HLR@DGFqC}HICE~OÒ:HIJL�Æ�E<>FqCÆR@<>F�Î�|�<>��<>CE<>;!D��DGF�C}?ED�DG=³Ú Í Ù�Fþ;�P{?}C}HLÎG=@JIHLDG?�Ò φ−1

n0
◦ φn D��}C|�<>��<>CE<>;!DN÷ φ−1

n0
◦ φn1

;!<>=@?�CE<>=@C n Í ïÔF-Pó��=2R�P{F��JLD�;�P{?QP¼ÂMO?QP{;@|�Dó;@?E~�Î�~�R@DGFqCN��=�D^JsP�?ED��}C}?}HLÎGC}HL<>F[R@D φ−1
n0
◦ φn ÷�ÎQ|�P>�q=�DÆÎ�<>�Y;�<O� P{FqCED�R@D ∂M − λ(p) D��}CAHL�E<>CE<>;!D

÷¦Î�DGJIJLD2R@D φ−1
n0
◦ φn1

Í&a <>CE<>F�� V(λ(p)) =@Fk� <>HL�}HIF�P{M D`P{F@Fq=@JsP{HI?EDþR@D λ(p) Ò:P{JL<>?E�YÎ�<>�Y��D λ ∈ D(M) Ò
(M,V(λ(p))) F�DNÎ�<>F�C}HLDGFqC�F@H�P{F@F�D�P{=³Ú`F@H�R³HL�E��=�D��KD��E�QDGFqC}HLDGJL� Í Õ.DYWû�q<>|BX�<>F-R@~�R³=@HIC.P{JL<>?E�A��=�D φ−1

n0
◦ φnD��}CÔHL�E<>CE<>;!Dó÷ φ−1

n0
◦ φn1

�E=@? M CE<>=@C.DGFqC}HLDG? Í � D�ÎGH:Î�<>F�C}?ED�R³HIC�F�<>C}?EDÆ| � ;!<>C}|�ø��ED^R@DÆR@~G;�P{?}C�Ü;�<>=@?�CE<>=@C
n 6= m Ò φn F�ñûD��}C©;�P>�KHL�E<>CE<>;!DN÷ φm � DGCAÎ�<>F�ÎGJI=@CAJsP�;@?EDG=@� DNR³=`JLDG�Y��D�� Í � Í � Í
æy�]�!�!� ö ��Üu��Üu�½¥ E4K�8oE4Ke/�A�398zS>A ML(∂M) M@Ke3qGVAFI9K	A�G Mod(M) 1DvT5Q8g?�3FE@?�3�A�r�A�OP8zS45�M9U�ETOP8J5�OPKBA�r�A�O�8A@M98�U�ETOP8:A�O	K0Ss14OBM D(M) £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC V ⊂ ML(∂M) =@F <>=@� DG?}C R@D ML(∂M) CEDGJ���=�D V 6⊂ D(M)

Í Õ�ñòP{;@?Eø��
W z P>����XoÒ�JLD���JsP{�YHIF�P{C}HL<>F��5M ~�<�R@~��}HL��=�D�����D��}=@?E~�D/P{?QP{C}HL<>F@F�DGJIJLD��5=@F@HL��=�DG��DGFqC2DG?}M <�R³HL�q=�D��ô�E<>FqC5R@DGF��ED��
R�P{F�� ML(∂M) Ò V − D(M) Î�<>FqC}HLDGFqC�R@<>F�Î5=@F�D�CEDGJIJLD�JsP{�YHIF�P{C}HL<>FUM ~�<�R@~��}HL�q=�D���D��}=@?E~�D α Í � <>�Y��D
α 6∈ D(M) Ò HIJ�DõÚ³HL�}CED©=@F�DÔ�E<>=��ÀÂo�}=@HICED (cn)

R@DK�ó=@JIC}H ÂoÎ�<>=@?}B�D����=@H�B!<>?ER@DGFqCR@D���P{F@F�D�P{=³Ú�<>=5R@D���R³HL�E��=�D��
D��E�QDGFqC}HLDGJL�ÆDGCóCEDGJIJLD��Æ�q=�D i(cn, α) −→ 0

Í�c =@HIC}CED2÷`DõÚ³C}?QP{HI?ED�=@F�Dô�E<>=��ÀÂo�E=@HICEDOÒ�<>Fy;!DG=@Có�E=@;@;�<O�EDG?Æ�q=�D
(cn)

Î�<>F�� DG?}M D5R�P{F�� PML(∂M) Ò�ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED5�q=�ñ HIJ�DõÚ�HL�}CED εn −→ 0 CEDGJ���=�D (εncn)
Î�<>Fq� DG?}M D5R�P{F��

ML(∂M)
Í � <>�Y��D i(εncn, α) −→ 0 DGC^Î�<>�Y��D α D��}CóP{?QP{C}HL<>F@F�DGJIJLDôDGC^=@F@HL��=�DG��DGFqC�DG?}M <�R³HL��=�DOÒ�<>F

;!DG=@C^ÎE|�<>HL�EHI? (εn)
CEDGJ���=�D (εncn)

CEDGF�R � DG?E� α Í ù�<>HIC φn JLDYC:h©HL�ECóR@D�Õ.DG|@F JLD�JL<>F@M/R0ñ =@FkP{F@F�D�P{=7<>=R0ñ =@F¦��~G?}HLR³HLDGF[D��E�EDGFqC}HLDGJ:B!<>?ER@~^;�P{? cn ,!P{JL<>?E� φn(εncn) = εncn
Í ïÔFWDGF¦R@~�R³=@HIC.��=�D^;!<>=@?ACE<>=@C�Î�<>��Â

;�P>ÎGC K ⊂ ML(∂M) R@<>F�C5J´ñ HIF�CE~G?}HLDG=@?2Î�<>F�C}HLDGFqC α Ò ∃n0
CEDGJ.�q=�D-;�<>=@? n ≥ n0

Ò φn(K) ∩ K 6= ∅ Í� D�ÎGH!;@?E<>=@� D.�q=�D Mod(M) F�ñòP{MOHIC�;�P>��;@?E<>;@?EDG��DGF�CKR³HL�EÎ�<>FqC}HIF�=�DG��DGFqCÔ�E=@? V Ò�DGCÎ�<>F�ÎGJI=@C©JsPN;@?EDG=@� D.R³=JLDG�Y��D�� Í � Í � Í
Õ.DôÎ�D��óR@DG=³Ú7JLDG�Y��D���ÒÐ<>FUÎ�<>F�ÎGJI=@C��q=�D D(M) D��ECóJLD�;@JI=��óMO?QP{F�Rk<>=@� DG?}C��}=@?ÆJLD��q=�DGJ�J´ñòP>ÎGC}HL<>F¸R@D

Mod(M) D��}C©;@?E<>;@?EDG��DGF�C�R³HL�QÎ�<>FqC}HIFq=�D Í

e/�CB ���!0� 	&)0� �"M1v0IQT0R+	%������T '0R+'0LÍÎ��&$.�1}0H" D(M)
�

Õ�P{F���Î�DGC}CEDÔ�ED�ÎGC}HL<>F�ÒOF�<>=���P{JIJL<>F����}=@;@;!<O�EDG?���=�D M D��}C�=@FYB@?EDGCFf�DGJ�ÎG?EDG=³ÚY��P{HL��F�ñûD��}C�;�P>��=@F�B@?EDGCFf�DGJ
R@D^M DGF@?ED 2

Í ÓÔP{;@;!DGJL<>F��AJsP�R@~���F@HIC}HL<>FWR³=WR@<>��P{HIF�DÆR@D z P>�}=@? ÍPa <>CE<>F�� ∂eM JsP�Î�<>�Y;!<O�QP{FqCED�Î�<>F@F�DõÚ@D
Î�<>�Y;@?ED��E�EHIB@JLD5R@D ∂M Ò PML(∂eM) J´ñûD��};�P>Î�D5;@?E<{ðÀD�ÎGC}H ÿAR@D��óJsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D��ó��D��}=@?E~�D��Æ�}=@?
∂eM

DGC M′ J´ñòP>R³|�~G?EDGF�Î�DWR�P{F�� PML(∂eM) R@D`J´ñûDGF��EDG�óB@JLD/R@D��ôÎGJsP>�E�ED���;@?E<{ðÀD�ÎGC}HI� D��ôR@D`��~G?}HLR³HLDGF��



;!<>F�R@~G?E~�D�� Í
ù�H M D��}C�=@F ;!DGC}HICNB@?EDGCFf�DGJ�ÎG?EDG=³ÚÖ%ÎOñûD��}CÀÂ®÷¼ÂoR³HI?ED5�q=�D M D��}C�JsP`�E<>�Y��D�Î�<>F@F�DõÚ@DYJLD�JL<>F@M-R³= B!<>?ER

R@DóR@DG=³Ú<��B@?E~��.DGF-HIFqCEDG?}�OP{JIJLD����}=@?�R@D��Ô�}=@?Àÿ´P>Î�D��Aÿ%DG?}��~�D��.<>=WR0ñ =@F���B@?E~ÆDGF-HIF�CEDG?}�>P{JIJLD��}=@?Ô=@F�Dó�}=@?Àÿ´P>Î�D
ÿ�DG?}��~�DNDGCKR0ñ =@F`CE<>?EDN�Q<>JIHLR@D � <>FþF�<>CEDG?QP

O = {λ ∈ PML(∂eM)|i(λ, ν) > 0 ;�<>=@?�CE<>=@C ν ∈ PML(∂eBC) CEDGJIJLDÔ��=�ñ HIJ�DõÚ³HL�}CED µ ∈M′ CEDGJIJLD
��=�D i(µ, ν) = 0}.

ù�H M F�ñûD��}C©;�P>�©=@F-;�DGC}HIC©B@?EDGCFf�DGJ:ÎG?EDG=³Ú!Ò�<>FþF�<>CEDG?QP
O = {λ ∈ PML(∂eM)|i(λ, µ) > 0 ;�<>=@?©CE<>=@C µ ∈M′}.

� DGC�DGF��EDG�óB@JLD O D��}C�P{;@;�DGJL~�R@<>��P{HIF�DYR@D z P>�E=@? Í�a <>CE<>F�� Ô ⊂ ML(∂M) J´ñûDGF��EDG�^B@JLD�R@D��.JsP{�YH ÂF�P{C}HL<>F��AM ~�<�R@~��}HL��=�D��©��D��}=@?E~�D��ÔR@<>FqCKJsP�ÎGJsP>�Q�ED�;@?E<{ð}D�ÎGC}HI� D^P{;@;�P{?}C}HLDGFqC.÷ O Í ïÔF/P^d
æy�]�!�!� ö � ï �JÁP��� 5 M Ou¥ A@M98u?�1�M�KeO!C�3FAN8�×iA�G&S>A[v>A�O	3�A 2 ��14GRE43�M Ô ⊂ D(M) £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC λ ∈ ML(∂M) ,�F�<>=��óP{JIJL<>F�����<>F�C}?EDG?Æ��=�DY�}H λ 6∈ D(M) P{JL<>?E� λ 6∈ Ô Í Ã:<>=@?Î�DGJsP³Ò@F�<>=��ÔP{=@?E<>F��KB!D��E<>HIF`R@D�J´ñòP2.�?}��P{C}HL<>F/�E=@HI�>P{F�CEDYd
�54m�4��²�ÌiÀQ��Ó ö � ï ��Ü�Ä�ê���ÀQ��Æi¸~ÌTÁ]É�ÏD�q� E45Q8 E KeOm14OPOcAF14K�A@M�MDA�OP8J57A�G©Ss14OBM�K]O+vT3|14OcS+C�3�A98�×iA9G-UN3FA�KTp M «14GRE43@M�K]OcAqMNE4K>M�¹:GR14r~5�Oc1T8J5JETO^v>6�EDS>6@M�5JI9K	A~r�A@M�K]3�6�A~S>A ∂E 1@?s?�14398J57A�OP8�ª M′ £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F�����=�D E HIF�CEDG?E�ED�ÎGCEDA=@F���~G?}HLR³HLDGF c ,OF�<>CE<>F�� ψ : M →M JLD©C¬h©HL�}C�R@DKÕ.DG|@F
JLD©JL<>F@MÆR@D E Í Ã�<>=@?�CE<>=@C n Ò ψn(c) D��}C�=@F���~G?}HLR³HLDGFôDGC�JsPN�}=@HICEDKR@D PML(∂M) <>B@CEDGF�=@D�DGF��ó=@F@HL�E�QP{F�CJLD�� ψn(c) R@D.��D��}=@?ED��ÔR@D�ÕÔHI?QP>Î^Î�<>Fq� DG?}M DN� DG?E�K=@F�DNÎGJsP>�E�ED.;@?E<{ð}D�ÎGC}HI� D µ ∈M′ CEDGJIJLDN��=�D |µ| ⊂ ∂E

Í
Ý ��F7R@D�;@?E<>=@� DG?óJ´ñòP2.�?}��P{C}HL<>F�Ò:HIJ�F�D�F�<>=��^?ED��}CED�;@JI=��^��=�ñò÷þ��<>F�C}?EDG?Æ��=�D�CE<>=@C�P{F@F�D�P{=7D��E�EDGF�C}HLDGJ

HIF�CEDG?E�ED�ÎGCED`=@F ��~G?}HLR³HLDGF Í Ã:<>=@?5Î�DGJsP³Ò��E=@;@;�<O�E<>F����q=�ñ HIJADõÚ³HL�}CEDþ=@F&� � �ECEøG��D-P>R³�YHL�E�}HIB@JLD`R@D`��~G?}HLR³HLDGF��
(∆i) ⊂M �q=@H�F�ñ HIFqCEDG?E�ED�ÎGCED^;�P>� E ,�Î�<>�Y��D M D��ECK=@FþB@?EDGCFf�DGJ�ÎG?EDG=³Ú0Ò�P{=`��<>HIF��A=@F�DNÎ�<>�Y;�<O� P{FqCED^R@D
∂E P{;@;�P{?}C}HLDGF�C�P{=`B!<>?ERþDõÚ�CE~G?}HLDG=@? ∂eM Ò@F�<>CE<>F�� e ⊂ ∂E =@F�D�CEDGJIJLD^Î�<>�Y;�<O�QP{F�CED Í

ù�H©J´ñ =@F&R@D�� ∆i
ÒÐ;�P{?�DõÚ³DG�Y;@JLD ∆1

ÒÐF�D`�E~G;�P{?ED2;�P>� ∂eM P{JL<>?E�YHIJADõÚ³HL�}CED2=@F�D2M ~�<�R@~��}HL�q=�D-�}HI�Y;@JLD
Î�<>�Y;�P>ÎGCED d ��=@H�HIFqCEDG?E�ED�ÎGCED ∂∆1

DGF�=@F�;!<>HIFqC�DGC���=@H�HIFqCEDG?E�ED�ÎGCEDÔ~GMqP{JLDG��DGFqC e Í>a <>CE<>F�� V ⊂M =@F�;!DGC}HIC
� <>HL�}HIF�P{M D�R@D d ∪∆1

Ò ∂V − ∂M D��}C=@F`R³HL�E�q=�D.D��E�QDGFqC}HLDGJ�R@<>F�C©JLD.B�<>?ER2D��}C©JIHIB@?EDG��DGF�CK|�<>��<>CE<>;�DN÷Æ=@F
��~G?}HLR³HLDGF¦�q=@H0HIF�CEDG?E�ED�ÎGCED E Íù�H�ÎQ|�P>�q=�D ∆i

�Q~G;�P{?ED M P{JL<>?E� M D��}CÐJsP.�E<>�Y��DKÎ�<>F@F�DõÚ@D©R@D���B@?E~���DGFYHIF�CEDG?}�>P{JIJLD����}=@?�R@D����}=@?Àÿ´P>Î�D�� Í� <>�Y��D M D��ECN=@FyMO?QP{F�RyB@?EDGCFf�DGJ�ÎG?EDG=³Ú0Ò�HIJ�DõÚ³HL�}CEDY=@F�D5Î�<>�Y;�<O� P{FqCED S R@D ∂eM − ∂∆i
CEDGJIJLD���=�DYJLD

B!<>?ERþR@D�J´ñòP>R³|�~G?EDGF�Î�D^R@D S ;�<O�Q�Eø�R@D.;@JI=��}HLDG=@?E�AÎ�<>�Y;!<O�QP{F�CED��AÎ�<>F@F�DõÚ@D��g,@F�<>CE<>F�� ∂∆1
DGC ∂∆2

R@DG=³Ú`R@D
Î�D��Î�<>�Y;!<O�QP{FqCED��KÎ�<>F@F�DõÚ@D�� Í ù�H e ⊂ S P{JL<>?E�HIJ0DõÚ�HL�}CEDÔ=@F`P{?EÎ�M ~�<�R@~��}HL��=�D k ⊂ S ðÀ<>HIMOF�P{F�C ∂∆1

÷ ∂∆2
Ò

CEDGJ��q=�D int(k′)∩∆1∪∆2 = ∅ DGC�HIFqCEDG?E�QD�ÎGCQP{FqC e Í>a <>CE<>F�� V ⊂M =@F�;!DGC}HIC�� <>HL�}HIF�P{M DÔR@D k∪∆1∪∆2
,

JsPþÎ�<>�Y;!<O�QP{F�CED�R@D ∂V − ∂M �q=@H�HIFqCEDG?E�ED�ÎGCED e D��}C�=@F7R³HL�E�q=�D�D��E�EDGFqC}HLDGJ�R@<>FqC^JLD�B�<>?ER D��EC�JIHIB@?EDG��DGFqC|�<>��<>CE<>;!DÔ÷.=@F���~G?}HLR³HLDGFô��=@H@HIFqCEDG?E�ED�ÎGCED E Í ù�H e 6⊂ S Ò HIJ�DõÚ�HL�ECED ∆i ∈ {∆1,∆2} ��=@H��E~G;�P{?ED e R@D ∆j 6=i
Ò

R³HL�E<>F��A�q=�ñ HIJ���ñòP{MOHICÔR@D ∆1
DGC©F�<>CE<>F�� k ⊂ ∂eM − S =@F-P{?EÎ�M ~�<�R@~��}HL��=�D.HIFqCEDG?E�ED�ÎGCQP{F�C e DGCA�QP{C}HL�Àÿ´P{HL�QP{F�C

k ∩∆1 ∪ ∆2 = ∂k ⊂ ∂∆1
DGC k′ ⊂ S =@FyP{?EÎÆM ~�<�R@~��}HL��=�DÔðÀ<>HIMOF�P{F�CN=@F�D�Î�<>�Y;�<O� P{FqCED�R@D k ∩ ∂∆1

÷
∂∆2

DGC©CEDGJ���=�D int(k′) ∩∆1 ∪∆2 = ∅ Ü� <>HI?���MO=@?ED�� Í � � Ía <>CE<>F�� V ′ ⊂M =@F�;!DGC}HIC�� <>HL�}HIF�P{M DAR@D k′∪∆1∪∆2
Ò JsPNÎ�<>�Y;!<O�QP{FqCEDÔR@D ∂V ′−∂M ��=@H�HIFqCEDG?E�ED�ÎGCED

JLD�� <>HL�EHIF�P{M DNR@D k′ D��}C©=@F-R³HL�Q�q=�DND��Q�EDGFqC}HLDGJ ∆′ R@<>F�CAJLD�B!<>?ER`D��}C©JIHIB@?EDG��DGF�CÔ|�<>��<>CE<>;!Dó÷Y=@F`��~G?}HLR³HLDGF
∂∆′ ⊂ S �q=@H0F�ñ HIF�CEDG?E�ED�ÎGCED�;�P>� k′ Í�a <>CE<>F�� k′′ ⊂ S =@F-P{?EÎ�ðÀ<>HIMOF�P{F�C ∂∆′ PÆJ´ñûDõÚ�C}?E~G�YHICE~NR@D k ��=@H0F�ñûD��}C;�P>�Ð=@F�DKDõÚ³C}?E~G�YHICE~©R@D k′ Í>ü ñòP{?EÎ k′∪k∪k′′ ð}<>HIFqC ∆2

÷ ∆′ DGC�HIF�CEDG?E�ED�ÎGCED e Ò>F�<>CE<>F�� V =@F�;�DGC}HIC�� <>HL�EHIF�P{M DR@D ∆2 ∪k′∪k∪k′′ ∪∆′ Í�ü PNÎ�<>�Y;!<O�QP{FqCED.R@D ∂V −∂M �q=@H�HIFqCEDG?E�ED�ÎGCED e D��}C�=@FôR³HL�E��=�DAD��Q�EDGFqC}HLDGJ!R@<>FqCJLD.B!<>?ER`D��}C©JIHIB@?EDG��DGF�CA|�<>��<>CE<>;!D^÷�=@Fþ��~G?}HLR³HLDGF/��=@H0HIFqCEDG?E�QD�ÎGCED E Í
± �]�!²B�2³g´�	� ù�H E D��}C�=@F�P{F@F�D�P{=
D��Q�EDGFqC}HLDGJ�R�P{F��5=@F&;!DGC}HIC�B@?EDGCFf�DGJ.ÎG?EDG=³Ú!ÒP{JL<>?E�ô<>=&B@HLDGF ∂EHIF�CEDG?E�ED�ÎGCED�=@F�DK��~G?}HLR³HLDGFþDGC�R0ñòP{;@?Eø��Î�DA��=@H�;@?E~�Î�ø�R@D�=@F�DÔ�E<>=��ÀÂ´JsP{�YHIF�P{C}HL<>F2M ~�<�R@~��EHL�q=�DA��D��}=@?E~�DÔR@D ∂EP{;@;�P{?}C}HLDGF�C�÷ M′ Ò@<>=`B@HLDGF ∂E D��}CKR³HL�%ð}<>HIFqCÔR0ñ =@F`��~G?}HLR³HLDGF Í �



e k ∂∆1 k′′ ∂∆′
k′ ∂∆2

Ý �ÜßoÞ�� Í � } Ù�F-|�P{=@C�d³=@F`B@?EDGCFf�DGJ�ÎG?EDG=³Ú0Ò�DGFþB�P>�qd��Q<>FþB�<>?ERþDõÚ³CE~G?}HLDG=@? Í

ù�<>HIC λ =@F�D¦JsP{�YHIF�P{C}HL<>F(M ~�<�R@~��}HL�q=�D¦��D��}=@?E~�D¦CEDGJIJLDW��=�D λ 6∈ D(M) Ò©P{JL<>?E�2HIJ.DõÚ�HL�ECED-=@F�DW�}=@HICED
En ⊂M R@D�R³HL�E�q=�D���DGC�R0ñòP{F@F�D�P{=³ÚôD��E�EDGFqC}HLDGJL��CEDGJL���q=�D i(λ, ∂En) −→ 0

Í Õ�ñòP{;@?Eø���JLDKJLDG�Y��DÔ;@?E~�Î�~�R@DGFqC
DGCJsPÆ?EDG��P{?E��=�D��q=@H!JLD��}=@HIC�Ò�HIJ�DõÚ³HL�}CED�=@F�D��}=@HICED.R@D.�^=@JIC}H ÂoÎ�<>=@?}B!D�� (en)

CEDGJIJLD��q=�D en ⊂ ∂En
DGCK�q=�D.<>=

B@HLDGF M DGC=@F2MO?QP{F�R2B@?EDGCFf�DGJ�ÎG?EDG=³ÚôDGC en ∈M′ <>=þB@HLDGF M D��EC�=@Fþ;!DGC}HICB@?EDGCFf�DGJ!ÎG?EDG=³ÚþDGC ∃µn ∈M′

P�� D�Î i(µn, en) = 0
Í Ã�<>=@? ε > 0 Ò¼F�<>CE<>F�� εen JsPK�ó=@JIC}H ÂoÎ�<>=@?}B�D;!<>F�R@~G?E~�D<>B@CEDGFq=�DDGF��^=@F@HL�E� P{FqC�ÎE|�P>��=�Dÿ�DG=@HIJIJLD�R@D en R0ñ =@F�D���P>�E�QD�R@D�Õ�HI?QP>Î�R@D�;!<>HLR@� ε Í�c =@HIC}CED�÷ADõÚ�C}?QP{HI?EDOÒiHIJ�DõÚ³HL�}CED�=@F�D��}=@HICED (εn)

Î�<>F�� DG?}M D�P{FqC
� DG?E� 0 CEDGJIJLD���=�DÔJsPó�E=@HICED (εnen)

Î�<>Fq� DG?}M DNR�P{F�� ML(∂M) � DG?E�=@F�D�JsP{�YHIF�P{C}HL<>FþM ~�<�R@~��EHL�q=�D���D��}=@?E~�D
α
Í ù�H M D��}CN=@F7MO?QP{F�R B@?EDGCFf�DGJ�ÎG?EDG=³Ú P{JL<>?E� α ∈ M′ DGC�Ò�Î�<>�Y��D εn −→ 0 Ò�<>FUP i(λ, α) = 0 R@<>F�Î

λ 6∈ Ô Í ù�H M D��}C�=@F[;!DGC}HICNB@?EDGCFf�DGJ�ÎG?EDG=³Ú <>F[;!DG=@C^ÎE|�<>HL�}HI?^JLD�� µn R@DÆÿ´P4��<>Fy��=�ñ =@F�D��E<>=��ÀÂo�E=@HICED (µn)Î�<>F�� DG?}M DÔR�P{F�� ML(∂M) � DG?E��=@F�DAJsP{�YHIF�P{C}HL<>F5M ~�<�R@~��}HL��=�D©��D��}=@?E~�D µ ∈M′ Í ïÔF5PNP{JL<>?E� i(α, µ) = 0DGC i(α, λ) = 0 R@<>F�Î λ 6∈ Ô Í ïÔF/PYP{HIF��EH���<>FqC}?E~ó�q=�D��}H λ 6∈ D(M) Ò�P{JL<>?E� λ 6∈ Ô Í
Ù�F`MO=@HL�ED�R@D�?E~�ÎGHI;@?E<��q=�DOÒ�<>F`;�DG=@CK~GF�<>F�Î�DG?AJLD�JLDG�Y��DN�}=@HI�OP{FqC�d

æy�]�!�!� ö � ï � ï �Y� ET5Q8 λ ∈ D(M) K]OcA0G`14r~5QO�1T8J5wE4O 143F1T8J5JETO	OcA�GQGRA « 14GRE43@M�G`1(UNG`1�M@MNA�?c3|E|°DAFUN8J5Q/�A!S>A λ1@?>?�14398J5wA�O�8oª O £
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�=@;@;!<O�E<>F���JLDYÎ�<>FqC}?QP{HI?EDOÒ�HIJ�DõÚ�HL�ECED�P{JL<>?E� µ ∈ M′ CEDGJIJLD���=�D i(µ, λ) = 0

Í � <>�Y��D λD��}CKP{?QP{C}HL<>F@F�DGJIJLDOÒ�Î�D�ÎGH!DGF�C}?QP{HIF�D^��=�D λ DGC µ <>FqC©JLD.��öG��D��}=@;@;!<>?}C |µ| Í � <>�Y��D µ ∈M′ Ò�HIJ�DõÚ³HL�}CED�=@F�D
�}=@HICED.R@D���~G?}HLR³HLDGF�� cn ⊂ ∂M DGC=@F�D��}=@HICED εn −→ 0 CEDGJL�©��=�D εncn Î�<>Fq� DG?}M DN� DG?E� µ R�P{F�� ML(∂M)

Íc =@HIC}CED�÷ÆDõÚ�C}?QP{HI?ED�=@F�D.�E<>=��ÀÂo�E=@HICEDOÒ cn Î�<>F�� DG?}M D.;�<>=@?JsPóCE<>;�<>JL<>MOHLD.R@D��.P{=��ER@<>?|
-� DG?E�=@F�D�JsP{�YHIF�P{C}HL<>FM ~�<�R@~��}HL��=�D L Í ïÔFyPôP{JL<>?E� |µ| ⊂ L
Í ÕÆñòP{;@?Eø��.JLDYÎG?}HICEøG?ED�R@D � P>�Q�E<>FÖÜC}|�~�<>?EøG��D`� Í � � Ò L Î�<>FqC}HLDGF�C^=@F�D

ÿ�DG=@HIJIJLD�|�<>��<�ÎGJIHIF@HL��=�D l Í � <>�Y��D |µ| ⊂ L D��}C�JLD.�}=@;@;!<>?}CR@D λ Ò l F�ñ HIFqCEDG?E�QD�ÎGCED�;�P>� λ C}?QP{F��}� DG?E�QP{JLDG��DGF�CR@<>F�Î i(l, λ) = 0 Î�D��q=@H�Î�<>FqC}?ED�R³HICAJsP�Î�<>F�R³HIC}HL<>F c1) Í
�ÔF�?E~��QD�P{=�ÿ�DG?}?E<���HsP{HI?ED τ ��=@H�;!<>?}CEDK=@F�DÔJsP{�YHIF�P{C}HL<>FôM ~�<�R@~��}HL��=�DK��D��E=@?E~�DÔD��}C�R³HIC[U�ETr\?cGRA98 ��ñ HIJ�F�ñûD��}C;�P>�^JLD��E<>=��ÀÂ´?E~��QD�P{=7�}C}?}HLÎGCED5R0ñ =@F7?E~��ED�P{=yÿ%DG?}?E<i��HsP{HI?EDô��=@H�;�<>?}CED�=@F�D�JsP{�YHIF�P{C}HL<>FkM ~�<�R@~��}HL�q=�D���D��}=@?E~�D

%Îõÿ Í WûÃ�DNX � Í��<>=@CED.JsP{�YHIF�P{C}HL<>FþM ~�<�R@~��EHL�q=�D���D��}=@?E~�D λ D��}C;!<>?}CE~�DÔ;�P{?�=@Fþ�E<>=��ÀÂ´?E~��ED�P{=þR0ñ =@F2?E~��ED�P{=ôÿ�DG?}?E<���HsP{HI?EDÎ�<>�Y;@JLDGC τ %��=@H�F�ñûD��}C�;�P>��F�~�Î�D��Q�QP{HI?EDG��DGFqCó=@F@HL�q=�D � Í�ü D�����D��}=@?ED�� bi(λ) R@D��NC}?QP�� DG?E�ED��óR@D���B@?QP{F�ÎE|�D��
bi
R@D τ Î�<>F��}C}HIC}=�DGF�C�=@F¸� � �ECEøG��DôR@DþÎ�<�<>?ER@<>F@F�~�D��Y;!<>=@?�=@F �}HI�Y;@JLDõÚ³DþR@DôJsP/�OP{?}HL~GCE~ ML(∂M) �q=@HD��}C�=@F�D`�OP{?}HL~GCE~þJIHIF�~�P{HI?ED-;�P{?���<>?EÎ�D�P{=³Ú Í�ü P+?�3FE|tNE4O�S>A9K]3+3|1T8J5wE4O	OuA�G�GVAYR@D-JsPWJsP{�YHIF�P{C}HL<>F
M ~�<�R@~��}HL��=�D

��D��}=@?E~�D λ D��}C^JsP-R³HI��DGF��}HL<>FkR@D�J´ñûD��};�P>Î�D�� D�ÎGCE<>?}HLDGJ?QP{C}HL<>F@F�DGJ�R@D��^ÿ%<>F�ÎGC}HL<>F��ÆJIHIF�~�P{HI?ED��Y÷`Î�<�D�.�ÎGHLDGFqCE�



?QP{C}HL<>F@F�DGJL�z�P{JIJsP{F�C�R³=Æ�}HI�Y;@JLDõÚ@D�R@~�ÎG?}HIC:;@?E~�Î�~�R@DG�Y��DGF�C�R�P{F�� R � ��=@H³��ñòP{F@Fq=@JLDGF�C��}=@?�JLD��ÐÎ�<�<>?ER@<>F@F�~�D���R@D
λ
Ísa <>=���P{JIJL<>F���F�<>CEDG? I(∂M) J´ñûDGF��QDG�^B@JLD�R@D���JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��EHL�q=�D�����D��}=@?E~�D���R@<>F�C�JsPN;@?E<{ÿ%<>F�R@DG=@??QP{C}HL<>F@F�DGJIJLD-�>P{=@C 0 <>= 1

Í�ü D-Î�<>�Y;@JL~G��DGFqCQP{HI?ED¦R³= �}=@;@;�<>?}C5R0ñ =@F�D2JsP{�YHIF�P{C}HL<>F�M ~�<�R@~��}HL�q=�D`��D��}=@?E~�D
P{;@;�P{?}CEDGF�P{F�C÷ I D��}C�Î�<>�Y;�<O�Q~KR@D©C}?}HsP{F@MOJLD���HLR@~�P{=³ÚYDGC�R0ñòP{=�;@JI=���=@F���=�P>R³?}HIJsP{CEøG?EDKHLR@~�P{J&%Îõÿ Í W��|��NX � Ò DGF;�P{?}C}HLÎG=@JIHLDG?Ð=@F�D�JsP{�YHIF�P{C}HL<>FYR@D I D��}CÐP{?QP{C}HL<>F@F�DGJIJLD ÍOü ñûDGF��EDG�^B@JLD I D��}C:=@F�<>=@� DG?}CÐR@DGF��QD�R�P{F�� ML(∂M)%Îõÿ Í W��|��9X � Í � <>�Y��D I D��ECKÎ�<>F��}C}HIC}=�~��AR@D.JsP{�YHIF�P{C}HL<>F��.P{?QP{C}HL<>F@F�DGJIJLD���Ò�<>F`R@~�R³=@HIC�R³=þJLDG�Y��D�� Í ' Í 'Y��=�D
D(M) ∩ I ⊂ Ô Í � D�ÎGH0�OP^F�<>=��K;�DG?}��DGC}C}?ED�R@D.R@~�R³=@HI?EDNR³=þC}|�~�<>?EøG��D Ý �q=�D.JLD.R@<>��P{HIF�DNR@D z P>�}=@?©D��}C
Î�<>F@F�DõÚ@D�;�P{?ÔP{?EÎ�� Í
Ù ���PÚy�PÛiÀ�ÌiÀQ��ÓØÃg��Üu��Â A�M�A�OBMNA9rYC9GRA@M Ô A98 O M9E4O�8�U�E4OPOcAFp>A@Mz?�143�143FU�MD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ a <>=��ÔP{JIJL<>F��Ô��<>FqC}?EDG?��q=�D Ô D��}CAÎ�<>F@F�DõÚ@D^;�P{?.P{?EÎ��g,�DGF/;@?E<{ðÀDGCQP{F�C��E=@? PML(∂M)<>F`<>B@C}HLDGF�CAJ´ñ HIFqCE~GMO?QP{JIHICE~ÆR@D�JsPÆ;@?E<>;!<O�}HIC}HL<>F Í

ù�<>HLDGF�C λ1, λ2 ∈ Ô ,�Î�<>�Y��D I D��}C^R@DGF��ED�R�P{F�� ML(∂M) DGC^��=�D Ô D��}CN<>=@� DG?}C�Ò�HIJ�DõÚ³HL�}CED α1
DGC

α2 ∈ Ô ∩ I CEDGJIJLD��K��=�D λj D��}CKÎ�<>F@F�D�ÎGCE~�DÆ÷ αj ;�P{?K=@F/P{?EÎ kj ⊂ Ô ÍÕ�ñòP{;@?Eø��ÆJLD�JLDG�Y��D^� Í ' Í �OÒ αj ∈ D(M) R@<>F�Î�HIJ�DõÚ�HL�ECED η > 0 CEDGJ���=�D i(αj , ∂E) > η ;!<>=@?óCE<>=@CR³HL�E��=�DÆ<>=[P{F@F�D�P{=[D��E�QDGFqC}HLDGJ E ⊂ M
Íca <>CE<>F�� 2π

η
αj

JsP�JsP{�YHIF�P{C}HL<>F[M ~�<�R@~��}HL��=�DÆ��D��}=@?E~�D�<>B@CEDGFq=�DYDGF
�ó=@JIC}HI;@JIHsP{FqC�JsP/��D��}=@?EDþR@D αj ;�P{? 2π

η
,Ð<>F�P 2π

η
αj ∈ P+(M)

Í � <>�Y��D αj ∈ I Ò��E<>F¸�}=@;@;!<>?}C |αj |F�D`Î�<>F�C}HLDGFqCô;�P>��R@D2ÿ�DG=@HIJIJLD��Yÿ�DG?}��~�D�� Í Õ�ñòP{;@?Eø��5JLDþC}|�~�<>?EøG��D Ý Ò�JLD���JsP{�YHIF�P{C}HL<>F���M ~�<�R@~��}HL��=�D�� 2π
η
α1DGC 2π

η
α2

P{;@;�P{?}C}HLDGF@F�DGF�C.÷ b(CC(M))
Í Õ�ñòP{;@?Eø��KJLD.C}|�~�<>?EøG��D^R0ñ =@F@H ÿ�<>?}�YHL�QP{C}HL<>F¦R@<>=@B@JLDNR0ñ Ý |@J ÿ�<>?E�ÀÂoúDG?E�

|WûúDG?|X � Ò CC(M) D��ECN|�<>��~�<>��<>?};@|�D`P{=y;@?E<�R³=@HICóÎ�P{?}CE~��}HLDGFkR@D��ÆD��};�P>Î�D��óR@DL��DGHLÎQ|@���@JIJLDG?�R@D��ÆÎ�<>�Y;�<{Â�QP{F�CED��óÎ�<>F@F�DõÚ@D��^R@D ∂χ<0M
Ò�DGF ;�P{?}C}HLÎG=@JIHLDG? CC(M) D��}C^Î�<>F@F�DõÚ@D�;�P{?ÆP{?EÎ�� Í Õ�ñòP{;@?Eø��LW���Diù]XoÒ b|CC(M)D��}CóÎ�<>FqC}HIFq=�D2R@<>F�Î b(CC(M)) D��}CóÎ�<>F@F�DõÚ³D5;�P{?ÆP{?EÎ Í) J�DõÚ³HL�}CED5R@<>F�Î α : [0, 1] → b(CC(M)) CEDGJ��q=�D

α(0) = 2π
η
α1
DGC���=�D α(1) = 2π

η
α2
Í ïÔF�P���<>F�C}?E~KR�P{F���J´ñòP2.�?}��P{C}HL<>F�� Í � Í �A�q=�D P+(M) D��}C�<>=@� DG?}C�Òq<>FDGFôR@~�R³=@HIC���=�D b(CC(M)) D��EC�<>=@� DG?}C Í ïÔF5;�DG=@C�R@<>F�ÎK;!DG?}C}=@?}B�DG? α R@Dÿ´P4��<>F5��=�D α(t) ∈ I ∩ b(CC(M));!<>=@?óCE<>=@C t ∈ [0, 1] %Îõÿ Í W��|��9X � ,�DGFU;�P{?}C}HLÎG=@JIHLDG? α(t) D��EC^=@F�D5JsP{�YHIF�P{C}HL<>F¸M ~�<�R@~��}HL��=�D5P{?QP{C}HL<>F@F�DGJIJLDÎ�<>F�CEDGFq=�DÆR�P{F�� D(M)

Í ïÔF`R@~�R³=@HIC�P{JL<>?E�KR³=-JLDG�Y��D�� Í ' Í 'Y��=�D α(t) ∈ Ô ;!<>=@?KCE<>=@C t ∈ [0, 1]
Í

a <>CE<>F�� κj : [0, 1] → Ô J´ñòP{?EÎ�R@~���F@H�;�P{? κj(t) = (1− t+ t 2π
η

)αj
,qJsPN?E~G=@F@HL<>F2R@D���P{?EÎ�� kj Ò κj ;!<>=@?

j = 1, 2 DGCAR@D.J´ñòP{?EÎ α([0, 1]) D��EC©=@F/P{?EÎNÎ�<>FqCEDGF�=/R�P{F�� Ô ðÀ<>HIMOF�P{F�C λ1
÷ λ2

Í
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Õ�P{F��KÎ�DGC�P{;@;�DGF�R³HLÎ�DOÒ�F�<>=��AP{JIJL<>F��K��<>F�C}?EDG?AJLDU^oJLDG�Y��DNR0ñòP{;@;@?E<�Ú�HI��P{C}HL<>FWR@D��KÎ�<>=@?}B!D��KJL~GM øG?EDG��DGF�C
;@JIHL�E�Q~�D��?_ÔDGC�JLDhÓõJLDG�Y��D�R0ñòP{;@;@?E<�Ú�HI��P{C}HL<>F/R@D����QDGMO��DGFqCE�©JL~GM øG?EDG��DGF�CK;@JIHL�E�E~��?_A��=@H0<>FqC©~GCE~�=@C}HIJIHL�E~��CE<>=@C
P{=þJL<>F@M�R@D^Î�DGC}CED�C}|�ø��ED Í
æy�]�!�!���<�JÁÖÄ?Ô<Ó��ôs��´��é©��¿��]çP�]�2�e���]ÓcÌ�Ú&¿JÀ�ÛiÛD�>���]ÛNÌ�³g´²BÛiÀ ü çP�]�Êè�]ÛiÀQ³g´*�	ÏD�q� ET5wA�O�8 M K]OuA~/214¹
3�5w6N8:6~;>=@?BA93NCFETG�5wI9K	A^S>A�ST5�r�A�OBM�5JETOm +S>E4OP8�GVALC�E43|S�A@M98zKeOcA�M@Ke3�tN1sU�A�?�GH5�M@MN6�ALU�E4OP/�AFp>A@� λ GR1�G`14r~5QO�1T8J5wE4O
v>6�EDS>6@M�5JI9K	A�r�A@M�K]3�6�A�S>A�?�G�5�M�MN1Dv>ALS>A ∂M � c KeOcA�v>6FEDS]6@M@5wI9K	A�?B6�3�5JEiS45JINKBA^S4K!CFET3|S ∂M INK]5�3�A:?�3�6@MNA9OP8:A
KeOÖ6�GR69rYA9OP8�O�E4O�O	KeG�S>A π1(M) A98 c∗ GR1^v>6FEDS]6@M@5wI9K	A�S>A M Ss14OBMYGR1�U9GR1�M�MDA^S*¥ ;�E4rYET87E@?�57A�S>A c £ � E45J8
ε < π

2 « 5QG-A�p45�M98:AYS>A�M�U�ETOBM�8714O�8:A@M Kε
� Aε 8:A�G�GVA@MYI9K	A�M@5 i(c, λ) ≤ ε 14GRE43@M lM (c) ≤ Kε(lM (c∗) + Aε)

£
»�A�?�G�K]M���ETO01 limε−→0Kε = 1 A98 limε−→0Aε = 0 £
»�6�rYE4OBM98J3|1T8J5wE4Oc£AÃ:<>=@?Î�<>�Y��DGF�Î�DG?KÎQ|�<>HL�}HL�E�E<>F���=@F�DÔHL�E<>��~GC}?}HLD.DGFqC}?ED M̃ DGC H3 Ò�Î�D�ÎGH!F�<>=���ÿ%<>=@?}F@HIC=@F�D
?EDG;@?E~��EDGF�CQP{C}HL<>F π1(M) → Isom(H3)

Í Ã:<>=@?A�}HI�Y;@JIH`��DG?©JLD��F�<>CQP{C}HL<>F���Ò@F�<>=��HLR@DGF�C}H`��DG?E<>F�� π1(M) P�� D�Î�E<>F�HI��P{M D`;�P{?�Î�DGC}CED-?EDG;@?E~��EDGFqCQP{C}HL<>F�DGC�F�<>=���HLR@DGF�C}H`��DG?E<>F�� M P�� D�Î`JLD-Î�<�DG=@?�Î�<>F�� DõÚ³D/R@D π1(M)
Í

a <>CE<>F�� p : M̃ →M JsPY;@?E<{ðÀD�ÎGC}HL<>F-R@DN?EDG� öGCEDG��DGFqC Í
Ã:<>=@?-;@?E<>=@� DG?-JLDWJLDG�Y��D ÝÆÍ �ØÜ� <>HI?/P{=��E�}H�W ù�D9X � ÒF�<>=��¦P{JIJL<>F��`Î�<>F��}C}?}=@HI?EDOÒADGFêR@DG=³Úê~GCQP{;!D���Ò=@F

P{F@F�D�P{= �}HI�Y;@JIHLÎGHsP{JÔR@D5B!<>?ER c ∪ c∗ DGC�R@~�R³=@HI?EDOÒ�÷¦ÎE|�P>��=�Dþ~GCQP{;!DOÒ�R@D2JsP`ÿ�<>?}�^=@JLD-R@D���P{=��E�ÀÂoú<>F@F�DGC�ÒR@D��ÔÎ�<>�Y;�P{?QP{HL�E<>F��ÔR@DNJL<>F@MO=�DG=@?E� Í�ü PY;@?EDG�YHLøG?EDó~GCQP{;!DND��}CKJLD½ÓõJLDG�Y��D^R0ñòP{;@;@?E<�Ú³HI��P{C}HL<>F[R@D��K�EDGMO��DGF�CE�
JL~GM øG?EDG��DGF�CA;@JIHL�E�E~���Ó~d
æy�]�!�!�Ö���VÜÊ�~� E457A�OP8 c̃1 K]O�MDAwv4r�A�OP8�v>6FEDS>6�M@5wI9KBA�S>A ∂M̃ °9E45Rv4O�1TOP8�S>A�KTp�?�E45QOP8QM x̃1

A98 x̃2
A98 c̃2 GVA

MDAwv4r�A�OP8*v]6FEDS>6@M�5JINKBA~S>A M̃ INK]5&GVA@M¼°NE45QOP8©6wvs14GVA�r�A�OP8:£ � ¥ 5QGÊA�p45�M98:A ε < π
2
8:A�GgI9K	A i(c̃1, p−1(λ)) ≤ ε 1TG`E43@M

∃Kε ≤ (1 + tan ε)3 8:A�GI9K	A lM (c̃1) ≤ KεlM (c̃2)
£

»�6�rYE4OBM98J3|1T8J5wE4Oc£AÓADG�Y;@JsP4��<>F�� c̃1 ;�P{?�=@F�DþP{;@;@?E<�Ú³HI��P{C}HL<>F�;!<>J � |�~�R³?QP{JLDô;!<>=@?ÆJsP>��=�DGJIJLD2J´ñòP{F@MOJLD2CE<>CQP{JR@Dó;@JIHL�E�QP{M DÆD��}CAHIF³ÿ�~G?}HLDG=@?N÷ (1 + x)ε < π
2
ÜJ´ñûDõÚ³HL�}CEDGF�Î�DÆR0ñ =@F�DÆCEDGJIJLDÆP{;@;@?E<�Ú�HI��P{C}HL<>FyD��ECA;@?E<>=@� ~�D�R�P{F��

WûÙ�; z X � Í � <>�Y��D c̃1 D��}C�JsP�JIHI�YHICED�R@DóCEDGJIJLD��NP{;@;@?E<�Ú³HI��P{C}HL<>F���Ò0Î�D�ÎGH�F�<>=���;!DG?}��DGC}C}?QPôR@DÆÎ�<>F�ÎGJI=@?ED Í Õ.~õÂ�E<>?}��P{HL� c̃1 R@~��}HIMOF�DG?QPþJ´ñòP{;@;@?E<�Ú�HI��P{C}HL<>Fk�}=��ÀÂoÎGHICE~�D Í�ü D�ÎNb>F�DYM ~�<�R@~��}HL��=�D�R@D x̃1
÷ c̃1 ÜH Í D Í J´ñòP>R³|�~G?EDGF�Î�DR@D^J´ñ =@F@HL<>F¦R@D��Ô�EDGMO��DGFqCE��M ~�<�R@~��}HL�q=�D���ðÀ<>HIMOF�P{F�C x̃1

P{=³Ú`;!<>HIFqCE��R@D c̃1 � D��}CA=@F/R³HL�E��=�DN;@JIHL�E�Q~ ∆ ÿ�<>?}��~
R0ñ =@F¦F�<>�^B@?ED���F@H�R@DNC}?}HsP{F@MOJLD��.CE<>CQP{JLDG��DGF�C�M ~�<�R@~��}HL��=�D���DGCÔB!<>?ER@~^;�P{? c̃1 ∪ c̃2 Íca <>CE<>F�� ε1 JsP5�E<>�Y��DR@D���P{F@MOJLD���HIFqCEDG?}F�D���R@DÆÎ�D���C}?}HsP{F@MOJLD���DGF x̃1

DGC ε2 J´ñòP{F@MOJLDóHIF�CEDG?}F�DYR³=/C}?}HsP{F@MOJLD�DGF x̃2
Í � <>�Y��D c̃1 D��}C=@F�D�M ~�<�R@~��}HL��=�D�;!<>=@?KJsP���~GC}?}HL��=�D^R@D ∂M̃ Ò�DGF/ÎE|�P>��=�D^�E<>�Y��DGCAR@D c̃1 JsPY�E<>�Y��DNR@D���P{F@MOJLD��KHIF�CEDG?}F�D��R@D���C}?}HsP{F@MOJLD��ND��}C.�}=@;!~G?}HLDG=@?ED�<>=W~GMqP{JLDY÷�J´ñòP{F@MOJLD�HIFqCEDG?}F�DYR@Dó;@JIHL�E�QP{M D�R@D ∂M̃ Í Ù�F P{;@;@JIHL�q=�P{F�C�JsPYÿ�<>?ÀÂ

�ó=@JLD`R@D+��P{=��E�}Âoú�<>F@F�DGCô÷WÎE|�P>ÎG=@F&R@DþÎ�D���C}?}HsP{F@MOJLD���Ò�<>F�DGF R@~�R³=@HICô�q=�D2J´ñòP{HI?ED`R@D2JLDG=@?�?E~G=@F@HL<>F�D��}C
;@JI=��.;!DGC}HICEDY�q=�D (1 + x)ε − ε1 − ε2

Í ïÔF PôP{JL<>?E� ε1 ≤ (1 + x)ε ≤ 2π Ò0R@<>F�Î�JLD�R³HL�E��=�D ∆ ;!DG=@CNöGC}?ED
;@JL<>F@M ~.HL�E<>��~GC}?}HL��=�DG��DGFqC�R�P{F�� H2 Í ïÔFþF�<>CEDG?QP�R@~��E<>?}��P{HL� ∆ J´ñ HI��P{M D^R@D�Î�D.;@JL<>F@M DG��DGF�CA�ó=@F@HLDNR@D.JsP

l '



��~GC}?}HL��=�DNP{�^B@HsP{F�CED Í�ü P�Î�<>=@?}B!D ∂∆ D��}C=@F�D�Î�<>=@?}B!D�M ~�<�R@~��}HL��=�D.;�P{?©��<>?EÎ�D�P{=³Ú2;�<>=@?©Î�DGC}CED.��~GC}?}HL��=�D
DGC.DGF[ÎE|�P>��=�DÆÎ�<>HIF[R@D ∆ − c̃2

J´ñòP{F@MOJLDYDõÚ³CEDG?}F�D�%��=@H�D��}C.Î�<>�Y;@CE~óF�~GMqP{C}HI� DG��DGF�C^�}H�J´ñòP{F@MOJLD�HIFqCEDG?}F�D�D��}C
�}=@;!~G?}HLDG=@?Ô÷ π � D��}C©HIF³ÿ�~G?}HLDG=@?�÷ÆJ´ñòP{F@MOJLDNR@DN;@JIHL�E�QP{M D�Î�<>?}?ED��};!<>F�R�P{FqC Íù�<>HIC b = maxx̃∈∂∆−c̃2 d∆(x̃, c̃2)

,@J´ñòP2.�?}��P{C}HL<>F/�E=@HI�>P{F�CED.ÿ%<>=@?}F@HICA=@F�D���P¼ðÀ<>?QP{C}HL<>F/R@D b Í
�54m�4��²�ÌiÀQ��Ó¢�<� ï �ÁÕ O�1�U�; b ≤ 1 + tan((1 + x)ε) £

»�6�rYE4OBM98J3|1T8J5wE4Oc£AÃÐP{?�Î�<>F�� DõÚ�HICE~�R@DKJsP�ÿ�<>F�ÎGC}HL<>F2R³HL�}CQP{F�Î�DADGF�C}?EDÔR@DG=³Ú�M ~�<�R@~��}HL��=�D���Ò b D��}C�P{C}CEDGHIF�C�DGF5=@F�E<>�Y��DGCKR@D ∂∆− c̃2
Í³ü <>?E�E��=�D ∆ F�ñûD��EC�;�P>�©Î�<>F�� DõÚ³DOÒ³F�<>=��KP{JIJL<>F��KJLDÔ?EDG�Y;@JsP>Î�DG?©;�P{?©=@FþÎ�<>F�� DõÚ³D�R@<>F�C

JLD.B!<>?ER`Î�<>FqC}HLDGF�CÔÎ�DN�Q<>�Y��DGC Í
ù�<>HLDGF�C ỹ =@F �E<>�Y��DGCNR@D ∆ DGF[JLD���=�DGJ�J´ñòP{F@MOJLDYDõÚ�CEDG?}F�DYD��EC�F�~GMqP{C}H ÿÀÒ ỹ+ DGC ỹ− JLD���R@DG=³Ú[�E<>�Y��DGCE�

� <>HL�}HIF���R@D ỹ , P¼ð}<>=@CE<>F���÷ ∆ JLDC}?}HsP{F@MOJLDÔR@DK�E<>�Y��DGCE� ỹ Ò ỹ+ DGC ỹ− Íqü DKR³HL�E��=�D ∆′ P{HIF��}H�<>B@CEDGFq=ôÎ�<>FqC}HLDGF�C
∆ Ò�D��ECAB!<>?ER@~N;�P{?�=@F-;!<>J � M <>F�Dó�q=@H�;�<O�E�Qø�R@D�=@F¦�Q<>�Y��DGCÔR@DN��<>HIF�����=�D ∂∆ DGCÔ�EH�J´ñòP{F@MOJLDÆDõÚ�CEDG?}F�DóR@D
∆ DGF ỹ+ Ü?ED��};!D�ÎGC}HI� DG��DGFqC ỹ− � ~GCQP{HIC�;!<O�}HIC}H ÿ�P{JL<>?E�J´ñòP{F@MOJLD�DõÚ³CEDG?}F�D�R@D ∆′ DGF ỹ+ Ü?ED��};!D�ÎGC}HI� DG��DGFqC ỹ− �D��}C�;@JI=���;�DGC}HIC��=�DÔÎ�DGJI=@H!R@D ∆

Í ù�H!Î�DAF�<>=@� D�P{=þR³HL�E��=�D�P^=@F2Î�<>HIF2DGFôJLD���=�DGJ�J´ñòP{F@MOJLD.DõÚ³CEDG?}F�D�D��EC�F�~GMqP{C}H ÿ
P{JL<>?E�K<>F-?E~GHICEøG?EDNÎ�DGC}CEDN<>;!~G?QP{C}HL<>F Í

y−

y

y+

∆

∆

Ý �Üß�Þ ÝÆÍ � } ïÔF/P¼ð}<>=@CED�R@D��©C}?}HsP{F@MOJLDó÷ ∆ ;!<>=@?A<>B@CEDGF@HI?K=@F/Î�<>Fq� DõÚ@D ∆′ Í
� <>�Y��D�÷2ÎQ|�P>�q=�DY~GCQP{;!D�<>F DGF@JLøG� D�=@F Î�<>HIF�Ò0P{;@?Eø���=@FWF�<>�^B@?ED~��F@H�R0ñ HICE~G?QP{C}HL<>F���Ò�<>FW<>B@C}HLDGF�CN=@F

R³HL�E��=�DOÒ{�q=�D�F�<>=��:F�<>CEDG?E<>F�� ∆′ Ò¼CEDGJ³��=�ñûDGF�ÎQ|�P>�q=�DÎ�<>HIFYR@D ∆′ J´ñòP{F@MOJLDDõÚ³CEDG?}F�D�D��EC:;!<O�}HIC}H ÿ Í �ÔF�CEDGJ�R³HL�E��=�D
D��}C�Î�<>Fq� DõÚ@D Í � |�P>��=�D^Î�<>HIFWR@D ∆′ D��}CK=@FWÎ�<>HIF/R@D ∆ DGC�Ò�Î�<>�Y��DÆ<>F-J´ñòP���=�Ò�J´ñòP{F@MOJLDóDõÚ³CEDG?}F�D^R@D ∆′ DGF
=@F2Î�<>HIFôD��EC�;@JI=���;!DGC}HIC���=�DAJ´ñòP{F@MOJLD�DõÚ³CEDG?}F�D�R@D ∆ DGF2Î�DÔ��öG��D�Î�<>HIF Í ïÔFþDGFôR@~�R³=@HIC��=�DAJsPó�E<>�Y��D�R@D��
P{F@MOJLD���DõÚ³CEDG?}F�D��ÐR@D ∆′ Ò{�QP{F��ÐÎ�<>�Y;@CEDG?�JLD���P{F@MOJLD���DGF x̃1

DGC x̃2
D��}C:;@JI=��Ð;�DGC}HICED��=�D�JsPÔ��D��}=@?ED�R@D�;@JIHL�E�QP{M D

(1+x)ε R@D c̃1 Í ù�H�<>F�F�<>CED ε′i J´ñòP{F@MOJLDÔHIFqCEDG?}F�D�R@D ∆′ DGF x̃i Òq<>F2P^P{JL<>?E�P{HI?ED (∆′) ≤ (1+x)ε− (ε′1 + ε′2)
Í

� <>�Y��DKJLD���Î�<>HIF���R@D ∆′ �E<>F�C�R@D���Î�<>HIF���R@D ∆ DGC��q=�DJsP.ÿ%<>F�ÎGC}HL<>F�R³HL�ECQP{F�Î�DKDGFqC}?EDÔR@DG=³ÚÆM ~�<�R@~��}HL��=�D��
D��}CÆÎ�<>Fq� DõÚ@DOÒ�<>FkP b = maxx̃∈∂∆′−c̃2 d∆′(x̃, c̃2)

Í*a <>=��ÆP{JIJL<>F��ó��P{HIFqCEDGF�P{F�CY=@C}HIJIHL�EDG?óR@D��^ÿ�<>?}�^=@JLD���R@D
C}?}HIM <>F�<>��~GC}?}HLD^| � ;�DG?}B!<>JIHL�q=�DN;�<>=@?A<>B@CEDGF@HI?AJsP���P¼ðÀ<>?QP{C}HL<>F¦P{C}CEDGF�R³=�D Í

Ã�?EDGF�<>F��NJLD���F�<>CQP{C}HL<>F��óR@DYJsPL��MO=@?ED ÝÆÍ �2DGCNF�<>CE<>F�� A J´ñòP{HI?EDYR@D τ Í ïÔF7P A = π
2 − α − β R@<>F�Î

α

β

α′

β′
x̃1 x̃2ε′1 ε′2

τ τ ′
b

∂∆′

c̃2

Ý �uß�Þ ÝÆÍ � } ü DNÎ�<>Fq� DõÚ@D ∆′ Í



cos β = cos(π2 − α−A) = sin(α+A)
Í

Õ�ñòP{;@?Eø���|WûúD�P2X � Ò�ÎQ| b sinα = cos β R@<>F�Î�ÎE| b = cos β
sinα = sin(α+A)

sinα = cosA+ Î�<>CQP{F α sinA Ò�R0ñû<4�

ÎE| b ≤ 1 + Î�<>CQP{F α.  ÝóÍ � �
� DGC}CED�HIF�~GMqP{JIHICE~óD��}CKDGF�Î�<>?ED���?QP{HLD��}H0J´ñû<>F`?EDG�Y;@JsP>Î�D α ;�P{? α′ Í

� <>�Y��DóP{HI?ED (∆′) ≤ (1 + x)ε− (ε′1 + ε′2)
Ò�P{JL<>?E� (1 + x)ε ≥ ε′1 + ε′2 ≥ β + β′

Í
Õ.D ;@JI=�� π − (α + α′) − (β + β′) = P{HI?ED (τ ∪ τ ′) ≤ P{HI?ED (∆′) ≤ (1 + x)ε R@<>F�Î
α + α′ ≥ π − (β + β′) − (1 + x)ε ≥ π − 2(1 + x)ε. ïÔF DGF R@~�R³=@HIC ��=�D
max{α, α′} ≥ π

2 −(1+x)ε %�q=@H�D��EC��}C}?}HLÎGCEDG��DGFqC�;�<O�}HIC}H ÿ!;�P{?�| � ;!<>C}|�ø��ED � Í Ù�F�?EDG�Y;@JsP4��P{F�C�R�P{F��� ÝóÍ � � Ò<>F <>B@C}HLDGF�C
ÎQ| b ≤ 1 + Î�<>CQP{F (π2 − (1 + x)ε) R0ñû<4�

ÎQ| b ≤ 1 + tan((1 + x)ε)  ÝóÍ � �

Ó�P{;@;�DGJL<>F�����=�D�JLD���Î�<�<>?ER@<>F@F�~�D��NR@D � DG?}�YH��E<>F�C�JLD���Î�<�<>?ER@<>F@F�~�D��^F�<>?}��P{JLD��^÷5=@F�D�M ~�<�R@~��EHL�q=�D c̃ÜHLÎGH c̃ D��}C©JsPóM ~�<�R@~��}HL��=�D�Î�<>FqCEDGF�P{F�C c̃2 � Í Õ�P{F��©Î�D��©Î�<�<>?ER@<>F@F�~�D���Ò@=@Fþ;!<>HIFqCKD��}C?EDG;!~G?E~.;�P{?K�QPÆR³HL�}CQP{F�Î�D
ρ ÷ d̃ DGCÆ;�P{?YJsPWR³HL�ECQP{F�Î�D t DGFqC}?ED-�QP/;@?E<{ðÀD�ÎGC}HL<>F��E=@? d̃ DGCY=@F¸;�<>HIF�CYB�P>�ED��@Ú@~ô�E=@? d̃ ÍÐü P¦��~GC}?}HL��=�D| � ;!DG?}B�<>JIHL��=�DN��ñû~�ÎG?}HICKR�P{F��ÔÎ�D��KÎ�<�<>?ER@<>F@F�~�D���d

ds2 = dρ2 + ( ÎE| ρ)2dt2.
�54m�4��²�ÌiÀQ��Ó¢�<� ò ��Â 1q?�3FE|°NA�UN8J5JETO�ET3�8Q;eE�vsE4O�14GVA~S>A c̃1 M�K]3 d̃ A@M98y5QOD°DAFUN8J5Q/�AD£
»�6�rYE4OBM98J3|1T8J5wE4Oc£ � <>�Y��D ε1 ≤ (1 + x)ε < π

2
Ò@HIJ�DõÚ³HL�}CED�=@F-;!DGC}HICK� <>HL�}HIF�P{M DóR@D x̃1

R�P{F�� c̃1 �}=@?KJLD���=�DGJJsPô;@?E<{ð}D�ÎGC}HL<>F7<>?}C}|�<>M <>F�P{JLD q : c̃1 → d̃ D��}C�HIF>ðÀD�ÎGC}HI� D Í ù�=@;@;�<O�E<>F��ó�q=�D�JsPô;@?E<{ð}D�ÎGC}HL<>F7<>?}C}|�<>M <>F�P{JLD5R@D
c̃1
�}=@? d̃ F�ñûD��}CY;�P>��HIF>ð}D�ÎGC}HI� D-,�HIJ©DõÚ�HL�ECED`P{JL<>?E�Y=@Fk;�<>HIF�C ỹ ⊂ c̃1

CEDGJK�q=�DôJsP¦;@?E<{ð}D�ÎGC}HL<>F <>?}C}|�<>M <>F�P{JLD
�}=@? d̃ D��}C�HIF>ð}D�ÎGC}HI� D��}=@?�JLD��QDGMO��DGFqC [x̃1, ỹ]

��P{HL�^F�ñûD��}C�HIF>ðÀD�ÎGC}HI� D5�}=@?^P{=�ÎG=@F � <>HL�}HIF�P{M D5R@D ỹ R�P{F�� c̃1 Íù�<>HIC k̃ ⊂ c̃1
=@FyP{?EÎ�M ~�<�R@~��}HL�q=�D-,�P{JL<>?E��<>=[B@HLDGF q D��}C.HIF>ð}D�ÎGC}HI� DY�}=@? k̃ Ò0<>=WB@HLDGF J´ñ HI��P{M DYR@D k̃ D��}C.=@F;!<>HIFqC Í ïÔF2DGFôR@~�R³=@HIC©��=�D ỹ D��}C�=@Fô�Q<>�Y��DGC�R@D ∆

Í]a <>CE<>F�� k̃1
Ò k̃2

JLD���R@DG=³Ú5ÎNb>CE~��R@D ∂∆ R@<>F�CJLDAB!<>?ER
Î�<>F�C}HLDGFqC ỹ DGC (ỹ, q(ỹ)) JsPôM ~�<�R@~��}HL��=�DY<>?}C}|�<>M <>F�P{JLD�÷ d̃ ;�P>�E�QP{FqC�;�P{? ỹ Í � <>�Y��DYJsP5;@?E<{ðÀD�ÎGC}HL<>F F�ñûD��ECHIF>ð}D�ÎGC}HI� D��}=@?^P{=�ÎG=@F � <>HL�EHIF�P{M D�R@D ỹ R�P{F�� c̃1 Ò�JLD��NR@DG=³Ú[P{?EÎ�� k̃1

DGC k̃2
�Q<>FqC^Î�<>F�CEDGFq=��ÆR�P{F���JsPô��öG��D

Î�<>�Y;!<O�QP{FqCEDAR@D H2−(ỹ, q(ỹ))
Ísa <>CE<>F�� T̃i JLD©C}?}HsP{F@MOJLDKR@<>F�C�=@F��E<>�Y��DGC�D��EC x̃1

DGC�R@<>FqC�=@F�ÎNb>CE~KD��}C k̃i ,;�P{?.Î�<>F��}C}?}=�ÎGC}HL<>F[R@D ∆ JLD��ÔHIFqCE~G?}HLDG=@?E��R@DÆÎ�D���R@DG=³Ú/C}?}HsP{F@MOJLD�� T̃1
DGC T̃2

�Q<>FqC.R³HL�%ðÀ<>HIF�CE� Í ïÔF¦DGFWR@~�R³=@HIC
��=�D k̃2

D��}CÔÎ�<>F�CEDGFq=[R�P{F��ÔJLD^R³HL�E��=�D D B!<>?ER@~N;�P{?AJsP�?E~G=@F@HL<>F¦R@D��.P{?EÎ�� [x̃1, q(ỹ)] ⊂ c̃1
Ò [x̃1, z̃] ⊂ d̃ DGCR@DóJ´ñòP{?EÎÆM ~�<�R@~��}HL��=�DÔðÀ<>HIMOF�P{F�C ỹ DGC q(ỹ) %Îõÿ Í ��MO=@?ED ÝÆÍ ' � Íc) JÐ��ñûDGF[�}=@HIC.�q=�DóJ´ñòP{F@MOJLDYDõÚ�CEDG?}F�DÆR@D D DGF ỹD��}C�;@JI=���;�DGC}HIC©��=�DAJ´ñòP{F@MOJLD.DõÚ³CEDG?}F�D.R@D ∆ DGF ỹ Í�ü PÆ�E<>�Y��D.R@D��P{F@MOJLD��©DõÚ³CEDG?}F�D��R@D ∂D Ò��QP{F��Î�<>�Y;@CEDG?JLD��^P{F@MOJLD��^DGF x̃1

DGCNDGF q(ỹ) Ò�D��}CNR@<>F�Î�HIF³ÿ�~G?}HLDG=@?ED�÷ (1 + x)ε
Í Õ.D�JsP5ÿ�<>?}�^=@JLD�R@D���P{=��Q�Nú<>F@F�DGC�Ò�<>F

R@~�R³=@HICÔP{JL<>?E�Ô�q=�DNJ´ñòP{HI?EDNR@D D D��ECK;@JI=��©;!DGC}HICEDN�q=�D (1 + x)ε− ε1 − π
2

Í � D�ÎGH�Î�<>FqC}?ED�R³HIC�J´ñ | � ;!<>C}|�ø��EDNR@D
R@~G;�P{?}C (1 + x)ε < π

2
DGCKÎ�<>F�ÎGJI=@CAJsPÆ;@?EDG=@� D^R@D.J´ñòP2.�?}��P{C}HL<>F Í

ü PÆ;@?E<{ðÀD�ÎGC}HL<>F-<>?}C}|�<>M <>F�P{JLDóR@D c̃1 �E=@? d̃ ~GCQP{FqCAÎ�<>F�C}HIFq=�DOÒ��E<>FþHI��P{M D�D��}C©=@F-P{?EÎ�Î�<>F@F�DõÚ@D Í Õ�ñòP{;@?Eø��J´ñòP2.�?}��P{C}HL<>F ÝóÍ ��Ò�JLD��ADõÚ³C}?E~G�YHICE~��ÔR@DNÎ�DGC.P{?EÎN�E<>F�C x̃1
DGC x̃2

Í�ü ñ HI��P{M DÆR@D c̃1 ;�P{?ÔJsP�;@?E<{ðÀD�ÎGC}HL<>F¦<>?}C}|�<{ÂM <>F�P{JLDN�E=@? d̃ D��}CKR@<>F�ÎNDõÚ�P>ÎGCEDG��DGFqC c̃2 Í

Ù�F`HIFqCE~GMO?QP{F�CÔJLD��KÎ�<�<>?ER@<>F@F�~�D��AR@D � DG?}�YH��}=@? c̃1 Ò@<>F-<>B@C}HLDGF�CÔP{JL<>?E�

lM (c̃1) =

∫ dM (x̃1,x̃2)

0

√

(ρ′(t))2 + ÎQ| 2(ρ(t)) dt.

Ã:<>=@?ÔDGF`R@~�R³=@HI?ED^=@F�D.��P¼ðÀ<>?QP{C}HL<>F¦R@D lM (c̃1)
Ò³HIJ�F�<>=��ÿ´P{=@CK��P¼ð}<>?EDG? ρ′(t) Í



x̃1

c̃1

ỹ

d̃

q(ỹ)

Ý �Üß�Þ ÝÆÍ ' } ù�H�JsPÆ;@?E<{ð}D�ÎGC}HL<>F-<>?}C}|�<>M <>F�P{JLDóF�ñû~GCQP{HICK;�P>�©HIF>ð}D�ÎGC}HI� D
�54m�4��²�ÌiÀQ��Ó¢�<� ö � rqET87ETOBM x̃(t) GRA�?�ET5�OP8oS>A c̃1 SsE4OP8�GR1�?�3FE|°DAFUN8J5wE4O0M@Ke3 d̃ A@M98yGVA�?�E45QOP8oS]A�?B143|1TrYÐN8J3FA
t 6¬ETO�U9;eE45�M@5J8 x̃(0) = x̃1

SsETO�U t A@M�8�G`1^S45�M�871TO�U�A~A�OP8J3�A x̃1
A98�G`1q?�3FE|°DAFUN8J5wE4O!S>A x̃(t) M@Ke3 d̃ ¨ « 1TG`E43@M�M@5 ρA@M98�S45 8�6�3�A�OP8J5w1>C�GVAYA�O t ��E4O�1

|ρ′| ≤ (

√

tan2((1 + x)ε) + 1− U�; −2ρ) U�; 2ρ.
»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HIC t CEDGJ���=�D ρ D��}C^R³H`
0~G?EDGFqC}HsP{B@JLD2DGF t ,��}=@;@;!<O�E<>F��NCE<>=@CÆR0ñòP{B�<>?ER7�q=�D ρ′(t) ≥ 0

Í
a <>CE<>F�� d̃ JsP¦M ~�<�R@~��}HL�q=�D2CQP{F@M DGF�CED-DGF x̃(t) ÷ c̃1 Í-a <>=���P{JIJL<>F���R³HL�}C}HIF@MO=�DG?�R@DG=³Ú¸Î�P>�Y�}=@HI�OP{FqC���=�D d̃HIF�CEDG?E�ED�ÎGCED c̃2 <>=þF�<>F Í

Â�ù�H d̃ F�ñ HIFqCEDG?E�ED�ÎGCED^;�P>�©JLD��EDGMO��DGFqC c̃2 Ò³F�<>CE<>F�� d̃′ JsPYR@DG�YH Â´M ~�<�R@~��}HL�q=�D^R0ñûDõÚ�C}?E~G�YHICE~ x̃(0) = x̃1
��=@H

Î�<>F�C}HLDGFqC x̃(t) DGC.F�<>CE<>F�� δ J´ñòP{F@MOJLDYDGFqC}?ED c̃ DGC d̃′ %Îõÿ Í ��MO=@?ED ÝóÍ � � Í ù�H�<>F[Î�<>F��}HLR@øG?EDY�q=�DÆJLDÆ;!<>HIFqC x̃(t)

x̃(t)

ρ(t)

t
δ

x̃(0)

d̃′

d̃

c̃2

Ý �uß�Þ ÝóÍ � } z P¼ð}<>?QP{C}HL<>F-R@D ρ′ Í
;�P{?EÎ�<>=@?}C d̃′ ;@JI=@C�b>C.�q=�D c̃1 Ò�<>F¦<>B@C}HLDGFqC�=@F�D^��=�P{FqC}HICE~ ρ′(t) ;@JI=��ÔMO?QP{F�R@D^��=�D^Î�DGJIJLDóÎE|�DG?EÎE|�~�D Í � ñûD��}C�Î�D
ρ′ ��=�D�F�<>=��AP{JIJL<>F��A��P¼ðÀ<>?EDG? ÍÕ�ñòP{;@?Eø���WûúD�P2XoÒ@<>F/PÆC}| ρ = �}| t tan δ Ò�R0ñû<4�

ρ′(1− C}| 2ρ) = ÎQ| t tan δ = (
√

1 + �}| 2t) tan δ

= tan δ

√

1 + Öi× 2ρ
tan2 δ

=

√

tan2 δ + C}| 2ρ.

ïÔF`<>B@C}HLDGF�CAP{HIF��}H ρ′ =
√

tan2 δ+ Ö9× 2ρ
1− Ö9× 2ρ = (

√

tan2 δ + C}| 2ρ) ÎE| 2ρ DGCHIJ�F�D.F�<>=��?ED��ECED.;@JI=��©�q=�ñò÷Æ��P¼ð}<>?EDG?
δ
Í
ù�H�=@F/� <>HL�EHIF�P{M DóR@D x̃(0) R�P{F�� d̃′ D��}C�Î�<>FqCEDGFq=[R�P{F�� ∆ P{JL<>?E� δ ≤ ε1 ≤ (1 + x)ε %Îõÿ Í ��MO=@?ED ÝóÍ � � Íù�HIF�<>F�Ò:HIJ©DõÚ�HL�ECED5=@Fk;!<>HIFqC ỹ ∈ d̃′ ∩ c̃1 CEDGJ©��=�D�J´ñòP{?EÎ2M ~�<�R@~��}HL��=�D ]x̃(0), ỹ[⊂ d̃′ F�ñ HIFqCEDG?E�ED�ÎGCEDþ;�P>� c̃1 Ía <>CE<>F�� D JLD�R³HL�E��=�DY;@JL<>F@M ~YB!<>?ER@~Y;�P{?NJLD��óP{?EÎ�� [x̃(0), ỹ] ⊂ d̃′ Ò [ỹ, x̃2] ⊂ c̃1

DGC c̃2 %Îõÿ Í ��MO=@?ED ÝÆÍ � � ,J´ñòP{F@MOJLD�DõÚ³CEDG?}F�DNR@D D DGF ỹ D��EC�F�~GMqP{C}H ÿzÜH Í D Í J´ñòP{F@MOJLD�HIF�CEDG?}F�DND��}C©�}=@;!~G?}HLDG=@?A÷ π � Ò³JLD��KP{=@C}?ED��KÎ�<>HIF��K�E<>F�C



x̃(0)

ỹ

d′

c̃1

c̃2

Ý �Üß�Þ ÝóÍ � } z P¼ðÀ<>?QP{C}HL<>F/R@D δ Í

R@D��ÔÎ�<>HIF��AR@D ∆ DGCÔJ´ñòP{F@MOJLD^DõÚ³CEDG?}F�D^R@D D DGF-ÎQ|�P>ÎG=@F¦R@D^Î�D��AÎ�<>HIF���Ò�DõÚ³Î�DG;@CE~ x̃(0) Ò�D��}CAÎ�DGJI=@H:R@D ∆
Í ïÔF

DGF`R@~�R³=@HIC��q=�D.J´ñòP{HI?EDNR@D D D��}CK;@JI=��©;!DGC}HICEDN��=�D (1 + x)ε− δ − ε2
Ò�R@<>F�Î δ ≤ (1 + x)ε

Í
ïÔF¦PYP{JL<>?E�

|ρ′| ≤
(

√

tan2((1 + x)ε) + 1− ÎQ| −2ρ

) ÎE| 2ρ.

Â�ù�H d̃ HIF�CEDG?E�ED�ÎGCED c̃2 Ò�F�<>CE<>F�� δ J´ñòP{F@MOJLD^P{F�C}?ED c̃2 DGC d̃ %Îõÿ Í ��MO=@?ED ÝóÍîë � Í³ü D.?QP{HL�E<>F@F�DG��DGF�CK;@?E~�Î�~�R@DGFqCF�<>=��KR@<>F@F�D ρ′ =
(

√

tan2 δ + C}| 2ρ
) ÎE| 2ρ

Í
a <>CE<>F�� It J´ñ HIFqCEDG?}�OP{JIJLD [t, dM (x̃1, x̃2)] ⊂ R DGCKÎ�<>F��EHLR@~G?E<>F��©JLD.R³HL�E�q=�D ∆d̃

B�<>?ER@~.;�P{?JsPÆ?E~G=@F@HL<>F`R@D
{c̃1(s), s ∈ It} Ò�R@D {x̃(s), s ∈ It} DGCKR³=-�EDGMO��DGF�CÔR@D d̃ ðÀ<>HIMOF�P{F�C c̃2 ÷ x̃(t) %Îõÿ Í ��MO=@?ED ÝÆÍîë � Í@ü D��AÎ�<>HIF��

x̃1

d̃

δ
x̃2

c̃2

∆
d̃

x̃(t)

ε2

Ý �Üß�Þ ÝÆÍîë } z P¼ðÀ<>?QP{C}HL<>F-R@D ρ′ Ò@R@DG=³Ú�HLøG��DóÎ�P>� Í
R@D ∂∆

d̃
− c̃2

Ò:DõÚ@Î�DG;@CE~ d̃ ∩ c̃2 Ò:�E<>F�CÆR@D��ÆÎ�<>HIF��óR@D c̃1 Í�ü P/�E<>�Y��DôR@D��ÆP{F@MOJLD���DõÚ³CEDG?}F�D���R@D ∆
d̃
Ò:�QP{F��

Î�<>�Y;@CEDG?AÎ�DG=³Ú`DGF d̃ ∩ c̃2 DGCKDGF x̃2
Ò@D��}CKR@<>F�ÎN;@JI=��K;!DGC}HICED��q=�D (1 + x)ε

Í ïÔF`DGF-R@~�R³=@HICÔ�q=�D�d
P{HI?ED (∆

d̃
) ≤ (1 + x)ε− δ − ε2.

) J���ñûDGF��}=@HICK��=�D δ ≤ (1 + x)ε DGCÔ<>F-P�F�<>=@� D�P{=

|ρ′| ≤
(

√

tan2((1 + x)ε) + 1− ÎQ| −2ρ

) ÎE| 2ρ.

� D�?QP{HL�E<>F@F�DG��DGF�C�D��}CÐ�OP{JsP{B@JLD�CQP{F�C��q=�D ρ(t) D��}C�ÎG?E<>HL�E�QP{FqCED Í ù�=@?ÐJsPÔ;�P{?}C}HLD©<4� ρ(t) D��}C�R@~�ÎG?E<>HL�E� P{FqCEDOÒ<>Fþ?EDG�Y;@JsP>Î�D t ;�P{? dM (x̃1, x̃2)− t DGCKJLD.��öG��D�?QP{HL�E<>F@F�DG��DGF�CAÿ�<>=@?}F@HIC©JsP���öG��D�HIF�~GMqP{JIHICE~ Í



Õ.D�Î�DGC}CED^P2.�?}��P{C}HL<>F�Ò�<>F`R@~�R³=@HICA��=�D

lM (c̃1) ≤
∫ dM (x̃1,x̃2)

0

√

(1 + tan2((1 + x)ε) − ÎE| −2ρ(t)) ÎQ| 4(ρ(t)) + ÎQ| 2(ρ(t)) dt

≤ ÎE| 2b
√

1 + tan2((1 + x)ε) dM (x̃1, x̃2)

Ù�F/Î�<>�^B@HIF�P{FqC�P�� D�ÎL ÝóÍ � � Ò�<>F-P�P{JL<>?E�
lM (c̃1) ≤ (1 + tan((1 + x)ε))2(1 + tan((1 + x)ε))dM (x̃1, x̃2)

Ù�CÔDGF2ÿ�P{HL�QP{F�CKCEDGF�R³?ED x � DG?E� 0 <>F-DGF`R@~�R³=@HIC

lM (c̃1) ≤ (1 + tan ε)3lM (c̃2)
 ÝÆÍ ' �

� HIF`R@D�JsPÆ;@?EDG=@� DóR³=þJLDG�Y��D ÝÆÍ ��d
ÓÔDG;@?EDGF�<>F��KJLD��KF�<>CQP{C}HL<>F���R@D�J´ñû~GF�<>F�Î�~ÆR³=`JLDG�Y��D ÝÆÍ �NDGCKF�<>CE<>F�� g ∈ π1(M) J´ñ HI��P{M D^R@D c ∈ π1(∂M);�P{?�J´ñòP{;@;@JIHLÎ�P{C}HL<>F HIF�R³=@HICEDþ;�P{?�J´ñ HIF�ÎGJI=��}HL<>F ∂M → M

Í ù�<>HLDGFqC c̃∗ ∈ H3 J´ñòP¼Ú³D2R@D g Ò x =@Fk;�<>HIF�C�R@D
c − λ DGC x̃1 ∈ c̃ DGC x̃2 ∈ c̃ R@DG=³Ú ?EDGJLDG� ~���Î�<>F��E~�ÎG=@C}H ÿ%�^ÜH Í D Í CEDGJL�ó��=�D x̃2 = gx̃1 � R@D x Ía <>CE<>F�� c̃1 JLD�EDGMO��DGF�C^R@D c̃ ⊂ ∂M̃ ðÀ<>HIMOF�P{F�C x̃1

÷ x̃2
DGC c̃2 JLD��EDGMO��DGFqCNM ~�<�R@~��}HL��=�DYR@D M̃ ��=@H:JLD��©ðÀ<>HIF�C^P{=��E�}Hz%<>F

D��}C�R�P{F��ÆJsP¦Î�<>F���MO=@?QP{C}HL<>F R@D5JsP<��MO=@?ED ÝÆÍ � � Ía <>CE<>F��YDGF���F ỹ1
DGC ỹ2

JLD���;@?E<{ð}D�ÎGC}HL<>F��Y<>?}C}|�<>M <>F�P{JLD��
R@D x̃1

DGC x̃2
�E=@? c̃∗ ,!<>F D��}C^P{JL<>?E�^R�P{F���JsPô�}HIC}=�P{C}HL<>FyR@D�JsPL��MO=@?ED ÝÆÍkl�Í � <>�Y��D c̃ D��EC�M ~�<�R@~��}HL��=�DYDGF

ε2
α2

α1

ε1
x̃1

ỹ2ỹ1

x̃2

c̃

Ý �ÜßoÞ ÝÆÍkl } � <>F���MO=@?QP{C}HL<>F/R@D R R�P{F�� H3 Í

x̃1
DGC x̃2

Ò α1 + α2 + ε1 + ε2 ≥ π
Í ù�=@;@;�<O�Q<>F��ó��=�D α2 ≥ α1

DGC^F�<>CE<>F�� R JsP-�}=@?Àÿ´P>Î�D�?E~G=@F@HL<>FkR@D��
C}?}HsP{F@MOJLD��.M ~�<�R@~��}HL��=�D�� ỹ1x̃1x̃2

DGC x̃2ỹ1ỹ2
Í�ü Pô��~GC}?}HL��=�D��}=@? R R@~���F@HLDó;�P{?.JsP5JL<>F@MO=�DG=@?NR@D���ÎE|�DG�YHIF��

D��}C| � ;!DG?}B�<>JIHL��=�D.DGC ∂R D��EC�=@Fþ��=�P>R³?}HIJsP{CEøG?EDNR@<>FqC©JLD��KP{F@MOJLD��©DGF x̃1
DGC ỹ2

�E<>F�C α1
DGC π

2
Ò�J´ñòP{F@MOJLD β DGF

ỹ1
D��EC��}=@;!~G?}HLDG=@?�÷ π

2
DGC�J´ñòP{F@MOJLD α DGF x̃2

� ~G?}H`��D α ≥ α2
Í ïÔF�;!DG=@C�;@JL<>F@M DG? R R�P{F�� H2 ,�R�P{F���JsP^�}=@HICEDOÒ

F�<>=��ÆHLR@DGFqC}H`��DG?E<>F�� R DGC��E<>F7HI��P{M D5;�P{?�Î�D�;@JL<>F@M DG��DGF�C�DGC�ÎOñûD��}C��}=@?óÎ�DGC}CED5HI��P{M D2�q=�D�F�<>=��YP{JIJL<>F��
C}?QP��>P{HIJIJLDG? Í Ã�?E<>JL<>F@M D�<>F��.JLD��EDGMO��DGF�C [ỹ1, ỹ2]

DGF/=@F�DÆM ~�<�R@~��}HL��=�D^HIF���F@HLD ẽ DGC�F�<>CE<>F�� l JsP5R³HL�}CQP{F�Î�D�R@D
ỹ1
÷ÆJsP�;@?E<{ð}D�ÎGC}HL<>F-<>?}C}|�<>M <>F�P{JLD^R@D x̃1

�}=@? ẽ Ía <>CE<>F�� D JsP R³HL�ECQP{F�Î�D R@D x̃1
÷ ỹ1

%�q=@HeD��EC P{=��Q�}HeÎ�DGJIJLDâR@D x̃2
÷ ỹ2 � Í � <>�Y��D

2α ≥ α1 + α2 ≥ π − (ε1 + ε2) ≥ π − (1 + x)ε Ò©P{JL<>?E� α ≥ π
2 −

(1+x)
2 ε > 0

Í � D�ÎGH�DGFqC}?QP{HIF�D
J´ñûDõÚ³HL�}CEDGF�Î�DNR@D Bε ∈ R CEDGJ��q=�D limε−→0Bε = 0 DGCA��=�D��}H D ≥ Bε

Ò�P{JL<>?E� c̃2 F�ñ HIF�CEDG?E�ED�ÎGCEDó;�P>� ẽ Í

ù�H D ≤ Bε
Ò-<>F P lM (c̃2) ≤ lM (c∗) + 2Bε

Í Ù�FbÎ�<>�^B@HIF�P{F�C P�� D�Îù ÝóÍ ' � Ò/<>Ff<>B@C}HLDGF�C
lM (c) ≤ (1 + tan ε)3(lM (c∗) + 2Bε)

DGC©JLD.JLDG�Y��DóD��}C©;@?E<>=@� ~ Í

Õ�P{F��&JLD Î�P>�
<4� D ≥ Bε
Ò�F�<>=��(P{JIJL<>F��&Î�<>�Y;�P{?EDG?�JsP JL<>F@MO=�DG=@?
R@D c̃2

P�� D�Î JsP JL<>F@MO=�DG=@?
lM (c∗) = d(ỹ1, ỹ2)

R0ñ =@F-R@<>��P{HIF�D�ÿ�<>F�R�P{��DGFqCQP{J�;�<>=@? g �}=@? c̃∗ Í



�54m�4��²�ÌiÀQ��Ó¢�<�V÷g� »�14O	M�GVA�U�1�M�E�Ø D ≥ Bε
��E4O01

lM (c̃2) ≤ d(ỹ1, ỹ2) + l + 2 143wvsU�; ( 1

cos(1+x
2 ε)

).

»�6�rYE4OBM98J3|1T8J5wE4Oc£ � <>�Y��D d(x̃1, ẽ) ≤ d(x̃2, ỹ2)
Ò α < π

2

Í ïÔF`D��}CKR@<>F�Î�R�P{F��©J´ñ =@F�D�R@D��A�}HIC}=�P{C}HL<>F��KR@D.JsP
��MO=@?ED ÝóÍ ñ³Ò¼R³H`
!~G?EDGF�ÎGHL~�D��Ð�EDGJL<>FÆ�q=�D�JLD��EDGMO��DGF�C�M ~�<�R@~��}HL��=�D���=@H ?E~�P{JIHL�ED�JsPKR³HL�}CQP{F�Î�D�R@D ẽ ÷©JsP©M ~�<�R@~��}HL��=�DÎ�<>F�CEDGF�P{FqC c̃2 D��ECKÎ�<>FqCEDGFq=¦<>=`F�<>F-R�P{F�� R Í

x̃1

x̃1

l′1

l′1

l′2

l′2

x̃2

x̃2

D

D

ỹ2

ỹ2

ỹ1

ỹ1

l2

l2

l1

l1

l

l

β

α1

α1
δ

α

α

ẽ

ẽ

c̃2

c̃2

d

β

� er Î�P>�

� eme Î�P>�
Ý �ÜßoÞ ÝÆÍ ñ } Ý ;@?Eø��A�q=�ñû<>F-P{HICAR@~G;@JIHL~NJLDN�q=�P>R³?}HIJsP{CEøG?ED R Í

Õ�P{F��KÎQ|�P>ÎG=@F/R@D��KR@DG=³Ú`Î�P>�KR@D.JsP~��MO=@?ED ÝóÍ ñ³Ò@<>F¦P
ÎQ| l2 = ÎQ| l′2 sinα ≥ ÎE| l′2 sin(π2 − 1+x

2 ε) = ÎE| l′2 cos(1+x
2 ε) Ò�R0ñû<4�ÎQ| l′2 ≤ Ù × l2

cos( 1+x
2
ε)
≤ ÎE| (l2 + P{?}M ÎQ| ( 1

cos( 1+x
2
ε)

))
Í ïÔF`<>B@C}HLDGFqC.P{HIF��}H

l′2 ≤ l2 + P{?}M ÎE| ( 1

cos(1+x
2 ε)

).

� <>�Y��D^JsP�R³HL�}CQP{F�Î�DóR@D x̃1
÷ ẽ D��}CKHIF³ÿ�~G?}HLDG=@?ED�÷ d(x̃1, ỹ1) = d(x̃2, ỹ2)

Ò�J´ñòP{F@MOJLD δ + α1
D��}CK;@JI=��AMO?QP{F�R

��=�D α Í�ü D��KÎ�P{JLÎG=@JL�AÎGH ÂoR@D��E�E=��ÿ%<>=@?}F@HL�Q�EDGFqCAR@<>F�Î

l′1 ≤ l1 + P{?}M ÎE| ( 1

cos(1+x
2 ε)

).

Õ�P{F��©JLD�;@?EDG�YHLDG?ÔÎ�P>�KR@D�JsP���MO=@?ED ÝÆÍ ñ³Ò�DGF-P>R@R³HIC}HL<>F@F�P{FqC.Î�D��KR@DG=³ÚþHIF�~GMqP{JIHICE~���Ò�<>F/<>B@C}HLDGFqC
lM (c̃2) ≤ d(ỹ1, ỹ2) + l + 2 P{?}M ÎE| ( 1

cos(1+x
2 ε)

).



Õ�P{F��©JLDNR@DG=³Ú³HLøG��DNÎ�P>��Ò@Î�<>�Y��D l1 ≤ l′1
Ò@<>F/P^d

lM (c̃2) ≤ l′2 − l′1 ≤ l2 + P{?}M ÎE| ( 1

cos(1+x
2 ε)

)− l1 ≤ d(ỹ1, ỹ2) + l + P{?}M ÎE| ( 1

cos(1+x
2 ε)

).

) J!F�D�F�<>=��?ED��}CED.;@JI=��©�q=�ñò÷ó��P¼ð}<>?EDG? l Í�a <>CE<>F�� R′ JLD��q=�P>R³?}HIJsP{CEøG?ED�R@<>F�C©JLD��©�E<>�Y��DGCE�K�E<>F�C x̃1
Ò x̃2

Ò
ỹ2
DGCKJLD^;@HLD�R-R@D�JsP�;�DG?};!DGF�R³HLÎG=@JsP{HI?EDó÷ ẽ ;�P>�E� P{FqCA;�P{? x̃1

Í Ù�F/Î�P{JLÎG=@JsP{FqC�J´ñòP{HI?ED^R@D R′ DGF-HIF�CE~GMO?QP{FqC�JLD��
Î�<�<>?ER@<>F@F�~�D��AR@D � DG?}�YH�DGCKDGF-Î�<>�Y;�P{?QP{FqC.P�� D�Î^JsPóÿ%<>?}�ó=@JLD^R@D���P{=��E�}Âoú�<>F@F�DGC�Ò�<>F-<>B@C}HLDGFqC�d

(lM (c∗) + l) �E| d ≤
∫∫

R′

ÎQ| ρ dρ dt = π − δ − α1 − α ≤ (1 + x)ε.  ÝÆÍ � �
Õ�ñòP{;@?Eø���Wûú�D�P2XoÒ�<>F-P

ÎE| d = ÎE| D sinα ≥ ÎE| D cos
1 + x

2
ε

R@<>F�ÎNÎQ| D ≤ (cos 1+x
2 ε)−1 ÎE| d Í � <>�Y��D π − (α1 + α+ δ) ≥ 0 Ò δ ≤ π − (α+ α1) ≤ (1 + x)ε

Í
ïÔF/DGF`R@~�R³=@HICA�q=�D^�}| l = �}| D sin δ ≤ �}| D sin(1 + x)ε R@<>F�Î

�E| 2l ≤ ( ÎQ| 2D − 1) sin2((1 + x)ε) ≤ ( Ù × 2d
cos2( 1+x

2
ε)
− 1) sin2((1 + x)ε)

≤ 4( �}| 2d+ sin2 1+x
2 ε) sin2 1+x

2 ε.

� <>�Y��D ( �}| 2d+ sin2 1+x
2 ε) ≤ 2max{ �E| 2d, sin2 1+x

2 ε} Ò�<>F-P³ÒÂ�<>=-B@HLDGF-�}| 2l ≤ 8 sin4 1+x
2
DGC l ≤ �}| l ≤ 4 sin2 1+x

2 ε ≤ (1 + x)2ε2 ,Â.<>=7B@HLDGFk�}| 2l ≤ 8 �}| 2d DGC l2 ≤ l �E| l ≤ 4l �}| d sin( 1+x
2 ε)

Í Ù�FU=@C}HIJIHL�QP{F�C� ÝÆÍ � � Ò:<>FUDGFUR@~�R³=@HIC
l2 ≤ 4( (1+x)lε

lM (c∗)+l ) sin(1+x
2 ε) ≤ 2(1 + x)2ε2

Í
� HIF�P{JLDG��DGFqC�Ò�<>F/P

l ≤ z P¼Ú {(1 + x)2ε2,
√

2(1 + x)ε} ≤ (1 + x)2(
√

2ε+ ε2).

Ù�F`ÿ�P{HL�QP{F�CKCEDGF�R³?ED x � DG?E� 0 DGCKDGF-Î�<>�^B@HIF�P{F�C.P�� D�Î� ÝÆÍ ' � Ò�<>F`<>B@C}HLDGFqC\��F�P{JLDG��DGFqC

lM (c) = lM (c̃1) ≤ (1 + tan ε)3(lM (c∗) + 2 P{?}M ÎE| ( 1

cos( ε2 )
+
√

2ε+ ε2)).
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Λ Ý å ä»î�$ æ�çä

ù�<>HLDGF�C S =@F�Dô�}=@?Àÿ�P>Î�D5| � ;!DG?}B�<>JIHL��=�D5R@D5� <>JI=@��D���F@H�DGC (sn)
=@F�Dô�}=@HICEDôR@D���~GC}?}HL��=�D��Æ| � ;�DG?}B!<{Â

JIHL��=�D��©Î�<>�Y;@JLøGCED��K�}=@? S ,³�}=@;@;!<O�E<>F��©�q=�ñòP{=�ÎG=@F�D��E=@HICED�DõÚ�C}?QP{HICED�R@D (sn)
F�D�Î�<>Fq� DG?}M D^P{JIM ~GB@?}HL��=�DG��DGFqC Í

Õ�ñòP{;@?Eø��<W z <qù��9XoÒÐHIJADõÚ³HL�}CED2=@F�Dþ�}=@HICED`DõÚ³C}?QP{HICED!%��=�D2F�<>=��YF�<>CEDG?E<>F��5P{=��Q�}H (sn) � �q=@H©CEDGF�R � DG?E�Y=@F�DP>ÎGC}HL<>FW�YHIF@HI��P{JLDY÷�;!DGC}HICE�.�}CQP{B@HIJIHL�QP{CEDG=@?E��R0ñòP{?EöGCED���R@D π1(S) �}=@?A=@F Λ Â®P{?}B@?ED A Í�ü P5;@?E<>;@?}HL~GCE~�D��E�EDGF³ÂC}HLDGJIJLDÆR@D^Î�DGC}CED�P>ÎGC}HL<>F¦D��ECÔ��=�DN;!<>=@?ACE<>=@CEDó;�P{HI?ED^R@DÆÎ�<>=@?}B�D����}HI�Y;@JLD�� c1, c2 CEDGJIJLDó��=�D lsn(c1) −→ ∞ Ò
<>F�P limn−→∞

lsn (c2)
lsn (c1)

= δL(c2)
δL(c1)

Í Õ�ñòP{;@?Eø��<W z <qï\XoÒ�Î�DGC}CED`P>ÎGC}HL<>F�R@D π1(S) �}=@? A P/=@F�DþJsP{�YHIF�P{C}HL<>F
M ~�<�R@~��}HL��=�D Λ Â´��D��}=@?E~�DóR³=�P{JLD L Í

Õ�P{F��KÎ�DGCAP{;@;!DGF�R³HLÎ�DOÒ³F�<>=��AP{JIJL<>F��©;@?E<>=@� DG?AJLD.C}|�~�<>?EøG��DNR@D.Î�<>FqC}HIFq=@HICE~ó;!<>=@?�JLD��KJsP{�YHIF�P{C}HL<>F��KM ~�<{Â
R@~��}HL��=�D�� Λ Â´��D��}=@?E~�D��A��=@H�P�~GCE~�;@?E~�Î�~�R@DG�Y��DGFqC�=@C}HIJIHL�E~ Í
���*�]�P���]���0·��JÁP��� E45wA9OP8 (sn)

KeOcA�M�K]5J8:A�S>A�r�698J3�5JINKBA@M�;>=@?BA�3DCFE4GH5wI9KBA�MYU�E4r�?�GRÐN8:A@M�M�K]3�K]OuA�M@Ke3�tN1sU�A SI9Ke5zE4OP8�KeO!/�E4G�Ker�A\x©O	5zA98\I9Ke5z8:A�O�S>A9OP8�/�A�3@M�K]OuA�GR14r~5�Oc1T8J5JETO+v>6FEDS]6@M@5wI9K	A Λ ¹:r�A@M�K]3�6�A L A98 (λn)
K]OuA

M�K]5J8:A[S>A�G`1Tr�5QO�1T8J5wE4OBMyv>6�EDS>6@M�5JI9K	A@MÁ6 R ¹�¨2r�A@M@Ke3�6�A@M�8:A�G�GVA[I9K	A (λ̇n)
U�E4O	/�A93Jv>A�/�A�3@M λ̇ ∈ML(S)/R A98-I9K	A

lsn(λn)
A@M�8�CFE43�Oc6�Ai£ º GRE43�M |λ̇| OÊ¥ 5QOP8:A�3@MNA�UN8:A�?�1�M |L| 8J3|14O	M@/�A�3@M91TGRA�r�A�O�8:£

»�6�rYE4OBM98J3|1T8J5wE4Oc£�ù�<>HLDGFqC (sn)
Ò L Ò (λn) Ò λ Î�<>�Y��DóR�P{F��AJ´ñû~GF�<>F�Î�~óR³=-C}|�~�<>?EøG��DÆDGCÔ�}=@;@;!<O�E<>F��A��=�D |λ|HIF�CEDG?E�ED�ÎGCED |L| C}?QP{F��}� DG?E�QP{JLDG��DGF�C Í�� H Ú@<>F���=@F�D-��~GC}?}HL�q=�D-| � ;�DG?}B!<>JIHL��=�D-�}=@? S ��=@HAF�<>=����QDG?}��HI?QPyR@D

?E~õÿ�~G?EDGF�Î�DNDGCAÎ�<>F��}HLR@~G?E<>F��A=@F�D�Î�<>�Y;�<O� P{FqCED^Î�<>F@F�DõÚ@D λi R@D λ ��=@H0HIFqCEDG?E�ED�ÎGCED L C}?QP{F��}� DG?E� P{JLDG��DGFqC Íù�=@;@;!<O�E<>F���CE<>=@C.R0ñòP{B�<>?ER¦�q=�D λi D��ECÔ=@F/�YHIF@HI��P{JÐDõÚ@Î�DG;@C}HL<>F@F�DGJs,!�E<>HIC c ⊂ S(λi) =@F�D^M ~�<�R@~��}HL��=�D�}HI�Y;@JLDÔÎ�<>�Y;�P>ÎGCED.�q=@H�HIFqCEDG?E�ED�ÎGCED L C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í � <>�Y��D λi D��}C�P{?QP{C}HL<>F@F�DGJIJLD.R�P{F�� S(λi) ÒqCE<>=@CEDÿ�DG=@HIJIJLD�R@D L ��=@H�HIF�CEDG?E�ED�ÎGCED c C}?QP{F��}� DG?E�QP{JLDG��DGF�CAHIF�CEDG?E�ED�ÎGCED^P{=��E�}H λi C}?QP{F��}� DG?E�QP{JLDG��DGFqC Í�) J0DõÚ³HL�}CED�R@<>F�Î=@Fþ?E~��ED�P{=`ÿ%DG?}?E<i��HsP{HI?ED τ ��=@H�PÆJLD��©;@?E<>;@?}HL~GCE~����}=@HI�OP{FqCED���d
Â τ ;!<>?}CED λi ,
Â τ P��EDG=@JLDG��DGF�CA=@F/P{HIMO=@HIJIJsP{M D A ⊂ c−L ,
Â�;!<>=@?©CE<>=@CÔP{?EÎ k ⊂ τ C}?QP{F��}� DG?E�QD^P{=³ÚôC}?QP�� DG?E�ED���DGC©CEDGJ��q=�D k ∩A = ∂k Ò δL(k) > δL(c)

Í
ù�<>HIC k ⊂ λi =@F7P{?EÎYCEDGJ��q=�D k ∩ A = ∂k ,!;�P{?QP{��~GC}?E<>F�� k ;�P{? [0, 1]

Í � <>�Y��D ∂k ⊂ |λi| ∩ c Ò kD��}C©B@HLDGF/R@~���F@H�;�<>=@?©F�ñ HI�Y;!<>?}CEDN��=�DGJIJLD���~GC}?}HL��=�D�| � ;�DG?}B!<>JIHL��=�D��}=@? S %Îõÿ Í JsPÆ?EDG��P{?E�q=�DNR@D.JsP��ED�ÎGC}HL<>F
� Í � � Í	a <>CE<>F�� b JsP�B@?QP{F�ÎE|�DóR@D τ �q=@H�Î�<>FqC}HLDGFqC k DGC b(λ) JsPÆ��D��}=@?EDNR0ñ =@F�DNC}?QP�� DG?E�EDóR@D b Íù�=@;@;!<O�E<>F���CE<>=@C�R0ñòP{B�<>?ER���=�D dk

dt
(0) DGC dk

dt
(1) ;!<>HIFqCEDGF�C�R³=Y��öG��DAÎNb>CE~©R@D A ,>F�<>CE<>F�� κ JLD©�E<>=��ÀÂ®P{?EÎR@D A �q=@H�ðÀ<>HIF�C k(0) ÷ k(1) DGC cb JsPþM ~�<�R@~��}HL��=�D5�EHI�Y;@JLD�Î�<>�Y;�P>ÎGCED2�q=@H�D��}CÆJIHIB@?EDG��DGFqC�|�<>��<>CE<>;�D2÷

k ∪ κ Í ù�<>HIC d̂ =@F[?EDGJLDG� ~YR@D k ∪ κ ÷ H2 ,�F�<>=��óP{JIJL<>F��N�}=@;@;!<O�EDG?N�q=�D A D��}C.;�DGC}HIC�Ü;!<>=@?�JsPô��~GC}?}HL��=�D
ñ³�



R@D.?E~õÿ�~G?EDGF�Î�D � R@D�ÿ´P4��<>F`�q=�D d̂ �E<>HIC©=@F�DN��=�P>�}H Â´M D�<�R@D��}HL�q=�D ÍB) J�DõÚ³HL�}CEDNP{JL<>?E�K=@Fþ?EDGJLDG� ~ ĉb R@D cb DGC ε > 0CEDGJL�Ô�q=�D d̂ D��}C�Î�<>FqCEDGFq=�DÆR�P{F��Ô=@F ε Â´� <>HL�EHIF�P{M D^R@D ĉb Í � <>�Y��D A F�ñ HIFqCEDG?E�ED�ÎGCEDÆ;�P>� L Ò@CE<>=@CEDNÿ%DG=@HIJIJLDóR@DJ´ñ HI��P{M D�?E~�ÎGHI;@?E<��q=�D�R@D L ��=@H�HIF�CEDG?E�ED�ÎGCED d̂ HIFqCEDG?E�ED�ÎGCED d̂ �EDG=@JLDG��DGF�C©=@F�DKÿ�<>HL��DGC�HIF�CEDG?E�ED�ÎGCED�P{=��E�}H ĉb Í ïÔFPYP{JL<>?E� δL(cb) = δL(k) > δL(c) R@<>F�Î lsn(cb)− lsn(c) −→∞ Í ïÔF/PYP{HIF��}H
lsn(k) ≥ lsn(cb)− lsn(A) ≥ lsn(cb)− lsn(c) −→∞. %ú Í � �

� DGC}CEDôHIF�~GMqP{JIHICE~�%ú Í � � D��}CÆ�OP{JsP{B@JLD5;!<>=@?ÆCE<>=@C�P{?EÎ k R@D λi − A Î�<>FqCEDGFq=&R�P{F�� b Í�c =@HIC}CED2÷/DõÚ³C}?QP{HI?ED=@F�DÔ�E<>=��ÀÂo�}=@HICEDOÒ�JLD���JsP{�YHIF�P{C}HL<>F��M ~�<�R@~��}HL��=�D�� λn �E<>FqC�;�<>?}CE~�D���;�P{?�=@F5?E~��ED�P{=5ÿ%DG?}?E<i��HsP{HI?ED��q=@H�Î�<>FqC}HLDGF�C
τ Î�<>�Y��D2�E<>=��}Â´?E~��ED�P{=UDGCÆJ´ñ HIF�~GMqP{JIHICE~�%ú Í � � D��}CÆ�OP{JsP{B@JLD�;!<>=@?óCE<>=@CYP{?EÎôR@D λn − A Î�<>FqCEDGFq=¸R�P{F�� b ÒR@<>F�Î lsn(λn) ≥ b(λn)(lsn(cb) − lsn(c))

Í � <>�Y��D b(λn) −→ b(λ) Ò!;�<>=@? n P>�Q�ED9f�MO?QP{F�R0Ò!F�<>=��.P�� <>F��
lsn(λn) ≥ 1

2b(λ)(lsn(cb)− lsn(c)) −→ ∞ Í � DGC}CED^Î�<>F�C}?QP>R³HLÎGC}HL<>F P�� D�ÎNJsP��}=@;@;�<O�EHIC}HL<>F-�q=�D lsn(λn)
D��}C

B!<>?}F�~�D���<>FqC}?EDó�q=�D dk
dt

(0) DGC dk
dt

(1) F�DN;�<>HIF�CEDGFqCA;�P>�AR³=`��öG��DNÎNb>CE~NR@D A Í� <>F��EHLR@~G?E<>F��¦R@<>F�ÎU��=�D[;�<>=@?¦CE<>=@C¦P{?EÎ k ⊂ τ ��=@HóD��EC`C}?QP{F��}� DG?E�EDkP{=³ÚêC}?QP�� DG?E�ED��WDGC/CEDGJó��=�D
k ∩ A = ∂k Ò dk

dt
(0) DGC dk

dt
(1) F�Dþ;!<>HIFqCEDGF�Cô;�P>�5R³=���öG��D¦ÎNb>CE~-R@D A Í ù�<>HLDGFqC k1 ⊂ τ DGC k2 ⊂ τR@DG=³ÚyP{?EÎ��óC}?QP{F��}� DG?E�ED��óP{=³Ú C}?QP�� DG?E�ED��ÆDGC^CEDGJL�^��=�D kj ∩ A = ∂kj

DGC^�q=�D k1 ∩ k2 = k1(1) = k2(0)
,

F�<>CE<>F�� bj JsP B@?QP{F�ÎQ|�D[R@D τ ��=@H�Î�<>F�C}HLDGFqC kj Í ÕÔ=
ÿ´P{HICô��=�D dkj

dt
(0) DGC dkj

dt
(1) F�D/;!<>HIFqCEDGF�Cþ;�P>�2R³=��öG��D�ÎNb>CE~.R@D A <>F`R@~�R³=@HICK��=�D b1 6= b2

Í�a <>CE<>F�� [k1(0), k2(1)] ⊂ A J´ñòP{?EÎ�ðÀ<>HIMOF�P{F�C k1(0)
÷ k2(1)

Í ù�H
[k1(0), k2(1)]∩(k1∪k2) = ∅ Ò>F�<>CE<>F�� cb JsP�M ~�<�R@~��}HL��=�D�}HI�Y;@JLD©Î�<>�Y;�P>ÎGCEDK��=@H³D��EC�JIHIB@?EDG��DGFqC�|�<>��<>CE<>;!D÷ k1 ∪ k2 ∪ [k1(0), k2(1)]

DGC^R�P{F���JLD�Î�P>�NÎ�<>FqC}?QP{HI?EDOÒ�F�<>CE<>F�� cb JsPôM ~�<�R@~��}HL��=�D��}HI�Y;@JLD�Î�<>�Y;�P>ÎGCED���=@HD��}C©JIHIB@?EDG��DGF�CA|�<>��<>CE<>;!DN÷ k1 ∪ [k1(1), k2(1)] ∪ (k2)
−1 ∪ [k2(0), k1(0)]

Í�Ý � D�Î.JLD��AP{?}MO=@��DGF�CE�K=@C}HIJIHL�E~��
R�P{F���JLD©;�P{?QP{MO?QP{;@|�D�;@?E~�Î�~�R@DGFqC�Ò³<>F5<>B@C}HLDGF�C lsn(λn) ≥ 1

2(
∫

A∩b1∩b2
dλ)(lsn(cb)−2lsn(c)) −→∞ Í � D�ÎGH

Î�<>F�R³=@HIC�÷þJsP2��öG��D5Î�<>FqC}?QP>R³HLÎGC}HL<>F¸�q=�ñòP{=@;�P{?QP��>P{F�C�Ò:;@?E<>=@�>P{F�CÆ��=�D λi F�ñûD��}CN;�P>�ó=@F �YHIF@HI��P{J�DõÚ@Î�DG;³ÂC}HL<>F@F�DGJ Í
Ý HIF��}H λi D��EC�=@F�DÆÿ%DG=@HIJIJLD�Î�<>�Y;�P>ÎGCED-,�Î�<>�Y��D lsn(λi) D��EC�B�<>?}F�~�DOÒ λi F�ñûD��}C�;�P>��=@F�D�ÿ�DG=@HIJIJLDYR@D λn;!<>=@? n P>�E�ED9f2MO?QP{F�R Í�z =@F@HL�E�E<>F�� S R0ñ =@F�D`��~GC}?}HL�q=�Dþ| � ;!DG?}B!<>JIHL�q=�DþÎ�<>�Y;@JLøGCED/DGC�Î�<>F��}HLR@~G?E<>F���R@DG=³Ú

;�P{F�CQP{JL<>F�� P1 ⊂ ∂M DGC P2 ⊂ ∂M %~G� DGF�C}=�DGJIJLDG��DGFqCôÎ�<>F³ÿ%<>F�R³=�� � R@<>F�CYJLD�B!<>?ERkÎ�<>FqC}HLDGF�C λi Í¼a <>=��P{JIJL<>F��©�EDG=@JLDG��DGF�CKC}?QP{HICEDG?©JLD.Î�P>�<4� P1
DGC P2

�E<>F�CR³HL�EC}HIF�ÎGCE�KÎ�P{?J´ñòP{=@C}?ED�Î�P>�F�DÔF�~�Î�D��Q�}HICED.�q=�D.R@D����<{Â
R³H`��Î�P{C}HL<>F��A�YHIF�DG=@?ED�� Í$Þ CE<>F��AR@D Pj =@F-� <>HL�}HIF�P{M D^P{F@Fq=@JsP{HI?EDóR@D (∂Pj − λi) Ò@;�<>=@? j = 1, 2 Ò�DGCKF�<>CE<>F��
S = P1 ∪P2

Í�Ý HIF��EH ∂S = ∂P1 ∪∂P2−λi DGC�JLD���HIF�CEDG?E�ED�ÎGC}HL<>F��©R@D ∂S DGC�R@D |L| �E<>F�C�C}?QP{F��}� DG?E�QD�� Í ù�<>HIC
c ⊂ S =@F�DÆM ~�<�R@~��}HL��=�DÆ�EHI�Y;@JLDYÎ�<>�Y;�P>ÎGCEDY�q=@HÐHIFqCEDG?E�QD�ÎGCED λi DGF[R@DG=³Ú/;!<>HIFqCE�*,0�q=@HIC}CEDY÷ôÎE|�P{F@M DG? c DGFJI=@H�ÿ�P{HL� P{FqC.�}=@B@HI?�R@D��ÔC:h©HL�ECE��R@DÆÕ.DG|@F/JLDóJL<>F@M2R@D λi Ò�<>F/;!DG=@C.�}=@;@;�<O�QDG?Ô��=�D c 6⊂ |L| Í�a <>CE<>F�� |Li| JsP?E~G=@F@HL<>F¦R@D��ÔÎ�<>�Y;!<O�QP{FqCED���R@D |L| ∩ S ��=@H�HIF�CEDG?E�ED�ÎGCEDGFqC λi DGC |Lr| JsP�?E~G=@F@HL<>F¦R@D���P{=@C}?ED^Î�<>�Y;!<O�QP{FqCED��R@D |L| ∩ S Í@ü P Λ Â´��D��}=@?EDNC}?QP{F��}� DG?E�ED�R@D L F�<>=��©ÿ%<>=@?}F@HICAR@D�� Λ Â´��D��}=@?ED��AC}?QP{F��}� DG?E�EDGFqCÔ�}=@? |Li| DGCK�}=@?
|Lr| DGCK<>F`P δL(c) = δLi(c) + δLr(c)

Í � <>�Y��D.CE<>=@CED�Î�<>�Y;!<O�QP{FqCED^R@D |L| ∩ Pj D��}C©Î�<>�Y;�P>ÎGCEDOÒ�P{JL<>?E�HIJDõÚ³HL�}CED m ∈ N CEDGJ��q=�D^;�<>=@? j = 1, 2 DGCA;�<>=@?ÔCE<>=@CED^Î�<>�Y;!<O�QP{FqCED l R@D |L| ∩ Pj Ò ]{l ∩ c} ≤ m
2

Í Õ.D^Î�D
ÿ´P{HIC�Ò@<>F/P δLi(c) ≤ mδL(λi)

Í
Õ�ñòP{;@?Eø���W��|@�TXzÜ� <>HI?NP{=��E�}H�W �Ðü Ã-X � Ò�HIJ�DõÚ�HL�}CEDó=@F�D��}=@HICEDÆR@Dó�ó=@JIC}H ÂoÎ�<>=@?}B�D��N;�<>F�R@~G?E~�D�� (νn)

DGC.=@F�D
Î�<>F��}CQP{F�CED C CEDGJIJLD�� �q=�D ;!<>=@? CE<>=@CED JsP{�YHIF�P{C}HL<>F M ~�<�R@~��EHL�q=�D ��D��}=@?E~�D γ ∈ ML(S) <>F P
i(νn, γ) ≤ lsn(γ) ≤ i(νn, γ) + Cls0(γ)

Í � <>=@;�<>F�� νn ∩ S DGFêR@DG=³Ú�;�P{?}C}HLD��`R³HL�%ð}<>HIFqCED�� νin DGC νrn<4� νin D��}CÎ�<>�Y;�<O�Q~�D�R@D��©Î�<>�Y;!<O�QP{F�CED��©�q=@H�HIFqCEDG?E�ED�ÎGCEDGF�C λi ,�<>F`P i(νn, c) = i(νin, c) + i(νrn, c)
Í ��<>=@CED

Î�<>�Y;!<O�QP{FqCEDÎ�<>F@F�DõÚ@D�R@D |νrn| HIFqCEDG?E�ED�ÎGCED c DGFÆ=@Fó<>=�R@DG=³Ú^;!<>HIFqCE��Ò{�EDGJL<>FÆ�q=�D��ED��:DõÚ�C}?E~G�YHICE~��Ð�E<>F�C:Î�<>F�CEDõÂF�=�D���R�P{F���=@F�D.<>=2R@DG=³Ú5Î�<>�Y;�<O� P{FqCED��©R@D ∂S %Îõÿ Í ��MO=@?ED.ú Í � � Í]) J�DõÚ³HL�}CED�R@<>F�Î a1, a2, a3, a4 ∈ {1
2}N

DGC
ε ∈ {0, 1, 2} CEDGJL����=�D i(νrn, c) =

∑4
k=1 aki(νn, ∂

kS)−εi(νn, λi) <4� ∂kS Ò k = 1, 2, 3, 4 �E<>FqC�JLD���Î�<>�Y;!<{Â�QP{F�CED��Î�<>F@F�DõÚ³D��©R@D ∂S Í Ã�?E~�ÎGHL�E<>F��©Î�<>�Y��DGF�CKÎ�P{JLÎG=@JLDG? a1
DGC a2

Ò�DGFôÎ�<>F��}HLR@~G?QP{F�CK�q=�D ∂1S, ∂2S ⊂ ∂P1 a3
DGC a4

�Q<>FqCAÎ�P{JLÎG=@JL~��ÔR@D.JsP���öG��D���P{F@HLøG?ED � d
} �}H i(νn, ∂

1S) + i(νn, ∂
2S) ≥ i(νn, λ

i) Ò i(νn, ∂
2S) + i(νn, λ

i) ≥ i(νn, ∂
1S) DGC

i(νn, ∂
1S) + i(νn, λ

i) ≥ i(νn, ∂
2S) P{JL<>?E��JLDþ;�<>HLR@��CE<>CQP{JK;!<>?}CE~`;�P{?�JLD���Î�<>�Y;!<O�QP{F�CED��5R@D νrnD��}C 1

2(i(νn, ∂
1S) + i(νn, ∂

2S)− i(νn, λ
i)) DGCK<>F/P a1 = a2 = 1

2
DGC ε = 1 %Îõÿ Í ��M�ú Í �OÒ@Î�P>� 1 � ,



} �}H i(νn, ∂1S) + i(νn, ∂
2S) ≤ i(νn, λ

i) P{JL<>?E� a1 = a2 = ε = 0 %Îõÿ Í ��M�ú Í �OÒ�Î�P>� 2 � ,

Î�P>� 1 Î�P>� 2

Î�P>� 3

c ∩ P1

|νin| ∩ P1

|νrn| ∩ P1

λi

∂2S

∂1S

Ý �Üß�Þ�ú Í � } � P{JLÎG=@J:R@D ak DGCAR@D ε
} �}H i(νn, ∂1S) ≥ i(νn, ∂

2S) + i(νn, λ
i) P{JL<>?E� a1 = 1 Ò a2 = 0 DGC ε = 1 %Îõÿ Í ��M`ú Í �OÒ0Î�P>� 3 � Í ù�H

i(νn, ∂
2S) ≥ i(νn, ∂

1S) + i(νn, λ
i) P{JL<>?E� a1 = 0 Ò a2 = 1 DGC ε = 1

Í
ù�H�J´ñ =@F�D^R@D��KHIF�~GMqP{JIHICE~��KC}?}HsP{F@MO=@JsP{HI?ED��.ÎGH ÂoR@D��E�E=��KD��}CK=@F�DN~GMqP{JIHICE~OÒ�P{JL<>?E�©F�<>=��A�Q<>�Y��D��AR�P{F��KJLD^Î�P>�N�NDGC
JLD�Î�P>�A��<>=`R�P{F��KJLD�Î�P>�N�NDGC©JLD^Î�P>�\'�DGCA<>Fþ;!DG=@CAÎE|�<>HL�}HI?AJLD�� ak DGC ε �}=@HI�OP{FqCÔÎ�DN�q=@H0F�<>=��AÎ�<>Fq��HLDGFqC Íc =@HIC}CEDó÷YDõÚ�C}?QP{HI?EDN=@F�D��E<>=��ÀÂo�}=@HICEDOÒ�<>Fþ;!DG=@CA�}=@;@;!<O�EDG?K��=�D.JLD�� ak DGC ε F�D�R@~G;�DGF�R@DGF�CA;�P>�KR@D n Í

ù�<>HIC (κn)
=@F�DY�}=@HICED�R0ñòP{?EÎ��NR@D c CEDGJL����=�D lim

∫

κn
dλn > 0 DGCN�q=�D (κn)

Î�<>Fq� DG?}M D�;�<>=@?.JsPôCE<>;!<{Â
JL<>MOHLDÆR@D��.P{=��ER@<>?|
 � DG?E�Ô=@F/;!<>HIFqC.R@D λi Í ù�<>HIC V(|λi|) =@F-� <>HL�}HIF�P{M D�P{F@Fq=@JsP{HI?ED�R@D |λi| ,�?QP{;@;!DGJL<>F���JsPR@D��EÎG?}HI;@C}HL<>FþR@D λn ∩V(|λi|) ��=�DAF�<>=��©P�� <>F��KR@<>F@F�~�D.R�P{F���JsPó;@?EDG=@� D.R³=2JLDG�Y��D�� Í ' Í �Ld |λn| ∩ V(|λi|)D��}C�=@F�Dÿ�P{�YHIJIJLDAR@DK�EDGMO��DGFqCE��R³HL�%ð}<>HIFqCE���q=@H�?EDGJIHLDGF�C�JLD���R@DG=³ÚYÎ�<>�Y;!<O�QP{F�CED���R@D ∂V(|λi|) DGC���=@H@CE<>=@?}F�DGFqCB!D�P{=�Î�<>=@; P{=@CE<>=@?�R@D |λi| %R0ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>FÖ' Í ' Í ' � DGCóJLDô;!<>HLR@�óCE<>CQP{JR@DôJsP`��D��E=@?ED5C}?QP{F��E� DG?E�ED;!<>?}CE~�D^;�P{? |λn| ∩ V(|λi|) CEDGF�R/� DG?E� 0 %R0ñòP{;@?Eø���J´ñòP2.�?}��P{C}HL<>F�' Í ' Í � � Í ; CQP{F�C�R@<>F@F�~�D^=@F�DÆ<>?}HLDGFqCQP{C}HL<>FR@D c Ò³<>F2�^=@F@HICJLD���;!<>HIFqCE�©R@D κn ∩ λn R@DÔJ´ñû<>?ER³?ED.HIF�R³=@HIC Í Ã:<>=@? n P>�Q�ED9fÔMO?QP{F�R0Ò κn Î�<>FqC}HLDGF�CK=@F2P{?EÎ κ′nCEDGJ!�q=�D ∫

κ′n
dλn ≥

R

κn
dλn

2
DGC�q=�DÔCE<>=@C�;!<>HIFqC xn R@D κ′n ∩λn D��}C�?EDGJIHL~.÷^=@Fô;�<>HIF�C yn > xn

R@D κn ∩λn;�P{?�=@FôP{?EÎ ]xn, yn[⊂ λn−κn
Ís� H Ú³<>F�� n ÒOÎ�<>F��}HLR@DG?E<>F���=@F�;�<>HIF�C xn R@D κ′n∩λn DGC�JLD©;!<>HIFqC yn P>�E�E<�ÎGHL~-,F�<>CE<>F�� cxnyn

JsPôÎ�<>=@?}B!D�Î�<>�Y;�P>ÎGCEDÆ��=@H�D��}C�JsP�?E~G=@F@HL<>F R@D [xn, yn] ⊂ λn
DGC.R@DÆJ´ñòP{?EÎ κxnyn ⊂ κn

��=@H
ð}<>HIFqC xn ÷ yn Í � DGC}CEDôÎ�<>=@?}B�D cxnyn

;�DG=@C�öGC}?ED�|�<>��<>CE<>;!~�D2R�P{F�� λi Ò�R@<>F�Î i(νn, cxn,yn) ≥ i(νn, λ
i)
Í

ïÔFWP�P{JL<>?E� i(νn, λn) ≥ (
∫

κ′n
dλn)min{

∫

[xn,yn] dνn/xn ∈ κ′n ∩ λn} ≥ (
∫

κ′n
dλn)(i(νn, λ

i) −
∫

κ′n
dνn)R@<>F�Î ∫

κn
dνn ≥

∫

κ′n
dνn ≥ i(νn, λ

i) − 2
R

κn
dλn

i(νn, λn)
Í ù�<>HIC w JLD`;!<>HLR@��R@D λi ��=�D`Î�<>�Y��D/=@F�D



�E<>=��}Â´JsP{�YHIF�P{C}HL<>FêR@D λ′ DGC 0 < Q < w
m+3

,�R0ñòP{;@?Eø��2JsPUR@D��EÎG?}HI;@C}HL<>FêR@D λn ∩ V(|λi|) Ò�;�<>=@? n P>�}Â
�ED9f7MO?QP{F�R c Î�<>FqC}HLDGFqC m + 3 �QDGMO��DGFqCE�WR³HL�%ð}<>HIFqCE� κjn CEDGJL�W��=�D ∫

κ
j
n
dλn ≥ Q DGCW�q=�Dy;�<>=@?¦CE<>=@C

1 ≤ j ≤ m + 3 Ò (κjn)
Î�<>F�� DG?}M D-� DG?E��=@F�;!<>HIFqC x ⊂ c ∩ λi %�q=@HÔF�D`R@~G;!DGF�R ;�P>��R@D j � Í Õ�=¸ÿ´P{HIC��=�D¦CE<>=��þÎ�D��þ�EDGMO��DGFqCE� (κjn)

Î�<>Fq� DG?}M DGF�C-� DG?E�2=@F�;�<>HIF�C x ⊂ c ∩ λi <>F�R@~�R³=@HIC`��=�D¦;�<>=@? n P>�ÀÂ
�ED9fWMO?QP{F�R0Ò©CE<>=@CED¦ÿ�DG=@HIJIJLD[R@D |νn| ∩ S ��=@H�HIF�CEDG?E�ED�ÎGCED[=@F κjn

D��}C`Î�<>F�CEDGFq=�D R�P{F�� |νin| Í ïÔF PkP{HIF��}H
i(νin, c) ≥

∑

j

∫

κ
j
n
dνn ≥ (m+ 3)i(νn, λ

i)− 2(m+3)
R

κ
j
n
dλn

i(νn, λn)
Í

ïÔF¸P-P{JL<>?E� i(νn, c) ≥ ∑4
k=1 aki(νn, ∂

kS) + (m + 3 − ε)i(νn, λ
i) − 2(m+3)

E
i(νn, λn)

Í ïÔF¸Pþ��=
��=�D i(νn, λn) ≤ lsn(λn)

DGC���=�D lsn(λi) ≤ i(νn, λ
i)+Cls0(λ

i) Òi<>? lsn(λn)
D��EC�B!<>?}F�~�D�DGC lsn(λi) −→∞R@<>F�Î ;�<>=@? n P>�Q�ED9f MO?QP{F�R 2(m+3)

E
i(νn, λn) ≤ i(νn, λ

i)
Í ïÔF <>B@C}HLDGF�C P{HIF��}H

i(νn, c) ≥
∑4

k=1 aki(νn, ∂
kS) + (m+ 2− ε)i(νn, λ

i) R0ñû<4�
lsn(c) ≥ ∑4

k=1 ak(lsn(∂kS)−Cls0(∂kS))+ (m+2− ε)(lsn(λi)−Cls0(λi))
Í � <>�Y��D lsn(λi) −→∞<>FUDGFUR@~�R³=@HIC��q=�D5;!<>=@? n P>�E�QD9f�MO?QP{F�R lsn(c) ≥ ∑4

k=1 aklsn(∂kS) + (m + 1 − ε)lsn(λi)
Í Õ�ñòP{;@?Eø��

W z <qù���XoÒ�Î�D�ÎGH�DGF�C}?QP{HIF�D^��=�D δL(c) ≥ ∑4
k=1 akδL(∂kS) + (m+ 1− ε)δL(λi)

Í
Ã:<>=@?ÆJLD��N?QP{HL�E<>F��ÆÎGHICE~�D��N;!<>=@?^JLD�� (νn)

Ò0HIJ�DõÚ�HL�}CED a1, a2, a3, a4 ∈ {1
2}N

DGC ε ∈ {0, 1, 2} CEDGJL�^��=�D
δLr(c) =

∑4
k=1 akδL(∂kS)−εδL(λi)

Í ù�H i(νn, ∂jS) −→∞ ÒOP{JL<>?E� limn−→∞
i(νn,∂

iS)
i(νn,∂jS)

= δL(∂iS)
δL(∂jS)

Ò{R@<>F�ÎOÒ
;!<>=@? n P>�E�QD9fNMO?QP{F�R0Ò δL(∂kS) DGC δL(λi) � P{C}HL�Àÿ%<>F�CAJLD��A��öG��D��AHIF�~GMqP{JIHICE~��.��=�D i(νn, ∂kS) DGC i(νn, λi) ÍïÔFyDGF7R@~�R³=@HIC^�q=�D�JLD�� ak DGC ε =@C}HIJIHL�E~��N;!<>=@? δL(c)

�E<>F�CNJLD�����öG��D��Æ�q=�DYÎ�DG=³Ú[=@C}HIJIHL�E~��^;�<>=@? i(νrn, c) Í� HIF�P{JLDG��DGFqC�Ò <>F P δL(c) ≤ ∑4
k=1 akδL(∂kS) + (m − ε)δL(λi) Î�D �q=@H Î�<>FqCED�R³HIC

δL(c) ≥ ∑4
k=1 akδL(∂kS) + (m+ 1− ε)δL(λi) DGCAP>ÎQ|�øG� DNJsP�;@?EDG=@� DNR³=-C}|�~�<>?EøG��DNú Í � Í

± �]�!²B�2³g´�	� �ÔF ��P{F@HLøG?ED`HIF³ÿ�<>?}��DGJIJLD`��P{HL��;@JI=���HI��P{M ~�D/R0ñ HIFqCEDG?};@?E~GCEDG?þÎ�D`��=@HA�ED2;�P>�E�ED`HLÎGHAD��}C
JsP-�}=@HI�>P{F�CED Í�ü P-�}=@HICED5R@DYÿ�DG=@HIJIJLDGCQP{M D��Æ��D��}=@?E~�� νn CEDGF�R7� DG?E� L Ò�ÎOñûD��}CÀÂ®÷¼ÂoR³HI?EDô��=�D�;!<>=@?óCE<>=@CÆÎ�<>=@;@JLDR@D�Î�<>=@?}B!D����}HI�Y;@JLD���Î�<>�Y;�P>ÎGCED�� c1 DGC c2 CEDGJ��q=�D i(νn, c1) −→ ∞ Ò!P{JL<>?E� limn−→∞

i(νn,c2)
i(,νn,c1)

= δL(c2)
δL(c1)

Í
ü D�ÿ´P{HICÆ��=�D lsn(λn)

D��}CóB�<>?}F�~�D2<>B@JIHIM D λn ÷-�}=@HI��?ED νn Ò�Î�D5�q=@HDGFqC}?QP{HIF�D2��=�D λ F�ñ HIF�CEDG?E�ED�ÎGCEDô;�P>� LC}?QP{F��}� DG?E� P{JLDG��DGFqC Í �
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